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Equivalent-photon method study of differential cross sections for double ionization
of helium by relativistic heavy-ion impact
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We have calculated the probability for double ionization of helium by fast heavy-ion impact in the
equivalent-photon picture. We find that thkapeof differential cross sections is significantly affected by the
inclusion of the electron-electron interaction in both the initial and the final channel, but is rather insensitive to
the projectile charge and impact velocif$s1050-294{®@7)01006-§

PACS numbdis): 34.50.Fa, 25.75-q, 34.10+x

I. INTRODUCTION II. THEORY

A. Equivalent-photon method

Important advances in experimental techniques, notably The equivalent-photon approach to the description of rela-
the development of cold target recoil ion momentum spectjyistic quantum collision problems is described in numerous
troscopy[l,Z], have recently led to the first kinematically textbooks and review(see, eg[gyl()]), e} on|y a very brief
complete study of double ionization of helium by heavy-ionoutline of this method will be given here. The basic idea is to
impact[3]. The most important observations reported3h  exploit the analogy between the Lorentz transformed Cou-
are that the momentum transfer between projectile and targédmb field of a high velocity projectile as observed in the rest
system is extremely small, and the shape of the cross sectidrame of the target, and two “pulses” of on-shell photons
plotted as a function of both outgoing electron longitudinalcharacterized by their energy spectma atomic units,c=
momenta cannot be explained unless the electron-electrak37.035 989 b
interaction is taken into account. In an independent-particle 2121 5 b
picture this function should be spherically symmetric, while nl(b,w)=(—p) _( “’_Cz) Ki(w—) (13
the experiment unambiguously shows that the two electrons ™ C\yv Y
are preferentially emitted with unequal longitudinal mo- ) )

2) el el
m/) C 'yvz ’y2 0 2

menta.
While a large number of theoretical papers have dealt
with determining the ratio of the relevant total single- and . o
g g and their polarizations;=(1,0,0), €,=(0,0,1). Here, the
(x,z) plane has been taken as the scattering plane with the
beam directed along the axis andb the impact parameter.

double-ionization cross sectiofsee, e.g.[4] and references
therein, no quantum theoretical studies of differential cross

%p, v, andy:=1/\/1—(v/c)? are the projectile charge, ve-
locity, and Lorentz kinematic parameter, respectivedy,

sections for the heavy-ion impact double-ionization proces
exist in the literature. If3] the experimental data were com-
pgred with cIa;sicaI trajectory simulatiofs, where simpli.- .. andK, are modified Bessel functions. This analogy allows
f){lntg a?stﬁmﬁ)]tltl)_ns hatd Eg/v?f r;gdelabo_ut t”he cortre'IJ;lte(;JI mmeﬁ]e collision problem in question to be described in terms of
state of the helium ato ICh IS classically unstableton = 5, equivalent-photon-induced reaction: If the cross section
the basis of different models for the classical correlated dyfor such a process is denoted by (e, o, x1ina) (Where

AN Rad] Ina

namics of the two electrons, and a similarity of the cross)(final denotes the set of observed final-state quantum num-

section measured as functions of the longitudinal electro%erg’ for a given impact parameter the cross section sought

momenta with thg corresponding Fourier transform of a coryg given by integrating over the number spectra of the photon
related model helium wave function, the authors suggest thajy|ses,

these spectra are particularly sensitive to the electron-

nz(b,w):

electron interaction in the initial state. The intuitive explana- 2 redo
tion supplied in[3] is based on the Weizsker-Williams do'(bininaI):igl fo 5 ni(b,w)do, (€0, xtinal),
equivalent photon picturs—8]. The absorption of quasireal )

photons generated by the fast highly charged ion in distant

collisions happens on an extremely short-time scale 40 and accordingly for processes involving multiple photons. In
seg, so that the fully differential multiple-ionization cross Eq.(2), a sum over polarization directions is involved, which
section supposedly represents a “snapshot” of the initalis frequently disregarded in the literature because it is irrel-
state electron distribution. It is the purpose of the presenévant for the total cross sections usually considered. The use
study to test this interpretation by explicit calculations, usingof the photo cross sectiodo, (rather than of the corre-
four different models for the description of the initial and sponding matrix elemenin Eq. (2) is a manifestation of the
final states of the helium atom. basic assumption that the effects of the various frequency
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components of equivalent radiation add incoherehfy. The two-step process discussed above can be reinter-
This also implies that the interference of different reactionpreted in terms of double ionization by means of two inde-
mechanisms cannot be discussed within this approach. Theendent photon-induced single-ionization events. Indeed it is
assumption just mentioned will be reasonable if the projecusually assumed that this mechanism is composed of two
tile field can be considered as a small perturbation. Indeedtatistically independent single-ionization evefi®te that

the equivalent-photon method can be considered as a tectire “snapshot” interpretation of the experiment of RE3]
nigue for estimating the leading terms of the perturbatiorrefers to this type of processThe corresponding (2 2e)
expansion of the scattering matrix in powerqugie2 by sub-  cross section reads
sequently considering the contributions of processes involv-

ing increasing numbers of photons.

Apart from this intrinsic limitation to the perturbative re- d60'(27,2e) _ (2m)?
gime, the equivalent-photon approach suffers from a number  d3k,d%k, w o,
of technical deficiencies. In particular, it is rigorously valid
only in the limitv—c, and it requires th@d hocintroduc-
tion of a lower cutoff impact parameter in total cross-sectionAgain the dipole approximation has been used. Moreover, in
calculations because the equivalent-photon picture is inaghe spirit of the two-step mechanism we assume that each
propriate if the projectile penetrates the target system. Indegghoton is absorbed by one electr@ssumed to have either
it turns out that, in the application to be discussed below, thef the experimental binding energies 6f0.902 61 and
corresponding impact-parameter integral is divergent for-1.992 Hartreg so that by energy conservation both fre-
b—0. However, this is not a serious drawback for thequency integrations over the pertinent equivalent-photon
present study because a quantitative comparison with the exumber spectra collapse.
perimental data df3] is not intended. Moreover, the fact that It is worth noting at this point that for the case of an initial
the momentum transfer is very small indicates that large im1s? state, the final continuum states accessed by #h2ef
pact parameters are most important for the processes in quasechanism havesp) symmetry, while the (2,2e) mecha-
tion. Consequently, we will presently discuss only the situa-ism leads to affp) state[12]. Therefore, the interferences

[(Kakp| (€1-d1)(€2-do) | Wo)2.  (4)

tion of a single fixed impact parametds£5 a.u). between the two types of amplitudes can for the qualitative
considerations of the present study be neglected. This is con-
B. lonization mechanisms sistent with the basic assumption of the equivalent-photon

. o method discussed above.
It is generally assumed that the double-ionization process

at high impact energies is dominated by two mechanisms
which can be discussed in the framework of perturbation C. Choice of wave functions

theory. The shake-off process is characterized by a single . . L
y P y g The (y,2e) cross section, differential in electron mo-

ion-electron interaction leading to ionization. The second ) ; : .
g enta, is now accessible to experim¢tB,14. This has

electron is subsequently ejected because its initial-statE" lated h cal studi £ thi |
single-particle wave function has nonvanishing overlap withStimulated numerous theoretical studies of this r_ea({ .
19]. However, it had been realized much earlier that this

the continuum of the singly charged ion produced in the : . . .
collision. This is the only first-order proce$erderzpe2) process is entirely due to the electron-electron interaction

leading to double ionization, hence shake-off is expected $20—22. While these earlier studies focused on the effect of
dominate at very high energies. It has been found, howeve”1e electron-electron Interaction in t".m'de”“:h"’.‘””e" the
that even at impact energies of several MeV/amu thdnore recent re;u!ts e.mpha5|ze the importancénal-state .
second-order two-step mechanism of subsequent ionizi,ng idnteractions. This implies that both effects have to be consid-
teractions of the projectile, with both electrons, cannot b{req in the pr?‘se{” co_nt,(’axt: In th's. work, we W'l.l uItlmat_er
neglected11]. The alternative two-step mechanism in which € interested in p_artlal dlﬁeren_tlal cross sections which
the projectile ionizes one electron which subsequently undef1ave to be determined by numerical integration of the fully

goes an ionizing collision with the second electron, is of_differential cross sectiorfglefined by using Eqs3) and(4)

ordeere“, rather tharz2e?, and therefore of minor impor- in Eq.(2) and Its t\_/vo-photon analog, respectivebyer parts
P S of the electronic final-state phase space. Thus the use of the
tance for the case of heavy-ion impact.

The equivalent-photon analog of the shake-off mechanisn[%OphiSticated theories proposed 5,19 s out of the ques-
: SR ion. We therefore consider the following three simple mod-
is the photo double-ionizatiofor (y,2e)] process. In the

: S . . els: (i) the description of the initial state by the one-
dipole approximation, the relevant fully differential cross > : i
section is parameter & type wave function W,:

=(Z3/ myexd— Zei(ra +rp)], Where Ze=27/16, and of
d60(y2e) (2m)? A the final state by a product of plane wavés) the initial
P dk [(kakp| € d| ¥ o)[%, (3)  state as in Eq1), but the final state represented by a product

al b w . . . . .

of Coulomb scattering waves with incoming spherical wave
boundary conditions; andii) the final state as in Edq1),
N but the initial state described by the 46-parameter wave func-
incident photon polarizationd the dipole operatotthat we tion proposed in[20]. This wave function includess§),
use in the velocity form while | W) and|k.k,) denote the (pp), and @dd) angular correlations, and thus accounts for
initial and final eigenstates of the helium-atom Hamiltonian,95.9% of the experimental correlation energy. For these
respectively(antisymmetrization is understopd models, analytical results for they2e) S matrix elements

wherek, ,k, are the outgoing electron momenta,is the
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may be found in the literaturgl6,21]. The corresponding 4 . .
(2y,2e) amplitudes have been calculated along the sam
lines[23]. 2 b A

A major weakness of these models is the fact that the 3
wave functions for the initial and final states are not exact, s,
but only approximate eigenfunctions of the helium-atom %N
Hamiltonian. As a consequence, the transition current is no
conserved, so that the results are gauge dependent. To |
specific, the results obtained using different forms of the di-
pole operator differ significantly in absolute magnitude. The ;7 0 2
shapes of the cross-section function are less affejctéf
We will, therefore, in the present study concentrate on ana
lyzing the shapes of the cross-section function obtained, an
not present absolute numerical data. 2

The postcollisional interaction of the electrons can conve- 5
niently be modeled by multiplying the photo cross section =

0 t —

[a

with the “correlation factor” f&
N _277 2 1 -1 5 - _
(a)—; eX| 7 ) 5 .
4 4 -4 -2 0 2 4
where a:=|k,—ky|. C(@) corresponds to the squared k,(ID[a-u.] ky(D[au]

modulus of the Coulomb continuum wave describing the

two-electron subsystem for zero separation of the two elec- FIG. 1. Cross section for double ionization of helium by heavy-
trons. It has been shown 16,18 that this procedure is ionimpact as a function of the longitudinal momenta of both out-
quite reasonable for most kinematical situations, and that it i§0ing electrons(in atomic unit3. Shake-off process(a) (y,2e)
crucial to include the electron-electron final-state interactionyPe cross section, model 1 without correlation facte, (v, 2e)

at least in this form, in order to obtain reasonable crossiyPe cross section, model 1, correlation factor includéd;
section shapes. To obtain the “partial” differential cross sec-(7:2€) type cross section, model 2, correlation factor includel;
tions desired, the fully differential cross sections were inte{?:2€) type cross section, model 3, correlation factor included.
grated over the transverse momentum components usidP2Cct €neray 3.6 Meviamu, nuclear chaige-28, and impact
adaptive Monte Carlo techniqué24]. rameter 5 a.u.

distributions of kinetic energy. Due to the antisymmetry of
the electronic wave functions all results must be symmetric
In Figs. 1-4 we present numerical data for the double-under interchange of the longitudinal momenta with or with-
ionization cross section as a function of the longitudinal mo-out change of sign of both momenta. This feature is indeed
menta of the outgoing electrons obtained from the differentvident in all figures, demonstrating that the accuracy of the
models described above. In order to assess the importance Plonte Carlo integration is sufficient for the present purpose.
electron-electron interaction in the final state, we have car- The impact energy and nuclear charge used for the data of
ried out calculations using modél) without and with the  Figs. 1 and 2 correspond to the parameters of the recent
correlation factor, Eq(5) [in Figs. 1-4, partda) and(b)].  experimen{3]. Figures 1 and 2, pafg) exhibit the charac-
Furthermore, comparison of the results of mod@land(ii)  (eristics of the respective dipole transition matrix elements,

[in Figs. 14, part¢b) and(c)] obtained including this factor  gq(3) and (4). For the shake-off process, ejection of both
allows us to estimate the Importance of Cou_lomb three-bod lectrons parallel or antiparallel to the beam is favored due to
effects in the final state. Finally, discrepancies between data L > > > o )
obtained from modelé) and(iii) [in Figs. 1—4, part¢b) and (€ characteristic _Stru,Ct“d&' kiS(ky,kp) + € kZS(kZ'kl)|
(d)] must be due to the different initial states. of the cross section in Eq3) (with S a function of the
There is a certain amount of “noise” in the data, most Magnitudes of the momenta onlyhich includes a relative
notably for the case of initial-state angular correlations. Thigninus sign(destructive interferengdor back-to-back emis-
is due to the limitations of the size of the Monte Carlo Sion in the case of the second equivalent-photon “pulse”
samples imposed by computing time considerat{oins data [25]. The t\ivo-photon transition cross section takes the form
of Figs. 1—4, partd) typically required about 100 CPU days |(e-Ky)(e-Kz)S(ky,k»)|? [Eq. (4)], which results in a spheri-
on a RISC workstatioh In the present data, this statistical cal distribution, indicating that the corresponding double-
error is of the order of 5%. To facilitate the understanding ofionization probability is characterized by the total energy
the figures, we remind the reader that the top right quadraritansferred to the electrons. The strong decrease of the cross
of the plots corresponds to forward emission of both elecsections for increasing total energy is readily traced to the
trons, while the top left and bottom right quadrant representactor w2 associated with each photon absorbed. It is worth
back-to-back emission. Values close to the Cartesian axes opting that these calculations already include part of the
the plots correspond to asymmetric energy sharing of thelectron-electron interaction in the initial state due to the
outgoing electrons, while the diagonals represent symmetrichoice of the effective charge parameter. Nevertheless, the

IIl. NUMERICAL RESULTS
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FIG. 2. Cross section for double ionization of helium by heavy-  FIG. 3. Cross section for double ionization of helium by heavy-
ion impact as a function of the longitudinal momenta of both out-ion impact as function of the longitudinal momenta of both outgo-
going electrons (in atomic unitg. Two-photon process:(a) ing electrons. Shake-off process, data as in Fig. 1, but for impact
(2,2e) type cross section, model 1 without correlation factby;  energy 2 GeV/amu, nuclear charge=92, and impact parameter
(2,2e) type cross section, model 1, correlation factor included; 5 a.u.

(2v,2e) type cross section, model 2, correlation factor included,
(d) (2v,2e) type cross section, model 3, correlation factor in-
cluded. Impact energy 3.6 MeV/amu, nuclear charge28, and
impact parameter 5 a.u.

tional suppression of emission into the same longitudinal di-
rection.

It is instructive to also consider much higher energies and
shape of the two-photon cross section is what one woulgrojectile charges, where the equivalent-photon picture is
expect from an independent-particle model, which is simplymore appropriate. We have therefore treated the case of
due to the fact that this model is designed to describe twalouble ionization of helium by bare uranium ions at 2 GeV/
independent photoionization events. amu impact energy, corresponding to the maximum values

From Figs. 1 and 2, part®) and(b) it is evident that for  for projectile charge and impact energy currently available at
both mechanisms the postcollision interaction of the twothe GSI accelerator facilities. The cross-section functions for
electrons significantly suppresses emission of both electrongis collision system are presented in Figs. 3 and 4. The
with the same orientation of longitudinal momentum. Thissjmilarities between these data and those of Figs. 1 and 2 are
observation is consistent with the fact that the shape of thetriking. This can be understood in terms of the fact that, as
differential cross section for double ionization near thresholghgted above, emission of the electrons with relatively (ofv
is completely determined by the mutual repulsion of the Outye order of one atomic upikinetic energy, corresponding
going electr.ons, as was already pomt.ed out py Wari@ief to the absorbtion of relatively “soft” equivalent photons, is
Indeed the inclusion of the C_oulomb.mteractlon between th%trongly favored irrespective of the impact energy. Indeed,
ejected electrons ar_ld the reS|duaI.[6ngs. X(c) and Zc)] for ghe only effect of the change of projectile is to modify the
both types of reaction only marginally affects the shape o .

spectral weight(b,w), whereas the relevant momentum

the cross-section function. | ntroduced th h the phot tion f
By contrast, the inclusion of angular correlations in theSC@/€s are introduced throug € photo cross-section func-
tions which are not changed at all.

initial ground-state wave functigiFigs. 1d) and Zd)] leads ) . .
to marked changes in the shape of the cross sections. Most A ¢léar discrepancy in the shape of the cross-section func-
notably, for the shake-off reaction the probability for emis-tion is seen between Figs(@ and 3a). The interpretation of

sion of one of the electrons with zero longitudinal momen-this resultis straightforward: according to Ed), the second
tum is significantly decreased. This finding can be inter-Photon “pulse” is suppressed in intensity with ? relative
preted in terms of the fact that in this case the final state of0 the first one, so that the lack of spherical symmetry plays
the “shake-off” electron is not a pure level, but contains only a marginal role at high energies. The longitudinal mo-
also important contributions of higher angular-momentummentum distribution of the electrons here follows the one-
states. For the two-photon process, there is no such clear-catectron Compton profile. This implies that radial correla-
signature. In this case, the main effect of the initial-statetions in the initial-state wave function alone do not break the
angular correlation would seem to be the suppression of iorspherical symmetry of the cross-section function in question,
ization into high longitudinal momentum states and an addias would indeed be expected from symmetry considerations.
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fore only yield qualitative information. Indeed, the fact that
the experimental data show a marked shift away from the
symmetric point of vanishing longitudinal momenta towards
positive longitudinal momenta demonstrates the importance
of postcollisional electron-projectile Coulomb interactions,
which indicates that the equivalent-photon picture is not re-
ally appropriate in this cage5].

(2) For both kinematical situations considered in this pa-
per, the parameter characterizing the perturbation by the pro-
-4 ' ! -4 . ' jectile, namely,Z, /v, is of the order of unity. Hence, the
interpretation of the experimental data in terms of perturba-
4 . — 44— T tion theory, which is implicit in the use of the equivalent-
(b) (d) photon picture, is in itself questionable. In order to allow for
.l gl 1,L 1 i this type of analysis, experiments with fast light ions would
be desirable.

. * (3) Our results demonstrate that the details of the descrip-
] B ' tion of both the bound and the continuum states of the inter-
[ acting electrons have a significant influence on the shapes of
the cross sections, irrespective of the impact energy. This is
due to the fact that emission with small momentum is fa-
: -4 . . vored in any case. Hence, the only simplification which oc-
curs for lighter projectiles and/or very high impact energy is
ky(IDla.u.] ky(D(a-u.] the dominance of single-photon absorbtion. Still the full

) o ) complexity of the three-body Coulomb problem will have to
FIG. 4. Cross section for double ionization of helium by heavy- be faced

ion impact as function of the longitudinal momenta of both outgo-
ing electrons. Two-photon process, data as in Fig. 2, but for impacttal
energy 2 GeV/amu, nuclear charge-92, and impact parameter 5
a.u.

ky(IN[a-u.]

kp(IN[a.u.]

In order to fully use the potential of the novel experimen-
techniques presented|ib—3] with regard to spectroscopy
of initial-state correlations, it will therefore be necessary to
identify more suitable subregions of the final-state phase
space. For instance, the explicit form of the Coulomb corre-
lation factor Eq.(5), suggests that the postcollisional inter-
The above numerical results show that the doubleaction between the electrons will essentially provide a com-
ionization cross sections plotted as a function of the longitusmon constant overall factor to the differential cross section
dinal momenta of the electrons are strongly influenced by théor all electron pairs with a common value of
model chosen not only for the ionization mechanism, buta: =|k,—k,|.
also for the treatment of the electron-electron interaction.
Our calculations thus confirm the central assertion 3jf
However, concerning the explicit interpretation of the ex- Itis a pleasure to thank J. Ullrich, R. Moshammer, and H.
perimental data in terms of the equivalent-photon picture Schmidt-Baking for drawing our attention to this problem
there are three important caveats. and for valuable discussions. S.K. also wishes to thank C.
(1) The validity of the equivalent-photon picture itself is Dal Cappello and B. Joulakian for instructive discussions on
limited to energies of at least a few GeV/amu. The applicarelated double-ionization problems. We gratefully acknowl-
tion of the model to the experimental data[8] can there- edge support by the BMBF under Contract No. 060F739.

IV. CONCLUSIONS
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