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Equivalent-photon method study of differential cross sections for double ionization
of helium by relativistic heavy-ion impact

S. Keller, H. J. Lu¨dde, and R. M. Dreizler
Institut für Theoretische Physik, Universita¨t Frankfurt, Robert-Mayer-Strabe 8-10, D-60054 Frankfurt-am-Main, Germany

~Received 20 November 1996!

We have calculated the probability for double ionization of helium by fast heavy-ion impact in the
equivalent-photon picture. We find that theshapeof differential cross sections is significantly affected by the
inclusion of the electron-electron interaction in both the initial and the final channel, but is rather insensitive to
the projectile charge and impact velocity.@S1050-2947~97!01006-8#

PACS number~s!: 34.50.Fa, 25.75.2q, 34.10.1x
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I. INTRODUCTION

Important advances in experimental techniques, nota
the development of cold target recoil ion momentum sp
troscopy @1,2#, have recently led to the first kinematical
complete study of double ionization of helium by heavy-i
impact @3#. The most important observations reported in@3#
are that the momentum transfer between projectile and ta
system is extremely small, and the shape of the cross se
plotted as a function of both outgoing electron longitudin
momenta cannot be explained unless the electron-elec
interaction is taken into account. In an independent-part
picture this function should be spherically symmetric, wh
the experiment unambiguously shows that the two electr
are preferentially emitted with unequal longitudinal m
menta.

While a large number of theoretical papers have de
with determining the ratio of the relevant total single- a
double-ionization cross sections~see, e.g.,@4# and references
therein!, no quantum theoretical studies of differential cro
sections for the heavy-ion impact double-ionization proc
exist in the literature. In@3# the experimental data were com
pared with classical trajectory simulations@5#, where simpli-
fying assumptions had to be made about the correlated in
state of the helium atom~which is classically unstable!. On
the basis of different models for the classical correlated
namics of the two electrons, and a similarity of the cro
section measured as functions of the longitudinal elect
momenta with the corresponding Fourier transform of a c
related model helium wave function, the authors suggest
these spectra are particularly sensitive to the electr
electron interaction in the initial state. The intuitive explan
tion supplied in@3# is based on the Weizsa¨cker-Williams
equivalent photon picture@6–8#. The absorption of quasirea
photons generated by the fast highly charged ion in dis
collisions happens on an extremely short-time scale (10218

sec!, so that the fully differential multiple-ionization cros
section supposedly represents a ‘‘snapshot’’ of the ini
state electron distribution. It is the purpose of the pres
study to test this interpretation by explicit calculations, us
four different models for the description of the initial an
final states of the helium atom.
551050-2947/97/55~6!/4215~6!/$10.00
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II. THEORY

A. Equivalent-photon method

The equivalent-photon approach to the description of re
tivistic quantum collision problems is described in numero
textbooks and reviews~see, e.g.,@9,10#!, so only a very brief
outline of this method will be given here. The basic idea is
exploit the analogy between the Lorentz transformed C
lomb field of a high velocity projectile as observed in the re
frame of the target, and two ‘‘pulses’’ of on-shell photon
characterized by their energy spectra~in atomic units,c5
137.035 989 5!

n1~b,v!5S Zpp D 2 1cS vc

gv2D
2

K1
2S vb

gv D , ~1a!

n2~b,v!5S Zpp D 2 1cS vc

gv2D
2 1

g2K0
2S vb

gv D ~1b!

and their polarizationse15(1,0,0), e25(0,0,1). Here, the
(x,z) plane has been taken as the scattering plane with
beam directed along thez axis andb the impact parameter
Zp , v, andg:51/A12(v/c)2 are the projectile charge, ve
locity, and Lorentz kinematic parameter, respectively,K0
andK1 are modified Bessel functions. This analogy allow
the collision problem in question to be described in terms
an equivalent-photon-induced reaction: If the cross sec
for such a process is denoted bydsg(e,v,x f inal) ~where
x f inal denotes the set of observed final-state quantum n
bers!, for a given impact parameter the cross section sou
is given by integrating over the number spectra of the pho
pulses,

ds~b,x f inal!5(
i51

2 E
0

` dv

v
ni~b,v!dsg~e i ,v,x f inal!,

~2!

and accordingly for processes involving multiple photons.
Eq. ~2!, a sum over polarization directions is involved, whic
is frequently disregarded in the literature because it is ir
evant for the total cross sections usually considered. The
of the photo cross sectiondsg ~rather than of the corre
sponding matrix element! in Eq. ~2! is a manifestation of the
basic assumption that the effects of the various freque
4215 © 1997 The American Physical Society
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4216 55S. KELLER, H. J. LÜDDE, AND R. M. DREIZLER
components of equivalent radiation add incoherently@9#.
This also implies that the interference of different react
mechanisms cannot be discussed within this approach.
assumption just mentioned will be reasonable if the proj
tile field can be considered as a small perturbation. Ind
the equivalent-photon method can be considered as a t
nique for estimating the leading terms of the perturbat
expansion of the scattering matrix in powers ofZpe

2 by sub-
sequently considering the contributions of processes inv
ing increasing numbers of photons.

Apart from this intrinsic limitation to the perturbative re
gime, the equivalent-photon approach suffers from a num
of technical deficiencies. In particular, it is rigorously val
only in the limit v→c, and it requires thead hoc introduc-
tion of a lower cutoff impact parameter in total cross-sect
calculations because the equivalent-photon picture is in
propriate if the projectile penetrates the target system. Ind
it turns out that, in the application to be discussed below,
corresponding impact-parameter integral is divergent
b→0. However, this is not a serious drawback for t
present study because a quantitative comparison with the
perimental data of@3# is not intended. Moreover, the fact th
the momentum transfer is very small indicates that large
pact parameters are most important for the processes in q
tion. Consequently, we will presently discuss only the sit
tion of a single fixed impact parameter (b55 a.u.!.

B. Ionization mechanisms

It is generally assumed that the double-ionization proc
at high impact energies is dominated by two mechanis
which can be discussed in the framework of perturbat
theory. The shake-off process is characterized by a sin
ion-electron interaction leading to ionization. The seco
electron is subsequently ejected because its initial-s
single-particle wave function has nonvanishing overlap w
the continuum of the singly charged ion produced in
collision. This is the only first-order process~order Zpe

2)
leading to double ionization, hence shake-off is expected
dominate at very high energies. It has been found, howe
that even at impact energies of several MeV/amu,
second-order two-step mechanism of subsequent ionizing
teractions of the projectile, with both electrons, cannot
neglected@11#. The alternative two-step mechanism in whi
the projectile ionizes one electron which subsequently un
goes an ionizing collision with the second electron, is
orderZpe

4, rather thanZp
2e4, and therefore of minor impor

tance for the case of heavy-ion impact.
The equivalent-photon analog of the shake-off mechan

is the photo double-ionization@or (g,2e)# process. In the
dipole approximation, the relevant fully differential cro
section is

d6s~g,2e!

d3kad
3kb

5
~2p!2

v
z^kakbueW•dŴ uC0& z2, ~3!

where ka ,kb are the outgoing electron momenta,eW is the

incident photon polarization,dŴ the dipole operator~that we
use in the velocity form!, while uC0& and ukakb& denote the
initial and final eigenstates of the helium-atom Hamiltonia
respectively~antisymmetrization is understood!.
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The two-step process discussed above can be rein
preted in terms of double ionization by means of two ind
pendent photon-induced single-ionization events. Indeed
usually assumed that this mechanism is composed of
statistically independent single-ionization events~note that
the ‘‘snapshot’’ interpretation of the experiment of Ref.@3#
refers to this type of process!. The corresponding (2g,2e)
cross section reads

d6s~2g,2e!

d3kad
3kb

5
~2p!2

v1v2
z^kakbu~eW1•dŴ 1!~eW2•dŴ 2!uC0& z2. ~4!

Again the dipole approximation has been used. Moreover
the spirit of the two-step mechanism we assume that e
photon is absorbed by one electron~assumed to have eithe
of the experimental binding energies of20.902 61 and
21.992 Hartree!, so that by energy conservation both fr
quency integrations over the pertinent equivalent-pho
number spectra collapse.

It is worth noting at this point that for the case of an initi
1s2 state, the final continuum states accessed by the (g,2e)
mechanism have (sp) symmetry, while the (2g,2e) mecha-
nism leads to a (pp) state@12#. Therefore, the interference
between the two types of amplitudes can for the qualitat
considerations of the present study be neglected. This is
sistent with the basic assumption of the equivalent-pho
method discussed above.

C. Choice of wave functions

The (g,2e) cross section, differential in electron mo
menta, is now accessible to experiment@13,14#. This has
stimulated numerous theoretical studies of this reaction@15–
19#. However, it had been realized much earlier that t
process is entirely due to the electron-electron interac
@20–22#. While these earlier studies focused on the effect
the electron-electron interaction in theincidentchannel, the
more recent results emphasize the importance offinal-state
interactions. This implies that both effects have to be cons
ered in the present context. In this work, we will ultimate
be interested in ‘‘partial’’ differential cross sections whic
have to be determined by numerical integration of the fu
differential cross sections@defined by using Eqs.~3! and~4!
in Eq. ~2! and its two-photon analog, respectively# over parts
of the electronic final-state phase space. Thus the use o
sophisticated theories proposed in@15,19# is out of the ques-
tion. We therefore consider the following three simple mo
els: ~i! the description of the initial state by the on
parameter 1s2 type wave function C1s2:
5(Zeff

3 /p)exp†2Zeff(r a 1r b)‡, where Zeff527/16, and of
the final state by a product of plane waves;~ii ! the initial
state as in Eq.~1!, but the final state represented by a produ
of Coulomb scattering waves with incoming spherical wa
boundary conditions; and~iii ! the final state as in Eq.~1!,
but the initial state described by the 46-parameter wave fu
tion proposed in@20#. This wave function includes (ss),
(pp), and (dd) angular correlations, and thus accounts
95.9% of the experimental correlation energy. For the
models, analytical results for the (g,2e) S matrix elements
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may be found in the literature@16,21#. The corresponding
(2g,2e) amplitudes have been calculated along the sa
lines @23#.

A major weakness of these models is the fact that
wave functions for the initial and final states are not exa
but only approximate eigenfunctions of the helium-ato
Hamiltonian. As a consequence, the transition current is
conserved, so that the results are gauge dependent. T
specific, the results obtained using different forms of the
pole operator differ significantly in absolute magnitude. T
shapes of the cross-section function are less affected@16#.
We will, therefore, in the present study concentrate on a
lyzing the shapes of the cross-section function obtained,
not present absolute numerical data.

The postcollisional interaction of the electrons can con
niently be modeled by multiplying the photo cross sect
with the ‘‘correlation factor’’

C~a!5
2p

a FexpS 2p

a D21G21

, ~5!

where a:5ukWa2kWbu. C(a) corresponds to the square
modulus of the Coulomb continuum wave describing
two-electron subsystem for zero separation of the two e
trons. It has been shown in@16,18# that this procedure is
quite reasonable for most kinematical situations, and that
crucial to include the electron-electron final-state interacti
at least in this form, in order to obtain reasonable cro
section shapes. To obtain the ‘‘partial’’ differential cross se
tions desired, the fully differential cross sections were in
grated over the transverse momentum components u
adaptive Monte Carlo techniques@24#.

III. NUMERICAL RESULTS

In Figs. 1–4 we present numerical data for the doub
ionization cross section as a function of the longitudinal m
menta of the outgoing electrons obtained from the differ
models described above. In order to assess the importan
electron-electron interaction in the final state, we have c
ried out calculations using model~i! without and with the
correlation factor, Eq.~5! @in Figs. 1–4, parts~a! and ~b!#.
Furthermore, comparison of the results of models~i! and~ii !
@in Figs. 1–4, parts~b! and~c!# obtained including this facto
allows us to estimate the importance of Coulomb three-b
effects in the final state. Finally, discrepancies between d
obtained from models~i! and~iii ! @in Figs. 1–4, parts~b! and
~d!# must be due to the different initial states.

There is a certain amount of ‘‘noise’’ in the data, mo
notably for the case of initial-state angular correlations. T
is due to the limitations of the size of the Monte Car
samples imposed by computing time considerations@the data
of Figs. 1–4, part~d! typically required about 100 CPU day
on a RISC workstation#. In the present data, this statistic
error is of the order of 5%. To facilitate the understanding
the figures, we remind the reader that the top right quad
of the plots corresponds to forward emission of both el
trons, while the top left and bottom right quadrant repres
back-to-back emission. Values close to the Cartesian axe
the plots correspond to asymmetric energy sharing of
outgoing electrons, while the diagonals represent symme
e
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distributions of kinetic energy. Due to the antisymmetry
the electronic wave functions all results must be symme
under interchange of the longitudinal momenta with or wi
out change of sign of both momenta. This feature is inde
evident in all figures, demonstrating that the accuracy of
Monte Carlo integration is sufficient for the present purpo

The impact energy and nuclear charge used for the dat
Figs. 1 and 2 correspond to the parameters of the re
experiment@3#. Figures 1 and 2, part~a! exhibit the charac-
teristics of the respective dipole transition matrix elemen
Eqs.~3! and ~4!. For the shake-off process, ejection of bo
electrons parallel or antiparallel to the beam is favored du

the characteristic structureueW•kW1S(k1 ,k2)1eW•kW2S(k2 ,k1)u2

of the cross section in Eq.~3! ~with S a function of the
magnitudes of the momenta only! which includes a relative
minus sign~destructive interference! for back-to-back emis-
sion in the case of the second equivalent-photon ‘‘puls
@25#. The two-photon transition cross section takes the fo
u(eW•kW1)(eW•kW2)S(k1 ,k2)u2 @Eq. ~4!#, which results in a spheri-
cal distribution, indicating that the corresponding doub
ionization probability is characterized by the total ener
transferred to the electrons. The strong decrease of the c
sections for increasing total energy is readily traced to
factorv22 associated with each photon absorbed. It is wo
noting that these calculations already include part of
electron-electron interaction in the initial state due to t
choice of the effective charge parameter. Nevertheless,

FIG. 1. Cross section for double ionization of helium by heav
ion impact as a function of the longitudinal momenta of both o
going electrons~in atomic units!. Shake-off process:~a! (g,2e)
type cross section, model 1 without correlation factor;~b! (g,2e)
type cross section, model 1, correlation factor included;~c!
(g,2e) type cross section, model 2, correlation factor included;~d!
(g,2e) type cross section, model 3, correlation factor include
Impact energy 3.6 MeV/amu, nuclear chargeZ528, and impact
parameter 5 a.u.
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4218 55S. KELLER, H. J. LÜDDE, AND R. M. DREIZLER
shape of the two-photon cross section is what one wo
expect from an independent-particle model, which is sim
due to the fact that this model is designed to describe
independent photoionization events.

From Figs. 1 and 2, parts~a! and~b! it is evident that for
both mechanisms the postcollision interaction of the t
electrons significantly suppresses emission of both elect
with the same orientation of longitudinal momentum. Th
observation is consistent with the fact that the shape of
differential cross section for double ionization near thresh
is completely determined by the mutual repulsion of the o
going electrons, as was already pointed out by Wannier@26#.
Indeed the inclusion of the Coulomb interaction between
ejected electrons and the residual ion@Figs. 1~c! and 2~c!# for
both types of reaction only marginally affects the shape
the cross-section function.

By contrast, the inclusion of angular correlations in t
initial ground-state wave function@Figs. 1~d! and 2~d!# leads
to marked changes in the shape of the cross sections. M
notably, for the shake-off reaction the probability for em
sion of one of the electrons with zero longitudinal mome
tum is significantly decreased. This finding can be int
preted in terms of the fact that in this case the final state
the ‘‘shake-off’’ electron is not a pures level, but contains
also important contributions of higher angular-moment
states. For the two-photon process, there is no such clea
signature. In this case, the main effect of the initial-st
angular correlation would seem to be the suppression of
ization into high longitudinal momentum states and an ad

FIG. 2. Cross section for double ionization of helium by heav
ion impact as a function of the longitudinal momenta of both o
going electrons ~in atomic units!. Two-photon process:~a!
(2g,2e) type cross section, model 1 without correlation factor;~b!
(2g,2e) type cross section, model 1, correlation factor included;~c!
(2g,2e) type cross section, model 2, correlation factor includ
~d! (2g,2e) type cross section, model 3, correlation factor
cluded. Impact energy 3.6 MeV/amu, nuclear chargeZ528, and
impact parameter 5 a.u.
ld
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tional suppression of emission into the same longitudinal
rection.

It is instructive to also consider much higher energies a
projectile charges, where the equivalent-photon picture
more appropriate. We have therefore treated the cas
double ionization of helium by bare uranium ions at 2 Ge
amu impact energy, corresponding to the maximum val
for projectile charge and impact energy currently available
the GSI accelerator facilities. The cross-section functions
this collision system are presented in Figs. 3 and 4. T
similarities between these data and those of Figs. 1 and 2
striking. This can be understood in terms of the fact that,
noted above, emission of the electrons with relatively low~of
the order of one atomic unit! kinetic energy, corresponding
to the absorbtion of relatively ‘‘soft’’ equivalent photons,
strongly favored irrespective of the impact energy. Inde
the only effect of the change of projectile is to modify th
spectral weightsn(b,v), whereas the relevant momentu
scales are introduced through the photo cross-section f
tions which are not changed at all.

A clear discrepancy in the shape of the cross-section fu
tion is seen between Figs. 1~a! and 3~a!. The interpretation of
this result is straightforward: according to Eq.~1!, the second
photon ‘‘pulse’’ is suppressed in intensity withg22 relative
to the first one, so that the lack of spherical symmetry pla
only a marginal role at high energies. The longitudinal m
mentum distribution of the electrons here follows the on
electron Compton profile. This implies that radial corre
tions in the initial-state wave function alone do not break
spherical symmetry of the cross-section function in questi
as would indeed be expected from symmetry consideratio

-
-

,

FIG. 3. Cross section for double ionization of helium by heav
ion impact as function of the longitudinal momenta of both outg
ing electrons. Shake-off process, data as in Fig. 1, but for imp
energy 2 GeV/amu, nuclear chargeZ592, and impact paramete
5 a.u.
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IV. CONCLUSIONS

The above numerical results show that the doub
ionization cross sections plotted as a function of the long
dinal momenta of the electrons are strongly influenced by
model chosen not only for the ionization mechanism,
also for the treatment of the electron-electron interacti
Our calculations thus confirm the central assertion of@3#.
However, concerning the explicit interpretation of the e
perimental data in terms of the equivalent-photon pictu
there are three important caveats.

~1! The validity of the equivalent-photon picture itself
limited to energies of at least a few GeV/amu. The appli
tion of the model to the experimental data of@3# can there-

FIG. 4. Cross section for double ionization of helium by heav
ion impact as function of the longitudinal momenta of both outg
ing electrons. Two-photon process, data as in Fig. 2, but for imp
energy 2 GeV/amu, nuclear chargeZ592, and impact parameter
a.u.
-
H

.L
-
-
e
t
.

-
,

-

fore only yield qualitative information. Indeed, the fact th
the experimental data show a marked shift away from
symmetric point of vanishing longitudinal momenta towar
positive longitudinal momenta demonstrates the importa
of postcollisional electron-projectile Coulomb interaction
which indicates that the equivalent-photon picture is not
ally appropriate in this case@25#.

~2! For both kinematical situations considered in this p
per, the parameter characterizing the perturbation by the
jectile, namely,Zp /v, is of the order of unity. Hence, the
interpretation of the experimental data in terms of pertur
tion theory, which is implicit in the use of the equivalen
photon picture, is in itself questionable. In order to allow f
this type of analysis, experiments with fast light ions wou
be desirable.

~3! Our results demonstrate that the details of the desc
tion of both the bound and the continuum states of the in
acting electrons have a significant influence on the shape
the cross sections, irrespective of the impact energy. Th
due to the fact that emission with small momentum is
vored in any case. Hence, the only simplification which o
curs for lighter projectiles and/or very high impact energy
the dominance of single-photon absorbtion. Still the f
complexity of the three-body Coulomb problem will have
be faced.

In order to fully use the potential of the novel experime
tal techniques presented in@1–3# with regard to spectroscop
of initial-state correlations, it will therefore be necessary
identify more suitable subregions of the final-state ph
space. For instance, the explicit form of the Coulomb cor
lation factor Eq.~5!, suggests that the postcollisional inte
action between the electrons will essentially provide a co
mon constant overall factor to the differential cross sect
for all electron pairs with a common value o
a:5ukWa2kWbu.
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