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Low-frequency external force acting on an atom in a resonant field

Sergey V. Siparov
Department of Physics, Academy of Civil Aviation, 38 Pilotov Street, St. Petersburg 196210, Russia

~Received 10 April 1996; revised manuscript received 16 August 1996!

The probe-wave absorption spectrum calculation is presented for the case when a two-level atom or ion in
the resonant field of laser radiation is subjected to low-frequency external action in such a way that parametric
resonance takes place and the fine structure appears on the probe-wave absorption coefficient plot.
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I. INTRODUCTION

The two-level atom~TLA ! or ion is a very convenient an
widely used model to investigate the behavior of a real at
or ion in different situations, a problem which is of essent
interest and has a lot of applications@1–10#.

Here we concentrate upon a TLA in a strong monoch
matic resonant laser field. In this case an additional
quency, characterizing the ‘‘TLA-field’’ system, appear
Rabi frequency, and this means that we can think of a p
metric resonance~PR! possibility.

According to@11#, the dynamic system reveals PRs wh
it suffers small perturbative action at a frequency equal to
difference between eigenfrequencies of the system. Ph
cally it means that we can pump energy in through one ch
nel and observe the result through the other. Mathematic
@11#, the PRs can occur when the external action reve
itself through time-dependant coefficients of the dynam
equation. Spectroscopically, we speak of the PR@12# in case
the quasienergies of the atom, placed into the laser fi
overlap. In@13,14# it was shown that the meanings of the
definitions are one and the same and a small perturbation
lead to the essential deformation of absorption spectr
thus providing the possibility to use the PR effects in su
Doppler spectroscopy.

There are some additional reasons~clarifying the physical
background of the effect! to investigate the TLA-field system
in search for the parametric resonances. In the recent w
@15# the expression for the mechanical force exerted o
two-level atom by a bichromatic laser field was found. O
of the field modesV1 ~resonant to the atomic transition! was
considered to be strong, while the other mode with the
quencyV2 sufficing uV12V2u52VRabi was considered to be
weak. In this situation the PR took place. It appeared t
besides the well known@16# constant component of the ligh
pressure forceFc equal to

Fc5\kgz~v,V1 ,A1!,

where\ is Planck’s constant,k is the wave vector,g is the
excited-state decay rate,z5O~1! is the combination of pa-
rameters~v is the atom’s velocity,A1 is the Rabi parameter!,
there was also the oscillating component

Fosc5\kA1$H cos@~V22V1!t1C#1O~«!%,

«5g/~21/2A1!!1,
551050-2947/97/55~5!/3704~6!/$10.00
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whereC is the phase, depending on the velocity, andH5
O~1! is the combination of problem parameters. The value
Fc appears to be only of the next~smaller! order in the
asymptotic expansion of force in the powers of«. Thus, if
the conditions of PR are fulfilled, the TLA has not only a
‘‘average’’ acceleration in the wave-vector direction, but su
fers an intensive ‘‘shaking’’~oscillations! along this vector
with the doubled Rabi frequency.

At the same time, in case of such a PR in the bichroma
field @13,14#, there is a fine structure on the probe-wave a
sorption spectrum. By comparing the results of@15# and
@13,14#, we can suggest that the sidebands of the fine st
ture may be due to the Doppler effect, caused by the os
lations.

Turning back again to the monochromatic field, we c
suggest that if we make the TLA oscillate with the help of
external force of any nature, and put it into the monoch
matic laser field that is resonant to the atomic transition,
PR is possible, and it will lead to the appearance of the fi
structure on the probe-wave absorption plot.

This gives us a version of a well-known Brillouin scatte
ing, which is a powerful instrument in the investigation
the atom’s structure and dynamics. It is important to not
that since Rabi frequency depends on the intensity of
laser beam, we have a possibility to vary in the experim
the position of the PR sidebands and place them into con
nient frequency regions.

When a two-level ion is subjected simultaneously to t
action of the resonant laser field and the low-frequency e
tric field @17#, the effect of resonant light pressure is th
heating or the cooling of the localized particles ensemb
The mechanical action of running and standing reson
waves on the moving atom, reviewed in@17,18#, presents a
situation that is in some sense the reverse of that whic
going to be discussed here. The details of such a coo
process can be analyzed with the help of the propo
method of optic-mechanical parametric resonance.

In @19# the dynamic Stark effect was discussed. It w
discovered that it resulted in the shifting of atomic ener
levels and this led to new resonances in the nonlinear op
susceptibility describing probe-wave absorption. The co
parison of these results with the experiment is presente
@20#. The influence of ion scattering on the light-induce
electrostatic fluctuations upon the ion velocities was d
cussed in@21#. It was found that the noise spectrum contai
the information about the nonlinear optical absorption. T
3704 © 1997 The American Physical Society
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55 3705LOW-FREQUENCY EXTERNAL FORCE ACTING ON AN . . .
resonance fluorescence due to the interference of qua
ergy states being a result of dynamic Stark effect was
cussed in@22#. All these processes can have profound imp
cations to the operation of devices that rely on the reson
nonlinear optical response of atomic systems. But the po
bility of the PR which appears while regarding an ion inste
of an atom and correlating the frequency of the external
tion with Rabi frequency was not analyzed. The abo
mentioned possibility to perform measurements in the c
venient frequency region provides the increase of
instrumental sensibility.

Another experimental field for the proposed method i
modification of the Brillouin scattering. In@23,24# the reso-
nances in the interaction of a saturated two-level system w
stimulated Brillouin scattering were discussed. These re
nances result from the coupling between the two-level s
tem and the resonant acoustic waves that are excited in
host substance by the counterpropagating laser beams.
proposed method suggests the use of the external aco
field, thus providing two parameters to be controlled ext
nally: acoustic frequency and laser intensity, which is a n
possibility to investigate the TLAs, admixed to the buff
gas.

One of the most effective experimental methods to inv
tigate the features of atom’s structure is the use of the co
terpropagating probe wave@25,26#, and commonly used set
ups for it are described in@25–28#. In this paper the
calculation of the probe-wave absorption spectrum for
case of the PR is presented.

The material is organized in the following way. In Sec.
the initial Bloch equations are formulated with respect to
atom’s low-frequency oscillations. Then the rotating-wa
approximation is used, and after variable changing we
Eq. ~4!, which can be solved through the use of a pertur
tive technique. Using the conditions of parametric resonan
we get the result in the form of expressions~7! and ~8! and
discuss the origin and relative importance of its differe
terms. In Sec. III we discuss the meaning of the assumpt
made and the possibilities to suffice the corresponding c
ditions in the experiment. In Sec. IV the conclusions a
made and the acknowledgments are presented. In the Ap
dix the mathematical details of the solution of Eq.~4! are
given.

II. THE PROBLEM AND ITS SOLUTION

Let us describe the laser field classically, and use the d
sity matrixr(v,z) for the atom’s dynamics description. The
the Bloch equations will be

d

dt
~r222r11!52g~r222r11!14i @A1cos~V1t2k1z! ~1!

1Apcos~Vpt1kpz!] ~r212r12!1L,

d

dt
r1252~g121 iv!r1222i @A1cos~V1t2k1z!

1Apcos~Vpt1kpz!] ~r222r11!,
en-
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Here,k1 and kp stand for the wave vectors of the counte
propagating resonant and probe waves;A1 and Ap are the
amplitudes of these waves in frequency units;r22 andr11 are
the levels populations;g12 is the transversal decay rate;L is
the saturation parameter. We will regard the situation wh
due to some external periodical action the atom’s velocitv
oscillates with low frequencyD and amplitudeV1. Then the
full time derivative can be written as

d

dt
5

]

]t
1V

]

]z
, V5v1V1cosDt.

Let the spatial scale, characterizing the atom-field inter
tion, be of the order of 1022 m. Then we can assum
k15kp5k. In case the amplitudeV1 of velocity alteration is
small in comparison withv (V1!v), the quasiclassical ap
proach to the description of the atom’s motion remains va
Since we are interested in space-averaged values, it is na
to use the rotating-wave approximation@25#. Then, making
the substitutions

R5221/2~r222r11!,

r125R12
1exp@2 i ~V1t2kz!#1R12

2exp@2 i ~Vpt1kz!#,

r215R21
1exp@ i ~V1t2kz!#1R21

2exp@ i ~Vpt1kz!#,

and changing variables to

21/2A1t5t, g/A1521/2«,

k/A1521/2k, ~Vp2v!/A1521/2Dp ,

V15v1«@v150~1!#, Dt5dt~21/2d5D/A1!,

Ap /A15ap , g12/A1521/2G«,

~V12v!/A1521/2D, L/A1521/2l,

we come to the following system of equations:

]

]t
R52«R1 i @R21

1 2R12
1 2ap~R21

2 1R12
2 !#1l,

]

]t
R12

1 52 iR1@2G«1 i ~D2kV!#R12
1 ,

]

]t
R21

1 5 iR1@2G«2 i ~D2kV!#R21
1 , ~2!

]

]t
R12

2 52 iapR1@2G«1 i ~Dp1kV!#R12
2 ,

R21
2 5R12

2 .
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To find the probe-wave absorption coefficient

x~Vp!5E exp~2V2/uT
2!ImR21

2 ~V!dV, ~3!

whereuT is the atom’s heat velocity, we have to solve t
last equation of system~2!. Let’s consider«!1, G50~1!, and
let the probe-wave amplitudeap be so small that it does no
affect the atom’s dynamics. Then the last differential eq
tion in system~2! can be regarded separately, and the exp
sion for functionR, which is present in this equation, can b
taken as a result of solving the system, consisting of the
three equations in Eq.~2!. So, at first, we have to solve th
system

]

]t
W5„Q01«Q1~t!…W1C, ~4!

where

W5S RR12
1

R12
2
D , Q05 iS 0, 21, 1

21, s, 0

1, 0, 2s
D , C5S l

0
0
D ,

Q15S 21
0
0

0
2G2 ikv1cosdt

0

0
0

2G1 ikv1cosdt
D ,

where we have useds5D2kv. Our goal is to find the lead
ing term of the asymptotic expansion in the powers of« of
the stable solution of system~4!. The mathematical details o
the solution are presented in the Appendix. Here we w
only emphasize that the PR condition

J5d1«n, n50~1!, ~5!

whereJ5~s212!1/2, is essential. Equation~5! characterizes
the velocity of groups of atoms which suffice the PR con
tions.

The asymptotical solution of system~4! for the first com-
ponent of vectorW is

R5T~v !1S~v !, ~6!

T~v !5ls2~B21n2!J5/$«@~s212G!~B21n2!12k2v1
2B#%,

S~v !522lskv1J
5~cosdt1B sindt!/$«@~s212G!

3~B21n2!12k2v1
2B#%,

B511G~11s2!.

We can see that if there is no low-frequency acti
~v150!, the leading term in functionR expansion~6! does
-
s-

st

ll

-

not contain an oscillating component, and its form coincid
~with regard to notation! with the known expression@25#.

To calculate the probe-wave absorption coefficient, s
stitute Eq.~6! into the fourth equation of system~2!. The
expression for ImR21

2 is

ImR21
2 52

apl

KJ6 H Gs2~B21n2!

G2«21sp
2 1

kv1s
2«

3F S 2G«n1B~sp1d!

G2«21~sp1d!2
1

2G«n2B~sp2d!

G2«21~sp2d!2 D
3cosdt1S 2G«B2n~sp1d!

G2«21~sp1d!2

1
2G«B1n~sp2d!

G2«21~sp2d!2 D sindtG J , ~7!

where

sp5Dp1kv,

K5det~K !5~2J22!3@~s212G!~B21n2!12k2v1
2B#.

Let us discuss the origin and importance of the terms
Eq. ~7!. The first term in large curly brackets corresponds
the Lorentz contour in the vicinity of the atomic transitio
frequency. Its expression coincides with the known one a
provides the known form for the regular case of scanning
atom in resonant field by the probe wave.

The second term in large curly brackets is an oscillat
one. We can see that its magnitude is of the next~higher!
order, due to« in the denominator. This term appears only
case the conditions of the parametric resonance are fulfil
Thus, we can conclude that the existence of the PR~resulting
in the appearance of the oscillating terms in the express
for R! really leads to the appearance of the sharp fine st
ture on thex~Vp! plot, which can be calculated with the he
of Eqs. ~3! and ~7!. The fine-structure sidebands have t
amplitudes essentially larger than the peak correspondin
the resonance frequencyv, and are located symmetricall
aboutv at the distances equal to the external force freque
D.

Substituting Eq.~7! into Eq.~3!, we finally get the follow-
ing expression for the probe-wave absorption coefficient
pendence on frequency:
x~Vp!52E exp~2V2/uT
2!
apl

KJ6 FGs2~B21n2!

G2«21sp
2 1

Askv1
2«

cos~dt2f!GdV,
A5

2~B21n2!1/2@sp
4d21sp

2~2G4«41G2«222d4!1~G2«21d2!3#1/2

sp
412sp

2~G2«22d2!1~G2«21d2!2
~8!
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f5arctang
sp
2~G«B2nd!1~G2«21d2!~G«B1nd!

sp
2~G«n1Bd!1~G2«21d2!~G«n2Bd!
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III. DISCUSSION

To compare the results of the calculation with the expe
ment, we have to formulate the conditions for the physi
system and the experimental setup. While solving the pr
lem we used the following assumptions.

~i! Ap!A1 . This condition can be easily fulfilled in ex
periment

~ii ! g/~21/2A1!5«!1. This is a limitation on the laser in
tensity. The excited-state decay rate has to be essentially
than the Rabi parameterA1 ~Ed5\A1 , whered stands for
the dipole moment andE is the amplitude of laser radiation!.

~iii ! V1!v. This condition means that the atom’s veloci
change during a quarter of period of the low-frequency fo
action is small in comparison with atoms heat veloc
~v;103 m/s for room temperatures!. So, the amplitude of the
low-frequency external force, acting on an atom or an i
should be small. If we speak of an ion placed into the lo
frequency electric field, then this field should be low inte
sive. If the TLAs are the admixture in the buffer gas, t
acoustic field should be low intensive. In both cases con
tion ~iii ! is easily controlled. It should be noted that we co
sideredV1 and« to be of the same order. IfV1!«, then the
Q1 matrix in Eq.~4! degenerates and the oscillating comp
nent in the absorption coefficient vanishes. The effect of
external action in this case might have been a certain
crease in the absorption coefficient value due to the la
number of atoms, taking part in the formation of the Dopp
contour, because of their velocity oscillations. But as will
seen from item~iv!, the scattering of velocities of atom
taking part in the PR, is of the order of«1/2, i.e., the contri-
bution of oscillating motions with amplitudesV1!« will be
negligible.

~iv! J5d1«n @n5O~1!#. This is the condition of the PR
i.e., this combination of parameters provides the nontriv
form of the probe-wave absorption spectrum. Sin
J5~s212!1/2, we obtain

D2kv56@~d1«n!222#1/2.

Substituting the initial variables, we see that the PR is p
sible only ifD>2A1~12221/2«n!. Then, if 21/2A12uDu5«h,
h50~1! ~h can be negative as well!, the atoms taking part in
the PR have the velocities

v5
V12v

k
623/4«1/2~n2h!1/2k21.

The velocity scattering is of the order of«1/2 in k21 units,
k215~A1c2

1/2!/v, andc is the light velocity. The condition
under discussion means that we have to control the rela
between the frequency of the external action and Rabi
quency. This is true both for ions in the electric field and
TLAs admixed to buffer gas in the acoustic field.
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IV. CONCLUSION

The result of this work is the calculation of the prob
wave absorption spectrum for the case when the two-le
atom or ion in the resonant field suffers the low-frequen
action of an external force. It is shown that when the pa
metric resonance conditions are fulfilled, the absorption
efficient obtains the oscillating component with the amp
tude, which is essentially larger than the consta
component. This entails the appearance of the fine struc
in the probe-wave absorption spectrum, its location be
dependent on the external action frequency. To reach
best sensitivity we can regulate the location of the sideba
by the simultaneous varying of the laser beam intensity
external action frequency.

In the experiment this result can be observed in differ
ways. One of them is the low-frequency electric action
the two-level ion. The other is a particular type of Brillou
scattering when the TLAs are admixed to the buffer gas
the acoustic action is produced. The above analysis of
demands for the experimental situation shows the possib
of using the proposed method of optic-mechanical param
ric resonance for the investigation of the atom’s dynamics
various applications.
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APPENDIX

We will start solving Eq.~4! by solving the corresponding
homogeneous equation

]

]t
N~t!5„Q01«Q1~t!…N~t!, N~0!5I , ~A1!

where I is the unity matrix. Let us construct the matrice
E5diag$0,iJ,2 iJ% andU,

U5
1

J S s
1
1

1
1/~s2J!

1/~J1s!

1
1/~J1s!

1/~J2s!
D ,

with the help of matrixQ0 eigenvalues, which are equa
to 0 and 6J56~s212!1/2. Introducing the matrix
L ~t!5exp$2Et%U21N~t! we transform Eq.~4! into

]

]t
L ~t!5«G~t!L ~t!,

G~t!5exp~2Et!U21Q1~t!U exp~Et!.

~A2!

To solve system~A2! we will use the many-scales metho
@11#. We introduce the slow timet15«t, transform Eq.~A2!
into
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F ]

]t
1«

]

]t1
GL ~t,t1!5«G~t!L ~t,t1!, ~A3!

and search for its solution in the form

L ~t,t1!5L0~t,t1!1«L1~t,t1!1••• . ~A4!

The direct substitution givesL0~t,t1!5L0~t1!, and we obtain
the equation forL0~t1!, demanding that there are no secu
terms on the right-hand side of Eq.~A8!. Here it means tha
we should expel all theG~t! harmonics with frequencies o
O~1! out of the right-hand side of Eq.~A3!. Then the equa-
tion for L0~t1! takes the form
ic
-

n

n

r

]

]t1
L0~t1!5^G~t!&L0~t1!, ~A5!

where^ & means that there are no above-mentioned harm
ics in theG~t! matrix. We regard the parametric resonan
which takes place when the following condition is fulfilled

J5d1«n, n50~1!. ~A6!

Substituting Eq.~A6! into Eq. ~A5!, we get
]

]t1
L0~t1!5^G~t1!&L0~t1!,

~A7!

^G~t1!&52J22S s212G
2 ikv1exp~2 int1!
ikv1exp~ int1!

2 ikv1exp~ int1!
11G~11s2!

0

ikv1exp~2 int1!
0

11G~11s2!
D .

The system ~A7! can be transformed into the system with constant coefficients. We take matrixZ~t1!
5diag$1,exp~2int1!,exp~int1!% and designateL0~t1!5Z~t1!S~t1!. Then system~A7! is as follows:

]

]t1
S~t1!5KS~t1!, K52J22S s212G

2 ikv1
ikv1

2 ikv1
11G~11s2!2 in

0

ikv1
0

11G~11s2!1 in
D . ~A8!
mit
nd

of
Solving Eq.~A8! we obtain

L0~t1!5Z~t1!exp~Kt1!,

and thus the homogeneous equation~A1! has the solution

N0~t!5U exp~Et!Z̃~t!exp~«Kt!U21,

where Z̃~t!5diag$1,exp~2i«nt!,exp(i«nt)%. We can see
that exp~Et!Z̃~t!5exp~idt!, whered is the diagonal matrix
d5diag$0,d,2d%. Thus, the leading term of the asymptot
expansion in the powers of« of the solution of the homoge
neous equation~A1! is

N0~t!5U exp~ idt!exp~«Kt!U21. ~A9!

Equation~A9! can be used to obtain the solution of the no
homogeneous problem~4!,
-

W~t!5N~t!W~0!1N~t!E
0

t

@N~x!#21Cdx.

Since the real parts of the matrixK eigenvalues are strictly
negative and we search for the stable solution, we can o
the first term on the right-hand side of this equation a
regard only the upper limit when integrating. Then

Wc~t!5U exp~ idt!exp~«Kt!E t

exp~2«Kx!

3exp~2 idx!U21Cdx. ~A10!

Fulfilling the integration and neglecting terms of the order
«, we obtain the leading term of the asymptotic forR, the
first component of vectorW, and come to Eq.~6!.
.
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