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Resonant interaction between identical atoms including recoil
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The emission spectrum is calculated for a system of two identical atoms, having relative coordinate
Initially one atom is in an excited state and the other in its ground state. Both atom and field variables are fully
guantized, so that the calculation automatically includes effects related to both retardation and atomic recoil on
the absorption or emission of radiation. It is shown thatifgr>1 (whereky,=2=/\ and\ is the wavelength
associated with the resonant excited- to ground-state transit@emission spectrum can consist of a triplet.

The frequency separation between the components of the triplet can be interpreted in terms of the recoil the
atoms undergo individually on emitting or absorbing radiation. kgr<1, the atoms emit as a composite
system and the recofivhile not resolvableis that associated with a “molecule” of massi2 wherem is the

mass of one of the atomgS1050-294@7)01506-0

PACS numbeps): 42.50.Fx, 32.80.Lg

I. INTRODUCTION in an intuitively obvious fashion. Both coordinate and mo-

| ¢ . tbur de f D dB mentum state representations are used. The paper is orga-
N arecent experimentabur de force Devoe and Brewer ;o4 55 follows. In Sec. I, the problem is defined, the no-

[1] observed the_varlatlon in the F’ecay ratg of a MO"Ontation is established, and the equations of motion are
system as a function of the §eparat|on of the ions. This papgjpiained. The limiting cases dé,r>2m7 and kor <1 are

was preceded by a theoretical paper by Bref@ron two-  giscyssed in Secs. IIl and IV, respectively, whekg

ion superradiance that contained a survey of the literature on 27/, \ is the wavelength of the ground- to excited-state
the theory of two-atom superradiance. Of particular rel-yansition, andr is the interatomic separation. In each of
evance to the present discussion are the articles by Milonfhese limits, the emission spectrum is evaluated and its de-
and Knight[3] and Poweff4]. Milonni and Knight consider pendence on atomic recoil is analyzed. The results are sum-
the evolution of a system of two identical atoms, one ofmarized in Sec. V. The paper contains an appendix in which
which starts in an excited state and the other in its groundhe use of the Weisskopf-Wigner approximation is justified
state. They concentrate on the limit in which the atoms areand questions related to causality are explored.

separated by a fixed distance that is larger than the wave-
length of the excited- to ground-state transition and obtain
solutions that reflect the retardation effects associated with
the finite transmission time it takes for radiation emitted by The system under consideration is shown in Fig. 1. Two
one atom to influence the other atom. Their calculation treatglentical atoms are separated by a distance that is large com-
the motion of the atomér, more precisely, the lack of mo- pared to the spatial extent of the electronic wave function of
tion of the atom} classically. At the other extreme, Power each of the atoms. Each atom has a ground sfedad ex-
presents a fully quantized calculation of transition rates andited statee that are separated in frequency &y. Initially,
energy shifts in order to assess the role played by the motioatom 1 is excited and atom 2 is in its ground st@ite atoms

of the atoms in modifying the superradiant decay. Althoughcan be considered as distinguishable owing to their relatively
the starting point of the theory is a fully quantized Hamil- large separation As a result of the atoms’ interaction with
tonian for the atoms and tgacuun) field that, in principle, the vacuum radiation field, the system evolves into a super-
contains all effects related to retardation and atomic recoil on

II. EQUATIONS OF MOTION AND SOLUTION

the emi_ssion of ra_diation, there is no explicit mention of_ Atom 1 Atom 2
retardation effects in the paper and effects related to recoil
are neglected. —— ¢ e
It is the purpose of this paper to present a fully quantized
calculation of the emission spectrum from a system of two 9 v = 9
0

identical atoms in which the effects of retardation and recoil
are considered explicitly. The two atoms are represented by
wave packet; that are separateq |p|t|ally'by Some average g 1. schematic representation of the initial conditions for the
distancer, with one of the atoms in its excited state and thepopjem under discussion. Atom 1 is in its excited state, atom 2 in
other in its ground state. The goal of the calculation is t0jts ground state, and there are no photons in the field. The center-
answer questions of the following natufg.How does recoil  of-mass motion of the atoms is described by a plane-wave state,

modify the emission spectruni®) Do the atoms recoil as a while the relative motion is described by a wave packet that is
composite system or as a system of two individual atoms? centered at =r, at t=0, having an average relative momentum

In attempting to answer these questions, a formalism igqual to zero. The extent of the wave packet associated with the
developed in which retardation and recoil enter the equationgelative motion is much less thag.

A
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position of three internal state$a)=|e;,9,;0) in which  The first inequality corresponds to the requirement that the
atom 1 is excited, atom 2 in its ground state, and there are ngpread of the initial wave packéor the relative motiohis
photons in the field]a’)=]|g;,e,;0) in which atom 2 is much less than the interatomic separation, the second and
excited, atom 1 in its ground state, and there are no photorthird inequalities correspond to the requirements that the
in the field; and 8)=191,92;k) in which both atoms are in wave packet does not move or spread significantly during the
their ground states and a photon is emitted into a mode havifetime of the excited state, and the last inequality corre-
ing wave vectok and polarizatiore. States other than these sponds to the requirement that the atoms can undergo exci-
enter the calculation as virtual states and can contribute ttation exchange in a time short compared to the excited-state
single-atom level shifts and to the van der Waals interactiodifetime. As long as we restrict the calculation to separations
between the atom§3]: such effects are neglected in this
work [5]. 10*=koro=0.1,

In order to describe the external state variables of the
atoms, we follow the general procedure outlined by Powerinequalities(4) are satisfied for typical atomic decay rates.
The center of mass of atom(i = 1,2) is located at position Note that if koro<<1, the momentum spreadp must be
R; and the momentum canonical to the position variable igreater thamko; as a result, the Doppler width associated
P,. The R, and P, are quantum-mechanical variables. Ini- With this spreackoAp/m is necessarily greater than the re-
tially, the average separation of the wave packets of the twg0il frequency shiftwrk0=ﬁk§/2m. As a consequence, it is
atoms is(R,—R;)=r,. We are interested in mapping out impossible to resolve the recoil splitting if the atoms are
the evolution of the system as a functionkgf,, wherek,  separated by less than the wavelength=2m/k, of the
=wgp/c. On the other hand, we are not concerned here withesonant transition. On the other hand, for separatigns
the modification of the internal state dynamics that results> )\, it is possible to choosaAr>\,, Ap<#iky, enabling
from an initial relative velocity of the two atoms since this one to resolve the recoil shift for such separations.

has been discussed previously by Cooper and St&legnd In the dipole approximation, it is possible to neglect the
Power [4]. Consequently, it is assumed thg®,—P;)=0  variation of the electric-field amplitude on the electronic co-
initially. ordinates of each of the atoms and simply evaluate the field
Rather than work with the individual coordinates of the acting on atom at positionR; . In this limit, the Hamiltonian
atoms, it is useful to introduce the variables describing the two-atom system is
R:(R1+R2)/2, P:P1+P2, P2 2 1
(1) H:—+p—+H1+H2+E ﬁﬂkaTak_[Lj_’E R—=r
4m  m K 2
r=R2—R1, p:(PZ_Pl)/Z, k
. 1
which imply that ~mE[R+ 5], (5)

R;=R—3r, R,=R+jr,
2) where
P,=3P—p, P,=3P+p.

The vectorR is the center-of-mass coordinate of the two- E(R)=; [oke@x explik-R)+gf gafexp(—ik-R)],
atom system ang is its conjugate momentum, whiteis the ©6)
relative coordinate of the two atoms apds the momentum

conjugate ta. H; is the Hamiltonian for atonh, a, anda] are the destruc-

The forr_nallsm_ deyeloped Pe'O_W IS quite genera_l; hOW'tion and creation operators for a field mode having propaga-
ever, the discussion in this article is aimed at a restricted S(-EF

of wave functions and interatomic separations. It may help tq. 0 Vectork and frequency, =ke, p is the dipole mo-
P ' Y NEIP10nent operator of atom, g,=iviQ,/2¢4V, V is the

put the problem in better perspective if these restricted setsuantization volume, and, is the polarization vector for

?()rebg|s(;?ljtﬁzeg?rrt]thls point. The initial wave function is takenmodek (there are two independent valueseffor eachk).

To simplify matters, it is assumed that the ground and
|W(R,r,t=0))=xo(R) tho(r)| ). (3)  excited states of each of the atoms are nondegenergtee-
scription for generalizing the calculation to states of arbitrary
Although the center of mass of the two-atom system recoil@ngular momentum is given belgpwThe wave function for
as a result of spontaneous emission, the center-of-mass mie system is expanded as
tion really is not a critical element of this problem. Without

loss of generality, one can takg(R) as a plane-wave state. _ _3f f
With regard to the relative motion, it is assumed that [W(R.r.t)=(2mH) dP ] dp

Ar<rg, [hko/m]/T<rg, X X exd—i(E,+EptEpt/H]

(r:a,a',ﬁ

[A/(mAN)]/IT<<ry, re>cll, (4)
xexdi(P-R+p-r)/k]b,(P,p,t)|o), (7)

wherem is the mass of one of the atom&y is the spread
associated withyy(r), andI' is the excited-state decay rate. where
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Ep=P?/4m, Ep= p2/m, has been omitted from E@10) since it leads to corrections
of orderP/(mc) or p/(mc), which can be neglected in the
E,=E. =fiwg, andEz=%). It then follows from Schro- nonrelativistic limit. When the sum ovek is converted
dinger’s equation that the state amplitudegP,p,t) evolve to an integral using the prescriptionX, —[V/
as (27¢)3]1/Q2d0,dO,, the first term on the right-hand side
of Eq. (10) gives —[(I'/2)+iSy]b, (P,p,t), whereI'=3
b (P.p)=(i7)"LS gu(— - &) [M2/(4ws0hc)](_w8/c_2) is the single-atom excited-state de-
K cay rate ands, is a single-atom level shift. Although single-
xexp{i
. integration. The origin of the divergence can be traced to
Xbg(P—hk,p+ 3 7ik,1), (8a) virtual transitions in which an excited-state atom emits an
off-resonance photon and reabsorbs it. The virtual state lives
for a time of order]Q,— wo| ~1. There is no natural cutoff
placed on(), in this process by the energy-time uncertainty
principle; the larger the detuning, the shorter the lifetime of
the virtual state. We return to this point shortly in consider-
ing the exchange of energy between the two atoms. One also

notes that the center-of-mass momentum appears simply as a
Xbg(P—fik,p— 3 fik,t), (8b)  spectator variable in Eq10), enabling one to write

atom shifts are neglected, it is useful to point out that, within
L rH the context of this nonrelativistic calculation, the shift di-

(o= Q)+ 5—— 3 :
verges aswg, wherew. is a some cutoff used for th8,

ba,(P,p,n:(ih)*lg 9 — p- &)

) k-P k-p
Xexpi| (wg— Q)+ 2m+W_wkt

ba(P.p.t)= (i) g5 (— p* - &) by(P,p,t)=b,(p,H)[(274) ¥V~ Y25(P—Py)], (1D

t} where Py is the center-of-mass momentum associated with

. k-P
xexpg —il| (wg— Q)+ 5—+ oy
2m - .
the initial plane-wave state of the center-of-mass motion.

k-p In light of the above comments, one can rewrite Ed)
X | exp i —t b, (P+#k,p— 3 #ik,t) as
rexd =i Pl (P+hk,p+ L fik,t) ' 3| 3
m )P (PTAKGPT 2 RIGU bar(P)= = ¥bur (D)= ¥| gz wo” 2
(80 )2
3 €y
where fo kdy dek ,U?
fik? t
Of=5 9 xf dt’ exdi(wo— Q) (t—t")]
2m 0
is a recoil frequency angt=(e|u,|g) = (€| u,|g) is a matrix X exp{2i[(k-p/m)—w,]t'}b,(p—fik,t"),
element. Equation) are written in a resonance or rotating- (12)
wave approximation; counterrotating or antiresonance terms
would contribute to single-atom level shift3,5], but single-
atom level shifts are not considered in this work. where
When Eq.(8¢) is formally integrated over time and in-
serted back into E8b), one obtains y=T12
b (P.p.t)=—%"2> |93 &l? and the sum is over any two independent polarization vectors
k

for a givenk. It is seen that the relative momentur®,(
—P,)=2p changes by &k on the exchange of radiation

t
xf dt’ exfi(we— Q) (t—t")] between the two atoms. Atom 1 recoils with momentum
0 —fk on emitting the radiation and atom 2 recoils #yik on
X [byr(P,p,t') +expl2i[ (K- p/m) — wl]t’ absor_blng it. It is sometimes convenient to use a mixed
[ Pt R2iL (k- p/m) = i t'} coordinate-momentum representation rather than a pure mo-
xb,(P,p—#k,t")], (10) mentum state representation.bif(p,t) is expanded as

with a similar equation fob,(P,p,t). A common factor

k-P k-p
exp{ 2m+——wk)(t t)}

ba(p,t)=(2wﬁ)_3/2f dr

xexp[—(i/h)(p-r—Ept)]b,(r,t), (13
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and substituted into the integrand of E¢2), one finds ( gkor jelkor ) 2
+ co r 18
| t &a? ey @D 18
bar(p,t)=—ybaf(p,t)—(Zwﬁ)"’*’ZJ dt’f dr . : . .
0 When this result is substituted back into E@4), one ob-
X exp(—ip-r/%)exp(iE gt /) tains
G(r,t—=t")b,(r,t"), (14 ba,(p,t):—yba,(p,t)—(zwh)*’zf dr G(r)

xXexp(—ip-rifh)exdiEy(t—r/c)/h]
X b,(r,t—r/c), 19

where

3 ©
G(r,7)=| 5| ywy* J Q2dOexdi(wo—Q
(r,7) (8772> Y®o ]tk X (o= 7] in which the retardation is indicated explicitly. The corre-

P sponding equation fdp,, is obtained by interchanging and
k a'. A somewhat more rigorous evaluation of the integral in
v=12 J 40« exp(ik-1), A9 Eq. (16) is given in the Appendix, where it is pointed out that
the use of thes function in Eq.(17) is strictly valid only for
andk=Q,/c. kor>2m and|ct/r —1|>1/kor. However, in the near zone
The sum over and integral ove©, can be carried out kor<1, one can still use Eq17) since the difference be-
using a geometry in which thle, axis is taken along and  tween the retarded and actual times is of onder<1/k,c
the polarization vectors arel’)=cosfcoshdi+coshsingj  ~1llw, and can be neglected.
—singf and €)= — singi + cosgj. One obtains Whenkor <1, Eq.(19) can be recast in a form that allows
for a simple physical interpretation. Starting with the trans-
formation to ther representation,

G(r,n)=3yr lw, f 03 kdQy exdi(wo— Q) 7]

ba(r,t):(zwh)—wf dp exp(ip-r/h)

(sinkr+ cokr sinkr) P (F)
>— 3| Sinfa,(r
ke (kr)*  (kr) a Xexp( —iEpt/h)b,(p,t), (20)
%« Kk
2( _co r sin r)co§aﬂ(r) (16)  one can differentiate Eq20) with respect to time and use
(k)? (kr) Eqg. (19), along with the fact thaE,r/ic~E,/fiwy<1, to
obtain
where
in? £ |,LLX|2+|,u,y|2 cola |:U’z| ihba’(rvt):_(hzlm)vrzba’(r!t)_iﬁyba'(r’t)
sifa, ()= ——7—— a,(f)==73 —ihG(r)by(r.t—r/c). (1)

(16')
If one defines

In contrast to the integral that appears in the theory of single-
atom decay, this integral is not divergent. There is a natural b.=(b,* ba,)/\/i, (22
cutoff in the integral that results from the exchange of energy
between the two atoms. Atom 1 can emit radiation at anysets
frequency(),, which is then reabsorbed by atom 2. How-
ever, the reabsorption cannot occur instantaneously as it G(r)=y(r)+is(r), (23
could in the single-atom case. There is a time detapr
absorption equal to/c. For separations= X\, considered in and uses Eq21) and the corresponding equation wittand
this paper, conservation of energy limits the maximum fre-«’ interchanged, one finds
guency of the radiation exchanged between the two atoms to 5 )
be of order y— wg) <71~ wy. The integral can be evalu- i1 (r,t)=—(h2/m)VZb.(r,1) £ Ais(r)b.(r t—r/c)
ated by: (i) writing k=ky+ (k—Kkg), whereky=wq/c, (ii) . — _
evaluating(), at wy andk atk,, exceptin the arguments of hyb.(r,)Fihy(nb.(rt=ric). (24
the sin, cos, and exp functions, atiid) extending the lower
bound of the integral to-<. When this program is carried
out using the fact that=t’, one finds

The equations are uncoupled in thec" basis. If retardation
is neglected, the equations become

i7ib. (r,t)=—(A2m)V2. (r,t)£#s(r)b.(r,t)

G(r,7)=G(r)é(7—rlc), (17
where —ifiy.(r)b.(r,t), (25)
3 iekkor  gikor  jeikor A where
G(r):?{ T kot (ko2 (kor)? sirfa(F) y=(r)=y=y(r). (26)
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In this limit, the = states move along their respective Moreover, the energ§, appearing in Eq(19) can be writ-
potential-energy curves as they undergo spontaneous dectgn as
with a rate that is a function of the interatomic separation.
Eszp_hkOJrZﬁko-p/m+2ﬁw{(o, (32
Ill. EMISSION SPECTRUM FOR kor>2w

For large separationis,r> 24, the dynamics of sponta- where wrko is given by Eq.(9). Substituting Eqs(30) and
neous emission is pretty much what one would expect, alt32) into Eq. (19), evaluating all terms in theiinter\c/]f[and rat
though there are a few interesting wrinkles. The initial state=ro exceptfor the phase factorg™'" and e™'P""", and
for the system has atom 1 excited and atom 2 in its groun&sing Eq.(13), one finds that Eq(19) reduces to
state. For definiteness, the wave function for the relative co-

ordinate at time=0 is taken as bar(P,t)=— b, (p,t)+ i ¥(Kor o) *sirfa,(To)
Yo(r)=[m(Ar)2] exd — 2([r—rol/AT)?], (27 X exp(2iko- pt/m)exp — 2i wj t)

with the corresponding momentum-space wave function Xba(p—Tiko,t—=ro/c), (33

given by

o3 L 5 with a similar equation fobu(p,t). These equations are now
Po(p,0)=[7(Ap)“] " exd —z(p/Ap)“] solved to zeroth order inkgr,) ~* for b, and first order in
; _ koro) 1 for b, since this will give the emission spectrum
xexp(—ip-ro/h), by (p0)=0, (28 (koro o' SInCe
XA —Ip-Tolh),  Dur(P.O) @8 Comect to order Kqr o) 2.
where Ap=#/Ar. For koro>2, it is possible to choose 10 zeroth order inKoro) %,
ro=>Ar>\ such thatA p<#k,. With this choice ofAp, the

momentum spread of the packet is less than the momentum b,(p,t)=b,(p,0)exp(—y1)O(1),
with which the atom recoils when it absorbs or emits radia- ]
tion. where© (x)=1 for x>0 andO(x) =0 for x<0. When this

three channeldi) Atom 1 decays by emitting radiation in an (Kofo) ™%, b, is given as a solution to
arbitrary direction. The amplitude for this channel is : .
(koro)°. (i) Atom 1 exchanges its excitation with atom 2, bar(P,) == ybar(p,t) + 3i ¥(Kor o) ~'sinfa, (o)
followed by emission from atom 2. Owing to recoil, the ex- . o
change process does not conserve eneggy, as is seen below. X exp(2iko- pt/m)exp(—2|wk0t)
The amplitude for this channel ik{ry) ™= (iii) It is also _ _ _
possible for atom 1 to exchange its excitation with atom 2 XDo(p=fiko X = 7)B(t=ro/C),
and atom 2 to reexchange the excitation with atom 1, fol- (34
lowed by emission from atom 1. In principle, this channel
can interfere with the first channel, giving rise to a contribu-Where it has been assumed tha/c<1. The initial wave
tion to the emission spectrum of ordei,to) % however, function b,(p,0) is sharply peaked aboyt=0, having a
the momentum of atom 1 after this double exchange differavidth Ap<<7ik,. This fact enables one to evaluate the mo-
from the initial momentum by- 27ikof . As a consequence, Mentump appearing in the exponent in E(®4) at p=17ikg
the interference term vanishes since there is no overlap of thend to rewrite this equation as
wave packets for the two channels whap<#k,. As a :
result, the contribution from this channel is neglected. bor(Pt) == ¥bar (p,t) + 31 ¥(Kor o) ~IsinPar,(Fo)

The emission spectrum can be defined as ><exp(2iwrkot)ba(p—hko,O)G(t—rolc).

I(k,e)=J dpf dp|bg(P,p,)|?, (29) (35)

This equation directly reflects the dynamics of the excitation
exchange between the two atoms. Initially atom 1 is excited
and the relative momentum of the two atoms is centered
aboutp=0. When atom 2 gets excited, the relative momen-
tum is shifted top=7#k,, which corresponds to atom 1 re-
coiling with momentum—7#k, and atom 2 recoiling with
momentumfk, as a result of emission and reabsorption of
radiation emitted in thé, direction connecting the two at-

that is, the probability to find both atoms in their ground
states and emission into the modlee€). The amplitude
bs(P,p,t) can be found using Eq¢8c) and (11) once we
have expressions fob,(p— 3tk,t) and b, (p+ 3hk,t),
which in turn can be obtained as solutions of E®) and the
corresponding equation witlr and o’ interchanged. For
Kof o=27 andKkqro(Ar/ro)?<1,

ieikor oms. Moreover, the exponential term in E®85) indicates
G(r)~§y( B )sinzaM(F), (30)  that there is an energy mismatch of @, between states
0 and «'. It is easy to understand how this mismatch arises.
where The energy associated with the initial state of relative motion

is zero, but that associated with the two atoms recoiling after
Ko=Kofo- (31)  the excitation exchange is 2((0)2/2m=2hwrk0.
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It is now possible to calculateg(P,p,) [recall that the where

emission spectrum is equal rtbﬁ(P,p,OO)|2] using Egs(8c),

(35), and(9), along with the fact thahp<#k,. After car-

; : . X K-P
rying out the integrations, one finds dy= y+i| (wg— Q)+ zmo_wrk ,
ba(P,p,%)=(i%) " 1gk (— p* - &) (37
y ba(P+hk,p_ %ﬁk,O) N gl Y Sinza,‘(fo) d2:d1+iﬁk0'k/m,
d; Kof'o
b, (P+%k,p—fiko+ 17k,0) and it has been assumed thadfr,/c<1,i=1,2.
I d—2io , (36) Using Egs.(29), (36), (11), and (28), one finds that the
2(do— 2wy ) emission spectrum is given §¥]

|
1 (312)y sirPa,(fo) |?
[da]* " | (Kor 0)da(dy—2i ) )|

I(K,€)=|gxm- €lh|? 3 . : (39
_9R 21y sinfa,(fo) ikr o(cos Oy — 1) g [fi (k—ko)(2Ap) 2
(koro)dldz(dz_ZiwLo)*

where Ok, is the angle betweek andky=kqf,. The spec- The dynamics of the emission process is also interesting.
trum consists of three terms. The first term is associated witfFmission can be viewed in terms of sequential emission by
emission from atom Ichanne| J_and is centered at the |nd|V|dUaI atoms rathel’ than in terms Of emission from

the composite system of the atoms. The resonance positions
k-P, (39) and(40) can be given a simple physical interpretation in
QD) =wot - == - (39  terms of the emission process. The initiaveragé momenta
of the atoms arg,=p,=Py/2 and the initial energy of the

The second term is associated with exchange of excitatiofyStem is

between atoms 1 and 2 followed by emission from atom 2 _(P0/2)2 X (Py/2)?

(channel 2 and consists of doublet centered at frequencies = +hw. (41)
2m 2m
fikgy- k
Q(2) =D+ ———, (408 Following emission of a photon by atom 1 into mokieof
the radiation field, the momentum of atom 2 is unchanged,
_ o the momentum of atom 1 i®,/2— %k, the energy of the

Q(3)=0(2) ~ 2wy - (40b atoms is
The third term consists of interference between channels 1 (Po/2—hK)?  (Py/2)?
and 2 and contributes only in the forward directior k. Ex(K)=—— —+ 5 (42)

The width(full width at half maximum associated with each

of the resonances 8=2y. If wj >T, the spectrum can be and the energy in the field &Q, . If emission is in thef,
resolved into three components, with emission from atom Zdirection, there can be an exchange of excitation between
spectrallyresolved from emission from atom 1. This is the atoms 1 and 2. Following absorption by atom 2 of the photon
spectral analog of the fact that the radiation pattern from @&mitted into modek,=Kkqr, by atom 1, the momentum of
two-atom system can be used to distinguish from which atonatom 1 is Py/2—7%k,, the momentum of atom 2 i8y/2

the emission has occurred provided thgty> 2. +7kg, and the total energy of the system is
The emission spectruif88) is the principle result of this
section. As a result of recoil, the emission spectrum is a (Pol2—1tkg)?  (Pol2+1ko)?
triplet and the terms corresponding to emission from atom 2 Es(ko)= 2m + 2m thwo. (43

can be distinguished from the term corresponding to emis-
sion from atom 1. IwaO<F, as is typically the case, it may Finally, following emission by atom 2 into mode of the
not be possible to resolve the spectral components; howeveyacuum field, the momentum of atom 2 changesPii2
this result is somewhat unimportant for the present discus+tko—7#k, the final energy of the atoms is
sion. What has been demonstrated is that, in principle, recoil 5 )
leads to spectral components that can be resolvagrif _ (Pol2—1ko)*  (Pof2+fiko—1ik)
Es(ko k)= +
>27. 2m 2m

., (49
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and a photon present at time . Using Eqs.(45) and(38)
one finds that the ratio of emission into channel 2 to that in
channel 1 is equal to

1./ _g SInA a,u(FO) F2
2N (kofo)? T2+ (20) )%

r r -3 -
E.=h(u +ochkek/m) This ratio clearly shows that the excitation exchange occurs

with a frequency defect of @, . The width 2" represents
0

_ FIG. 2. Energy-level diagram for the two-atom system, includ-y,o <100 of the widths of the initiabtate) and final(state
ing recoil, appropriate to the emission channel in which atom ') states involved in the excitation exchange

exchanges its excitation energy with atom 2 via emission and reab”
sorption of a photon having frequen@/ko, followed by emission
from atom 2 of a photon having frequen€y;,,. Owing to recaoil, IV. EMISSION SPECTRUM FOR kor<1

State‘“’? differs in energy from statg) by 2w . The solid In calculating the emission spectrum fqyr <1, it is con-
arrows indicate a process that is resonant whigr-E;, ~E4=wo yenient to express the amplitudes on the right-hand side of
—wk—Zwk0+ﬁk0-k/m, while the dashed arrows, starting in the Eq. (80) in terms ofb.(r,t) defined in Eqs(20) and (22).

Lorentzian tail of statéw), indicate a process that is resonant when Using Egs(8c), (13), (22), and(11), one can rewrite E¢(8¢)
O =E3— E;= wg— wy+7iky-k/m. The energies shown are for the 5q

case when the initial center-of-mass momentum equals zero.
, o bs(P,p,t)=(if1)~}(2m#) 32205 (— p* - &)
and the energy in the field &Q.

Emission by atom 1 into mode is a one-photon process B f i
that is resonant wheh(),=E;— E,(k), leading to Eq(39). Xex(—datyt] | dr exp(—ip-1/A)
Emission by atom 2 into modk is athree-photonprocess K
(see Fig. 2in which akg photon is exchanged between atom XexpiE t/h)] c05< _r) b.(r,t)
1 and 2, followed by emission of radiation into moklioy P 2
atom 2. As shown in Fig. 2, this process can be resonantly

enhanced if the emission into modteis such that(a) the +i sin(ﬂ)b(r,t)}
three-photon process is resongdntQ,=E;—E.(kq,k)], 2
leading to Eq.(40b), or (b) the single-photon process from X[(27h) ¥~ Y25(P+ ik — P) (46)

state 3 to state 4 is resonamQ,=Ez(kg) —E4(kg,k)1,

leading to Eq.(40a. In some sense this overall process canynere

be viewed as a cascade emission in a three-level system. The

initial state|a) having energyE, is driven by the(emission

and reabsorptionof the vacuum field to stat&’) having dg=y+i
energyE;. The effective frequency of this two-photon driv-

ing field is zero since the same photon is emitted and ab-—rhis equation is valid for arbitrarker. In order to solve

sorbed in the excitation exchange. From stéié), the  yhese equations, we must solve the Sdimger equations for
vacuum field mode having frequen€)y drives the system to b.(r,t) in the presence of the complex potentiAlst s(r)

state|) having energyE,. _ —iy.(r)]. In the regionkyr <1, it follows from Egs.(18),
Finally, it is of some interest to calculate the |ntegrated(23) and(26) that

spectrum

(00— Q)+ Sm 2 (47)

2

s(r)~3y[sirfa,(f)—2 coSa,(i)]/(kor)3>y,

|=|1+|2+|3=2e f dk[1,(K,€)+1,(k,€) + 15k, €], v, (N ~2y,

“9 y_(r)~y2sirfa,(F)+cosa,(f)](kor)?/10. (48)

where the three terms on the right-hand side of &) Immediately, one runs into a problem that is not discussed
correspond to the three terms in Eq38). The  often in considering two-atom superradiance. We are inter-
exfikro(cos 6 —1)] factor in15(k,€) is rapidly varying in  ested in emission when the atoms are separated by a distance
all but the0k0=0 direction. Evaluating all the other factors r<1/k,, but the potentialis(r) is sufficiently strong to

in this term(which are slowly varying compared to this ex- cause atoms to move a distance of order or greater than
ponential factor at 6, =0, it is possible to carry out the 1k, for time scales of order.=1/(2y.) relevant to the
integration overp, and 6, to show explicitly that this term emission process. For example, for the symméig state,

exactly cancels,. This cancellation is nothing more than a the relevant time scale is, = 1/(2y). On this time scale, the

. 2
manifestation of the optical theorem. As a result, from Eqs@l0M moves a distance of ordef{V[s(r)]l/m}|

(45) and (38), one finds that =1, as it must since it repre- ~(wrk0/1“)ro(k0r0)‘5. If we ask that the distance the atom
sents the probability to find both atoms in their ground statesnoves be small compared tg, then we must require that
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Kof 0> (@i /T)"®, which equals 0.25 for & /T')=0.001.  where

For the antisymmetric states, the lifetime is increased by a K-P o
factor 10koro) 2, leading to the more stringent condition d.=7y.(rg) +i| (wg— Q) £s(rg)+ oo Tk
Kor 0> (100wj /T')*%, which equals 0.77 fow; /T =0.001. . 2m 2

Thus, for reasonable ratios mﬁLO to I (typically wLO/F

=0.003, it is not possible to restrict the atomic separation toThe spectrum consists of a doublet, split in frequency by
distancesk,r <1 owing to the strength of the potential. To 2S(ro)- Ihe strength of the- cgmponezntz at line center is
simplify the discussion, however, | assume that the rati®3K-rol?/{[2 sirfa,(f) +coSa,(F)](kor)?}* times larger

wj /T is sufficiently small to guarantee that the atomic sepathan that of thet component at line center and the width of

_ ; H s e 2
ration does not change significantly during the emission pro’Ehe component is [2 staM(r) +co§aﬂ(r)](k0r) /20

cess. Even if this corresponds to somewhat unphysical valu%?eenssi?gs”i; t?&n ttha(;{ Ogotr?f ocr?gi)son:r?at. ghﬁz;lnt%{ﬁgid h
of the parameters, it will afford us a qualitative picture of P qual. 9

emission and the role of recoil in the regiégr<1. Since the recoil shift is much smaller thap.., it is important

; - - to note that the recoil shift of each spectral component
ka/F<l, any recoil shifts are negligibly small compared to wl/2=HK2I[2(2m)] corresponds to recail of thewo-atom
the natural linewidth.

i ; system For kor <1, the atoms emit as a composite system,
The assumption thatyy /I'<1 allows one to neglect \yhich is consistent with the idea that it is impossible to
spreading of the wave packet on the time scale of emissiodistinguish which atom of a system of two identical atoms
[the wave packet spreads by a distance of ordgs/(n) 7 has emitted radiation if the separation of the atoms is much
~[h/(mAr)]7-t>[ﬁ/(mro)]7-i~(wrkoll“)ro(koro)*2 for  smaller than a wavelength.

the symmetric state and (& /T")ro(kor o) ~* for the anti- To gain additional 'insight into the emission process, one
0 can redo the calculation starting directly from Efc). Us-

symmetric statt Thus the symmetric and antisymmetric ing Egs.(29), (80, (22), (49), and (11), one finds that the

states can be thought to move on classical trajectories during, v tions to the emission spectrum for thend — com-
the emission process. Motion along the classical trajectorieg s are given by

leads to phase factors in the wave functions of the for
exp{Fiftgr(t')]dt’}. To further simplify matters, it is as- 1

sumed that the integrands in these phase factors can bé =(k.€)=3 |Gk €/
evaluated atr(t’)=ry (this amounts to neglect of phase

changes of orderm|V[s(r)]/m|273;~(w{(O/F)ro(koro)*8

for the symmetric state and (10&)[)0/I‘)(kor0)‘14 for the XJ dp

antisymmetric stade This latter assumption is not essential
to the calculation, but does allow one to arrive at analytical
expressions for the spectrum. Had this assumption not been
adopted, one would find that changes in the potential during (53)
ic_he emission process result in a broadening of the emissiofynere
ines.

In light of the above approximations, the solutions of Eq.
(19) and the corresponding equation withand «’' inter- 0+=y+(ro) +i
changed are

(52)

b ( —hk O) b ( +—hk O) i
| P~ ) =\ P ’
2 L 2

ip-k Z|
PR
- m

ip-k

k'Po
(wo— Q) =8(rp) + >m |- (59

o When the initial wave functior{28) is substituted into Eq.
b.(p,t)=e 7=(NiFis(lty  (p 0), (490  (53), one finds four terms in the integrand. Owing to the
exponential factors in the wave function, the first term is
where Eq.(27) has been used and retardation has been nesharply peaked afp=#%k/2, the second atp=—7%k/2,
glected. The spectrum is obtained by expanding the sin angthile the cross terms contain a factor Exdp?

cos terms in Eq(46) to lowest order irk-r to obtain +#2K2/2) IAp?lexp (*ik-ro) =exp[—pZAp?lexp(ik-ro),
which is sharply peaked at=0. Evaluating the slowly vary-
bﬁ(p,p,t):(iﬁ)—l\/ﬁg;(_ﬂ*.ek)exq(_der t] ing denominators of these terms at these valuep aihd
carrying out the integration over, one finds that the spectral
X[b,(p,t)—37ik-Vb_(p,1)] components can be written as
X[(27h) 3N 5P+ ik —Py)]. (50)

1 +cos(k-ro)
|5t_iwrk|2_ |5i|2

1
o (k€)= 5 |gum- &c/h?
Then, using Eqs(29), (50), (49), and (28), along with the
fact that the+ and — components are spectrally distinct
since s(ro)>y-(ro) and the fact thatAp>(#/ro) since  The recoil shift of the first component is w}, while the
Ar<ry, one finds that the spectrum can be expressed as interference term has no recoil shift. These two terms com-
bine to give an overall recoil shift of w}/2, characteristic
of emission from a composite, two-atom system. The de-
nominators in Eq(55) can be rewritten d.. ¥iw/2); it is

(59

1 Jr|k~r0|2
ld.|* " 4ld_|*

I(k,€)=|gup- €lh|? : (51)
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then easy to show that the sumlaof+ | _ evaluated from Eq. internal magnetic state polarization to be modified as a result
(565 reduces to Eq.(51) in the limit that krp<1 and of the exchange process. In this manner, recoil can lead to
(wil y)?(krg) ~#<1, as has been assumed. changes in the polarization of the emitted radiation. To study
The spectrum written in the fors3) or (55) is particu-  this effect in detail, the calculations must be generalized to
larly revealing. The terms corresponding to interference irstates of arbitrary angular momentysi.
the radiation emitted by atoms contain phase factors Although experimental verification of some of these pre-
exp(+ik-ro). Forkro<1, these phase factors are of orderdictions may be all but impossible at the current time, one
unity and the interference terms contribute for all directionscould imagine creating an atomic lattice, turning off the trap-
of the emitted radiation; moreover, the interference terms arging fields, exciting the atoms by electron collisions, and
comparable in magnitude to the direct terms. Thus the atom@bserving the resultant spectra.
emit as a composite system. On the other handkfge-1,
the interference terms contribute only for radiation emitted
along the line connecting the two atoms and are smaller than
the direct terms by a factok(,) 2.
It has already been noted that the use of the retarded times | am pleased to acknowledge useful discussions of this
in the evolution equations is not strictly valid fégro<1,  problem with B. Dubetsky, J. Cohen, P. Milonni, and H.
although its use introduces negligible corrections. Just as théeng and wish to thank J. Cohen for a careful reading of the
retarded time loses its significance in the near zone, the immanuscript. This research is supported by the National Sci-
terpretation of recoil on excitation exchange between the atence Foundation through Grant No. PHY-9414020 and by
oms differs in the radiation and near zones, despite the exhe U. S. Army Research Office under Grant No. DAAHO04-
plicit appearance of recoil momentum in Ed.2). In the  93-G0503.
radiation zone, we have seen that an interpretation of excita-
tion exchange involved atom 1 emitting and atom 2 absorb-
ing radiation emitted in the direction,, with both atoms
recoiling along this axis. In the near zone, the momentum The integral that must be evaluated is
spread of the wave packétp> ik, is sufficiently large to
allow for excitation exchange involving intermediate states .
in which the radiation field coupling the atoms can be emit- _ r | 9cn3 : _ g /
ted in any direction. The recoil in the near zone cannot be H(r.)= fodt fo idihexifwo ) (t=t) Jba(t)
viewed in terms of individual recoil of the atoms; rather, the
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APPENDIX

excitation exchange between the atoms can be interpreted as (sinkr " coskr sinkr) sirfa,(F)
giving rise to the interatomic potentials(r). ke (kr)? (kr)® ”
cokr  sinkr 2o (7
V. SUMMARY 2| = N2 + 2 cosa,(f)|, (A1)

The emission spectrum of a system of two identical atoms
has been calculated, including effects of atomic recoil. Fowhere Q) =kc and w. is a cutoff frequency that will even-
separations of the atoms much larger than an optical wavdually go to infinity. It is necessary to consider only the in-
length, the emission process can be viewed as involving twiegral
channels: direct emission from one of the atoms and excita-

tion exchange between the two atoms followed by emission t o¢

from the second atom. Interference between the channels F(r,t)=—f dt’f dQ,sinkr

occurs only for emission along the line connecting the 0 0

atoms. In principle, the recaoil shift can be used to distinguish Xexi(wo— Q) (t—t")]b(t") (A2)

the two channels. For separations much less than an

optical wavelength, the spectrum can be viewed as arising. ; . . .
frgm a coherengt emissioFr)l from the composite two-atong'nce the other integrals can be obtained from it by differen-

system. The recoil shift in the spectrum is that associatedation with respect ta. Introducing dimensionless variables

with emission from an “atom” of massr@. The spectrum is
split into a doublet, owing to the strength of the interatomic s=c(t—t")/r—1, si=ct/r—1,
potential. For realistic values of the parameters, it is impos-
sible for atoms to remain in the regidr,<1 for times of Y * _
order of the emission time, owing to the strength of the po- s'=c(t=t)ir+l, sp=ctr+l, (A3)
tential.
It might prove interesting to carry out numerical calcula- y=Kor=wor/c, z=wr/c,
tion for atomic separation&ry~1, where neither of the
above limits and interpretations remains valid. In this con-gne can rewrite EqA2) as
text, there may be some different effects related to the polar-
ization of the emitted radiatiofi8]. During the excitation isz
exchange, the atoms can acquire some relative orbital ang(r t)= 1 eiyJSf ds( l-e )e‘syb (L (sf—s)>
lar momentum as a result of recoil, which will cause the 2 -1 S “\c




r
—(sf—s’
S (si=s)

( 1— e—is’z)
e o).
S

(A4

(s
—e*'yf ds’
1

)

1
F(r,t)= > e'y[

where Cik)=—[;ds cos€)/s and Si [jds sin(s)/s. Let-
ting the cutoff w, go to infinity is equivalent to letting
~oo, In this limit, Eq. (A5) reduces to
r
i)
c

—Ci(lyh +Ci(|styD)
+i Si(y)+imO(ss) +i Si(sty)

(A6)
where©(x)=1 for x>0 and 0 forx<0. If, in addition, we
take the limit thats;=ct/r—1>1 andy>1, Eq. (A6) re-
duces to

:E iy
F(r,t) 2e

F(r,t)zifre‘yba<t—g), (A7)

which coincides with the corresponding term in E48).

The remaining terms are obtained by differentiation with re-

spect tor. The terms involving derivatives db, can be
neglected since they are smaller than the other terms by
factor of ordery/wq. In this way, one arrives at E¢18).

Thus the result of the main text involving retarded times

is strictly valid only in the limits|s¢|=|ct/r —1|>y~! and

RESONANT INTERACTION BETWEEN IDENTICA . ..

—Ci(ly|) +Ci(|ssy|) + Ci(z—y) — Ci[|s¢(z—y)|]
+i Si(y)+i Si(z—y)+i Si(s;y)+i Sisi(z—Y)]
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When ct/r>1, the first integral is dominant since the
range of integration includes the polesat 0. Keeping only
this term for the moment and evaluating the amplitbgeat
s=0, one finds

]
t_E , (A5)

o

F(r,t)=3€Y[—Ci(ly])+ Ci(|syy]) +imO(sp) +i Si(y)
+i Si(sty)]— 3 Y[ —Ci(|y))+ Ci(|s{y|)
—i Si(y)+i Si(s;y)].

It is easy to verify that this expression is nonvanishing for
O0<ct/r<1, regardless of the value gf. It would appear
that causality is violated.

An objection may be raised that “counterrotating” terms
associated with the state;,e,;k) have been omitted. Such
terms are incorporated easily into E&8) by the addition of
terms havingy— —y, which is equivalent to replacing
nearly resonant terms varying as gxf,— wg)t] with coun-
terrotating terms varying as ebiff) +wg)t] in Eq. (A2).
When this is carried out one finds

(A8)

F(r,t)=imO(s;)e¥+cog/[ — Ci(siy)+ Ci(|siy|)]
a —siny[Si(sty) + Si(sgy) — 7O (s¢) ].

This expression is also nonvanishing fox@t/r <1.
The question of causality is planned to be addressed in a
future paper. The fact that the joint probability to find atom 1

(A9)

y> 1. W.hen these inequalities are not satisfied, the geconm its ground state, atom 2 excited, and no photons in the
integral in Eq.(A4) must be considered as well. There is nofield is nonvanishing for 6cct/r <1 does not violate causal-

justification for evaluatingp, at the retarded time in this
integral.

It is an interesting exercise to de} equal to unity in Eq.
(A4), which will lead to the perturbation theory result for
yt<1. In this way we can see b,/ is nonvanishing fott

ity, in the sense that it is impossible to convey information
with a speed faster than the speed of light based on this joint
probability[10]. If the total probability to find atom 2 excited
was nonvanishing for €ct/r<1, this would constitute a
violation of causality; however, it can be shown that this

<r/c, aresult that would appear to violate causality. Settingorobability vanishes identically foct/r <1 using the basis

b,=1 in Eg. (A4) and using the facts that>1 ands;z
>1, one finds

states |e;,9,;0), [91.02:K), [91.€,:0), |e;,e;k),

|91.€23k), [e1,92;k), and|gy,e;;k,k’) [10,11].
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