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Density-functional approach to relativistic charge expansion theory

N. H. March*

University of Oxford, Oxford, England
~Received 7 August 1996; revised manuscript received 7 January 1997!

In a recent paper, Weiss and Kim@Phys. Rev. A51, 4487~1995!# have discussed the effects of relativistic
corrections on the large atomic numberZ behavior of the 1/Z expansion. Contact is established here between
their study and the simplest version of density-functional theory in the largeZ limit, namely, the Thomas-
Fermi theory. It is emphasized that this simple density-functional theory sums subseries of the original 1/Z
expansion to all orders in the nonrelativistic case. Relativistic corrections to this density-functional theory are
also discussed@S1050-2947~97!07407-6#

PACS number~s!: 31.10.1z, 31.30.Jv
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We wish to make contact between the interesting pape
Weiss and Kim~WK! @1# and the results of the simples
density-functional theory DFT, namely, the statistic
method of Thomas@2# and Fermi@3# ~TF!. We begin with
the nonrelativistic theory and then discuss relativistic mo
fications of this DFT, going back to the pioneering work
Vallarta and Rosen@4#.

In their Eq.~1!, WK write the nonrelativistic total energy
of any state of an atom or ion. We shall write their Eq.~1! to
show explicitly where the number of electronsN in the
atomic ion enters the 1/Z expansion. However, we shall re
strict all our considerations in this paper to the ground-s
energyE(Z,N), Z being the atomic number. Thus, specia
ized to the ground state, WK’s Eq.~1! will be written as

E~Z,N!5Z2@e0~N!1Z21e1~N!1Z22e2~N!1•••#.
~1!

To make contact between Eq.~1! and the DFT of Thomas
and Fermi, March and White@5# noted that to regain the
nonrelativistic DFT energy of Thomas and Fermi@6,7# from
Eq. ~1!, the asymptotic behavior of the coefficientsen(N) for
large numbers of electronsN must take the form

en~N!;AnN
n1~1/3!; large N. ~2!

Then the result for neutral atomsZ5N of Milne @6# and
Hulthén @7# for positive atomic ions~i.e., 0,N/Z<1) is
regained, namely,

ETF~Z,N!5Z7/3f 1~N/Z!, ~3!

where f 1(x) is known from numerical solutions of the non
linear dimensionless TF equation for atomic ions. Sub
quently the form ofAn for largen has been shown by Sena
tore and March@8# to have the formA/n31a, wherea5 1

3 @8#
and an accurate analytical approximation is also given
A @8#.

The natural extension of Eq.~2! is to write @9#

en~N!5AnN
n1~1/3!1BnN

n1CnN
n2~1/3!1••• . ~4!
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n and summing overn formally leads then

to

EDFT~Z,N!5Z7/3f 1~N/Z!1Z2f 2~N/Z!

1Z5/3f 3~N/Z!1••• , ~5!

which March and Parr@9# point out reduces to the expansio
of Scott @10# in the neutral atom caseN5Z. For a detailed
discussion of theZ2 term in Eq.~5!, following the work of
Scott, see Englert and Schwinger@11#. A note about correla-
tion @1# is appropriate here. March and Wind@12# give the
approximate result that correlation energy of neutral atom
approximately proportional toZ, whereas Kaiset al., by di-
mensional scaling theory, argue for the dependenceZ4/3 at
largeZ @13#.

Having established therefore direct contact between
nonrelativistic 1/Z expansion~1! and the statistical DFT of
Thomas and Fermi, we turn to comment on relativistic mo
fications of charge expansion theory@1#. Senatore and March
@14# have discussed the changes required in the DFT
Thomas and Fermi in going to the relativistic modification
Vallarta and Rosen@4#. From the way the analyticity prop
erties ofE(Z,N,a), where the fine-structure constantaÞ0
now, are altered from the TF theory, Senatore and Ma
@14# propose a Laurent expansion

E~Z,N,a,Rn!5Z2 (
n52`

`

en~N,a,Rn!Z
2n, ~6!

whereRn denotes the nuclear radius. They demonstrate
this includes the expansion of Layzer and Bahcall@15# dis-
cussed by WK@1#.

Just as for the nonrelativistic case, it can be shown fr
the Vallarta-Rosen~VR! theory that if one writes the Layzer
Bahcall~LB! expansion as a special case of the Laurent fo
~6!, namely,

ELB~Z,N,a!5Z2 (
n50

`

(
m50

`

Enm~N!emZ2n, ~7!

with e5a2Z2, then the VR method gives for suitably larg
N the result@16#
y
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Enm
VR~N!5cnmN

n2~2m/3!2~1/3!. ~8!

In summary, it has been pointed out that for heavy po
tive atomic ions withN&Z the charge expansion theory ca
be partially summed by appeal to DFT for largeZ. Then the
natural expansion parameter appears in the nonrelativ
case to beZ2(1/3) rather thanZ21. In the relativistic case, the
DFT of Vallarta and Rosen@4# strongly motivates the Lau
rent expansion~6!, of which the Layzer-Bahcall~LB! expan-
sion is a special case. Given the LB result~7!, the VR theory
then leads to the scaling property~8!. Of course, all this is
not to deny the interest in the direct use of charge expan
theory for examples such asC-like uranium referred to in
SA
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WK @1#. The final point takes us back to the least well e
tablished area of correlation energy. Recently it has also b
pointed out to the writer that, in the thermodynamic limit, t
work of Gell-Mann and Brueckner@17# and Kilic @18#, leads
to a term of the formN lnN. Whether such a term enters th
correlation energy in the finite systems that are discus
throughout this paper remains an open question at the tim
writing.
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