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Quantum code words contradict local realism
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Quantum code words are highly entangled combinations of two-state systems. The standard assumptions of
local realism lead to logical contradictions similar to those found by Bell, Kochen, and Specker, Greenberger,
Horne and Zeilinger, and Mermin. The new contradictions have some noteworthy features that did not appear
in the older ones.S1050-294P@7)00306-5

PACS numbd(ps): 03.65.Bz, 89.80+h, 89.70+c

Quantum code words are highly entangled combinations
of two-state quantum systerfgubity. They are structured in
such a way that if on¢or sometimes mojpeof the qubits is FOyuzuy  E Oxyzyx (3
perturbed, there remains enough quantum information en-
coded in the remaining qubits for restoring the original codeand their cyclic permutations. The upper and lower signs
word unambiguoushyf1—4]. In this article, we investigate refer to|0,) and|1,), respectively(this convention will be
some properties of the five-qubit code words invented byfollowed throughout this article These 32 operatorgvith
Bennettet al. [5] (which are equivalent, up to a change of either choice of signform an Abelian group; those that are
bases of the individual qubits, to the five-qubit code words otunsigned in Eq(3) form an invariant subgroup. The exis-
Laflamme et al. [2]). The logical O is represented by the tence of such a group associated with this type of quantum
guantum state error correction codes seems to be quite general. A group-

theoretic framework for codes has been extensively devel-
1 oped by Gottesmaf6] and by Calderbankt al.[7].
|0 )= 2 [— |00000 — 11000 —|01100—|00110 It is well known that, for any entangled state, it is possible
to find operators whose correlations violate Bell's inequality
—|00012—|1000D + |10010 +|10100 +|01002) [8,9]. However the code worfll) leads to a stronger type of
violation, without inequalitie$10,11]. In this paper, it will
+]01010 +|00103+ [11110+(11103 be shown that the code wotd) and its associated operators
(3) yield a rich crop of “quantum paradoxes.” It appears that
+[11019+[10119+[01113], @ these paradoxical properties are inherent to all code words of
quantum error correcting codes. In particular, this is obvi-

where, e.g.,[1001Q means|1)®|0)®[0)®|1)®[0), and ously true of the nine-qubit code words of Stidf, since the
|0) and|1) are any two orthogonal states of a physical qubit.|5iter are built from triads of Mermin stat¢s1].

Oxzuzx  Oyxuxyr Ozyuyz 7+ Ouxzxu

The logical 1, denoted b, ), is obtained by exchanging all It should be noted that the Mermin states,

the |0) and |1) in |0 ). These two code words have the

useful property of being invariant under cyclic permutations (|ooo>i|111>)/\/§, (4)

of the physical qubits. This greatly simplifies the calculations

below. can be used as code words, for correcting a “bit error”

Let oy, oy, ando, be the standard Pauli spin matrices, (0« 1) in any one of the three qubitsut no other type of
andao, denote the unit matrithe latter will also be denoted erron. These states are eigenvectors, with eigenvalae of
by the symbol 1, with no risk of errarit is convenient to an eight-element Abelian group
introduce the notation

Ouyuus  +O0xyys T O0yxy,  +O0yyy,
Tabcde= 01a02003c04d05e= 0@ 0p® 0 ®04® 0, @ T O0yx: Ozzus  Ozuz:v  Ouzz- 5)
To obtain quantum paradoxes for the five-qubit cétle we
where the indicembcdemay be any combination af, x, note first that for each qubit, each onewf, oy, ando, is
y, and z. It is then readily verified that0,) and|1.) are an “element of reality,” as defined by Einstein, Podolsky,
eigenvectors, with eigenvalue 1, of the 32 following opera-and Roseri12]. This is so because the observable value of
tors: oyuuuw * 022272 @nd any one of these operators can be ascertained by measuring
only other qubits, “without disturbing in any way’[12] the
element of reality under consideration. For example, if we
*Permanent address: Department of Physics, Technion—Israel Iflave prepared the five qubits in the stig), the result
stitute of Technology, 32 000 Haifa, Israel. of a measurement af, can be predicted with certainty by

1050-2947/97/54)/40894)/$10.00 55 4089 © 1997 The American Physical Society



4090 DAVID P. DiIVINCENZO AND ASHER PERES 55

measuring o,, and o3, because we know that
01x02,03,]0 )= —|0.). That result will, henceforth, be de-
noted byv (o 14). Note that only the second and third qubits
have to be measured in order to determirfer;,) (it is not
necessary to measure the fourth and fifth gn€sher ways

of determiningy (o1,) without interacting with the first qubit
are to meaSUI‘(Er4X0'5Z, or 0'3x0'4y0'5yu or 0'2X0'3y0'420'5y,

or 092403057, or 0'2y0'3y0'4x: or 0'2y0'3Z0'4y0'5X, or
05,041,058, &S May be seen from the various operators in Eq.
(3) and their cyclic permutations.

There are, therefore, eight different ways of determining
v(oqy) by means of measurements performed ondtieer
gubits. However, these measurements cannot all be simulta-
neously carried out, if each one of the qubits is tested sepa-
rately, because they involve mutually incompatible, noncom- FIG. 1. Each side of the pentagon corresponds to three mutually
muting one-particle operatoftalthough the eighproductsof =~ compatible measurements. The product of the three results is guar-
operators do commute, however, because their commutatossteed to have value 1, for [0, ) and|1, ), respectively. Moreover,
always involve an even number of anticommutatjorighe the product of the fiver, has to bet1. There is no consistent set
notion of “element of reality” tacitly implies that these eight of values for the 12 operators.
different determinations of (o,,) agree with each other.

This may be intuitively obvious. However, classical intuition tiPly the results. It is therefore tempting to assume that the
is a notoriously bad guide in the quantum world. There is no/alues of the spin components ioidividual qubits also sat-
way of experimentally verifying that the eight methods isfy
agree.(At most, it is possible to verify that for some subsets

of these operators, for example,,o;, and 04,05, can be
tested simultaneously. There are only five such pairs among,
the eight operator products listed abgv&he assumption

fchat all_eight ways of determinirjg(alx) necessarily agree v(o1y) V(o) v(o)=F1, 7

is manifestly counterfactual. It is an example of the meta-

physical hypothesis known dscal realism This hypothesis and all cyclic permutations of Eq7). There are six equali-

is incompatible with quantum mechanics, and leads to nuties written above. The product of their right-hand sides is
merous contradictions, as will now be shown. —1. But on the left-hand side each symbol appears twice,

As one example, among many, consider the following sixand therefore, the product of the left-hand sides-is. We
operators:* 01,0,03,04,05,, and ¥ o1,0.,03, and cyclic  have reached a contradiction, of the same type as in Refs.
permutations of the five qubits. If we measure the values of10] and[11]. It is graphically illustrated in Fig. 1.
these six operators for one of the code words, the resultis 1, It is also possible to obtain a Bell-Kochen-Specker
with certainty. If the qubits are widely separated, the easiedtl3,14 type of contradiction, which does not refer to any
way of measuring any one of these operators is to measufgarticular quantum state, such as Et). Consider the fol-
separately the physical qubits involved in it, and then to muldowing array of operators:

Gox o, Osx

U(Ulz) U(O'Zz) U(UBZ) 0(0'42) U(USZ):il (6)

O1; 02, 03, 04 05 1 1 1 1 1 01202203704705;

o, 1 1 1 1 1 oy 1 1 Os5y 05401709y

1 oy, 1 1 1 g 1 o3 1 1 014027035

1 1 o5, 1 1 1 on 1 o4 1 0p0s0u ®)
1 1 1 g4, 1 1 1 o3 1 U5y O350 4705y

1 1 1 1 05, O1x 1 1 o 1 O 4x 05,01

All the operators in that array have eigenvalueg, and, clearly impossible to associate to each operator a definite
therefore, each one will yield one of these values, if meavalue =1, that is unknown but would be revealed by a mea-
sured in the standard way. Moreover, all the operators osurement of that operator, if such a measurement were actu-
each row commute, and their product is 1. Therefore, if allally performed. This is the multiplicative form of the
the operators on one of the rows are actually measured, th€ochen-Specker contradictiqid5,16.

product of the resulting values is 1. Likewise, all the opera- The original, additive form of the Kochen-Specker theo-
tors in each column commute, and their product ieXgept  rem can also be obtained from the above array. In its original
those of the last colummvhose product is- 1. It is therefore  formulation, that theorem asserted that there exist finite sets
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of projection operators, such that it is impossible to attributeand
to each one of the operators a bit value, “true” or “false,”

subject to the two following constraints: 7 (/010 +n|011)+m|110 +mn|111)
be(t?u(é(_SD two orthogonal projection operators cannot both % (010 +n(011+ m(110 + mn(111)® 181, 12

(i) (KS2) if a subset of orthogonal projection operators isrespectively. There are, therefore, 40 projectors of rank 4.
complete(i.e., it has a sum equal to the unit opergtone of  They satisfy many mutual orthogonality relations, for ex-
these projection operators is true. ample, any projector witllo1,) =1 in the third row of array

In the physical interpretation of the Kochen-Specker theo{8) is orthogonal to any projector witio;,)=—1 in the
rem, orthogonal projectors correspond to mutually compatsixth row.
ible quantum measurements, whose results are arbitrarily la- Moreover, any rank 4 projector is orthogonal to many of
beled 1 and 0, or “yes” and “no.” The theorem asserts thatthe 64 projectors of rank 1, listed above. For example, all the
there exist sets afi yes-no questions, such that none of theprojectors in Eq(12), for anym andn, are orthogonal to all
2" possible answers is compatible with the sum rules othe “classical” vectors|aOcde). All the projectors in Eq.
guantum mechanics. This implies that there can be no sut12 with m=n (so that{o,0,,03,)=—1) are orthogonal
quantum physics, with hidden variables that would ascribd® |1.) and to all its mutations of typesyose/1.), and to
definite outcomes to the yes-no testgprovided that the SOome others. They are also orthogonal to the various muta-
hidden variables are not “contextual,” namely, that the an-tions of [0), generated byoiy, 01,, 0o, 02y, O3y,
swer to each question is unique, and does not depend on tifesz> OF any odd number of the latteiNot all these vectors
choice of other questions being asked are distinct, howeve.

. : These numerous orthogonality relations have as a conse-
A set of Kochen- ker projector n now tain X
from ?ﬁe%bosg aerra?/pci‘cogergt(yricssSfo(ilatl)wso be obta e(?:1uence that the constraints KS1 and KS2 cannot both be

. ' atisfied: there is no way of assigning to all these projection
(@ There is one complete set of eigenvectors that ar . f “ "
common to all the operators in the first row: it is the “clas- a?ee fé%sar;ilggeu?tﬂ ;ﬁl?ﬁs (glr?ﬁg ())r?z;:i(: 0;:3 l?:’(s)n"? ' Itgtitness
sical” basis|00000, [00003), . . . ,|11113. The 32 projec- P gonatty b

relations. The easiest way to see that is to note that if this
tors on these vectors form a complete orthogonal set. were possible, all the operators in arré8) would acquire

(b) There is one complete set of eigenvectors that argjefinite values, and we have already seen that this is impos-
common to all the operators in the last column of the arraysjple. The novel features in this Kochen-Specker contradic-
These are the codewor(3; ) and|1, ), and the 15 mutations tjon is that projectors of rank 4 are used, and that the total
of each one of them, obtained by letting one of the Paulihumber of projectors involved is remarkably low, when com-
matrices act on one of the physical qubits. The 32 projectorpared to the number of dimensions: 104/3225, while a
on these orthonormal vectors form another complete sesimilar construction in four dimensions requires 24 vectors
Each one is moreover orthogonal to 16 vectors of the “clas{17], and in eight dimensions, 40 vectors are involy&8].
sical” basis, and vice versa. We have likewise investigated the seven-qubit code

(c) Each one of the five other rows in arré§) generates words of Stean¢3]. They are simultaneous eigenvectors of
eight mutually orthogonal four-dimensional subspaces, that28 matrices of order 128, which are direct products of three
form a complete set. For example, the subspaces that corrgsy seven Pauli matrices, and form an Abelian group. There
spond to the third row are the tensor products of the eigenare subsets of ten group elements with properties similar to
vectors ofoy,, 02,, 03¢, and the complete subspaces of thethose listed in Eqs(6) and (7): each Pauli matrix corre-
two other qubits. The products of the three eigenvectors argponds to a local “element of reality,” because the result of
its measurement can be predicted with certainty by examin-

1
2(10)=[1))®([0) or [1)®(]0)=[1)), ©) ing only other qubits. However, if it is assumed, in accor-
or dance with local realism, that each one of the local Pauli
L matrices is associated with a definite numerical valué,
2(/000+n [001)+m |100+mn [101)) for <0'22>:(1110) an algebraic contradiction appears.
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