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Long-range interactions of sodium atoms
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Long-range interaction potentials between two and three sodium atoms, between a sodium atom and a
perfectly conducting wall, and for a sodium atom between two perfectly conducting walls, are calculated with
an electric-dipole oscillator strength distribution constructed from combinations of experimental and theoretical
energy levels, oscillator strengths, and photoionization cross section data, constrained by accurate values of
oscillator strength sum rules. The leading dispersion coefficients for Na-Na and Na-Na-Na and the Lennard-
Jones coefficient for the Na-wall system are determined. For Na-Na and for the Na-wall systems, the retarded
(Casimip potentials are also calculatdd&1050-29477)03605-6

PACS numbe(s): 34.20.Cf, 32.10.Dk, 34.50.Dy

I. INTRODUCTION

2]

2
S(_l):Snfn/(En_EO):§<0 0> )
The scattering of atoms at ultralow temperatures is sensi-
tive to the interactions at very large interatomic distances.
Approximate calculations of the coefficients of the leading@"
terms in the representation of the interactions in inverse pow- )
ers of the internuclear distan€® have been carried out for S(=2)=Snfn/(En—Eo)"=a(0), 4
alkali metalg[1-9]. It is often assumed that the errors in the ] ] o o
predicted values are no more than 5%, but, except folherea(0) is the static electric-dipole polarizability.
lithium, the error estimates are uncertain. The dynamic electric-dipole polarizability at frequenoy
The leading term is the van der Waals interaction,’S 9iven by
—C¢/RE. It arises from a dipole-dipole interaction and it can
be expressed formally in terms of the dynamic electric- a(w)=S fn
dipole polarizabilities of the atoms. For sodium, a reliable "(En—Eg)?— w?’
empirical construction of the dynamic polarizability can be
created from the available experimental and theoretical dat@ihe coefficientCq of the van der Waals interaction between
on discrete oscillator strengths and photoionization cross seer pair of atoms with polarizabilityr(w) is given by
tions and its accuracy can be assessed by the use of sum
rules. The dynamic polarizability can be used also to deter- 3 (= _
mine the coefficient of the leading term of the three-body Co=— fo do[a(io)]?, (6)
Na-Na-Na interaction and the leading term of Na-wall inter-

actions. The modifying effects of retardation are readily in-
cIu:ded. itying I Vi the coefficientCq of the leadingR~° term of the three-body

interaction is given by

®

3 ©
II. OSCILLATOR STRENGTH SUM RULES C9:; f dw[a(iw)]g, 7
If |0) and|n) represent, respectively, the eigenfunctions of 0
the ground state and tha&th excited state of Na, then the

L -3
electric-dipole absorption oscillator strength is defined by @nd the coefficienCs of the R~ term of the Lennard-Jones
interaction between an atom and a perfectly conducting wall

is given by
wherer; is the position vector of theth electronE, is the  \yhen the effects of retardation are includa@, the leading
eigenvalue of statae, N is the number of electrons, and all 5tom-atom interaction term is modified to
guantities are expressed in a.u.
Summing over all the excited discrete states and integrat- —Cq
ing over all the excited continuum states, we obtain V(R)= = Fe(R), 9

N

21 r

2

: oY)

2
fn:§ (En—Eop)

1 [o
C3:E fo do a(iw). (8)

S(0)=S,f,=N=11, 2 where
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1 © — 0
Fo=—— f do a(in)? exp—2a;swR)P(waiR), U(z,L)=— T(z/L)j ds a(is), (19
7TC6 0 L 0
(109
where
P(x)=x*+2x3+5x%+6x+3 (10b)

t?cosh2tz/L)
sinht

T(z/L):th , (20
0

and «;, is the fine-structure constant, and the leading atom-
wall interaction term to
in agreement with the result of Zhou and SpriitB]. Using

G expression(8) for the coefficientC;, we may reduce the
Vw(R)=— R Fa(R), (12) potential (19) to the form
—4

where U(z L)~ T3 T(L)Cs. 21)
F3:477C3 fo do a(io)exp —2a;s0R)Q(aswR) The asymptotic limit olU(z,L) for largeL is proportional to
(12) «(0) and is given by Bartofil1], Hinds[14], and Zhou and

Spruch[12] as
and

a(0)[ 1 3—-2cod(mz/L)

Q(X) = 2x%+ 2x + 1. (13) VL)~ 17 1360 8 cod(azl) (22)
For asymptotically large distances, the retarded interactions Experimental evidence of retardation effects on Na-wall
have the forms interactions have been obtained by Kaseétlal.[15] for a
dielectric wall and by Sukenikt al.[13] for Na atoms in the
-23 1 a%0) presence of two parallel metallic walls. Kaseviehal. in-
V(R)NEZ?- (14 ferred an interaction decreasing Bs* and Sukeniket al.
s demonstrated that the measured deflection of Na atoms was
and consistent with the potentidl (z,L) they calculated using
discrete transitions to represeamfi ).
-3 1 «a(0) We determinea(i w) subject to oscillator strength sum
Vw(R)~ 87 ar. RS (19  rules. The sum rul€2) we know exactly. The sum rul@) is

known to high accuracy from a measurement of the static

The corresponding limits of the retardation coefficients are Polarizability[16] to be 162.7-0.8, where the uncertainty is
a combination of systematic and statistical errors. Because

23 a%0) the dynamic polarizability obeys the relationship
Fe(R)——— , (16)
4’7Ta’fSR Ce 2 .
—j do a(in)=S(-1) (23
and ™ Jo
a(0) the sum rulg(3) is a critical parameter in the construction of
F3(R)— 87aR Co - 7 a(w). Its value is less certain. Using many-body perturbation
fs 3

theory to third order, Johnson and Fritzsdi&] obtained

The potential for an atom located between two parallel per-15'58 for 3(—1) and using the configuration-interaction

fectly conducting walls has been given by Barfdd] and wave functions of Mller [18], Muller [19] obtained 15.64.
by Zhou and Spruch{12]. We can write the potential We will argue that despite this close agreement, they are too

U(z,L) as the sum of two double integrals involving large.
a(iw),
(iw) Ill. OSCILLATOR STRENGTH DISTRIBUTION
oo 2 o . . .
_ tcosh2tz/L) - (tarst ; Sodium has the configuration $$2s22p 63s)?S. As we
U(zL) 3 . do a(io) _ : _
7L® Jo sinht 0 shall demonstrate, the major contributor to the summations
s 4 arising from the excitation of the valence &lectron is the
s |7 2 - e resonance & 3p transition. Empirical values of the oscilla-
+ — do o a(iow) dt ——, (18 o A
7L Jo arLo SN tor strength may be derived from the measured radiative life-

times of the ® 2P state[20], from the measured linewidth
wherelL is the wall separation and is the distance of the [21] and from the coefficient of the leading long-range inter-
atom from the midpoint. The coefficient of the wall-atom- action term in electronically excited states of ,N22]. Re-
wall interaction for small distancds can be obtained from cent theoretical calculation23,24] are consistent with the
Eq. (18) by letting a:s— 0 (which corresponds to letting the experiments in indicating an oscillator strength of 0.962
speed of light become infinitegiving within a probable uncertainty of 0.002. The uncertainty is
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— T T TABLE I. Contributions to the sum ruleS(k) and their totals
compared to empirical or theoretical values.
2 - S(0) S(—1)(e?ap) S(-2)/a3
’; 1s 1.53
gt 2s 1.25 0.19 0.040
S 2p 7.18 2.29 0.930
s 3s 1.04 12.6 161.7
21 Total 11 15.1 162.7
@ Experimental 162.70.8
8 | Theoretical 11 15.6
o~ T at photon energies from 86.7 eV to 250 eV and less accu-
N I BT rately by Verneret al. [37] and Jain and Mathuf36] at
0.1 1 10 100 higher energies. The calculations of Isenbetgal. [35] in-
photon energy (a.u.) cluded the resonance structures arising from the transitions

(1s22s%2p®3s)?S to (1s22s2p®3snp)?P. The resonance
structures and their influence have been further explored by
Craig and Larkin$43] and by De Arajo and Petrin{41,42,

who demonstrated the importance of the shake-up processes.
greater than the difference between the oscillator strengths ®fieasurements in the energy region above 71 eV in which
the 3°S-32Py, and 3°S-32Py), transitions[23]. The con-  the 25 electron can be ejected have been carried out by

tributions to the sum rule3) and (4) with f=0.962 are, wolff et al.[44], Codling, Hawley, and Weg#5], and Cu-
respectively, 12.44 and 160.8. The small contributions fronhayneset al. [46].

. “ye 2 R . .
the higher transitions 35-n’P can be calculated from The oscillator strengths of the transitions into the

model potential calculation$25,26. They are in order (252p nl)2P resonance states of Na are not large. The the-
0.018, 0.12, and 0.87. ) ) . oretical cross sectiong7] and the measured cross sections
Several sources exist for the continuum oscnlator[44 45 for nl=3p of about 3x 1017 cn? at the peak and a

strengths corresponding to ejection of the dectron[26—  \\iqth of about 0.2 eV yield an integrated oscillator strength
37]. At low transition energies the many-body correlated cal-

) . of only 0.003. Most of the oscillator strength of the 2an-
culations of Saha, Froese-Fischer, and Langf&8f may be  gjtions lies in the background continuum. The theoretical cal-

the most reliable and we adopt them for energies from,|ations of the nonresonant cross sections have been carried
threshold to the excitation of thep2shell at 31 eV. We ¢ 4 gifferent levels of approximation and there are discrep-
extended them to higher energies using the results of Verne{,cies petween them. We adopt the calculations of De
et al. [37]. The contributions to the three sum rules are araijo and Petrin{42] for photon energies between 86.7 eV

0.065, 0.054, and 0.090, respectively, giving total valence,ng 209 ev, extrapolated smoothly to threshold at 71 eV and
shell contributions of 1.04, 12.6, and 161.7.

We consider next transitions involving excitation and ion-
ization of theK shell electrons. The threshold for ejection of 200 LA e B A B L B A A
a 1s electron is 1079.1 eV. The resonance structure of the
K-shell absorption spectrum has been studied by Tuilier, _
Laporte, and Ester89], but they do not give absolute cross =3
sections. We adopt the cross sections calculated by Verner® 130

FIG. 1. The adopted photoionization cross sections.

tions would otherwise obey is modified, because tpeo?-
bital is occupied and must be excluded from the sum. We
calculated the &-2p oscillator strength using Hartree-Fock
orbitals[40] and obtain a value of 0.18. There are tws 1 ot ol
electrons and, henc&(0) for theK shell is predicted to be 0.00 0.05 0.10 0.15 0.20
approximately 1.64, in good agreement with our explicit cal- photon energy (a.u.)
culation of 1.53.

Cross sections for the ejection of electrons from tlse 2 FIG. 2. The adopted dynamic polarizability at imaginary fre-
shell have been calculated by De Ajmand Petrini[41,420  quency Eq(25).

et al. [37]. The transitions make negligible contributions to 2 -
S(—1) andS(—2) but contribute 1.53 t&(0). % ]
A confirmation of this estimate of theslcontribution to N i
S(0) can be obtained by recognizing that tkeshell elec- % .
trons are dominated by their interaction with each other and & ]
with the nucleus and are little affected by the outerahd g 1
2p shell electrons. The sum ru&0)=2 that the & transi- S 50 -
= ]
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TABLE Il. The coefficients(in atomic unit$ and retardation
coefficients(dimensionlessfor the atom-atom interaction, column
2, and the atom-wall interaction, column 3, for Na. The last line
gives the asymptotic values &f; and F5 calculated, respectively,
using Egs.(16) and (17). Numbers in square brackets represent

powers of ten.
Ce Cs
1561 1.889
R/a, Fe Fj
1.02] 9.984 1] 8.658 — 1]
1.52] 9.968 — 1] 8.35 — 1]
2.02] 9.949 1] 8.11 —1]
2.52] 9.927-1] 7.911-1]
3.02] 9.907 —1] 7.727-1]
5.02] 9.77§ — 1] 7.113-1]
7.02] 9.626 — 1] 6.606 — 1]
1.03] 9.364 —1] 5.967—-1]
1.53] 8.887 —1] 5.127 -1]
2.03] 8.387—1] 4.468 — 1]
2.93] 7.904 —-1] 3.950 1]
3.03] 7.446 —1] 3.531—-1]
7.03] 4.825 —1] 1.852—-1]
1.04] 3.721-1] 1.347—-1]
1.94] 2.651-1] 9.193-1]
2.004] 2.044-1] 6.957-1]
2.54] 1.658 —1] 5.590 - 1]
3.04] 1.392-1] 4.67Q—1]
7.04] 6.056 — 1] 2.017-1]
1.95] 4.247-1] 1.408 —1]
1.96] 4.254 - 3] 1.409 - 3]
Asymptotic
1.06] 4.254 - 3] 1.417-3]
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FIG. 4. The energy shift near the wall arising from the atom-
wall interaction potential.

We assess its reliability by using the same arguments that
we applied earlier, although the underlying assumptions are
less secure than for thesshell.

We anticipate that the contribution 8/0) of the X shell
will be 2 minus the 2-2p transition oscillator strength. For
the oscillator strength we calculate 0.437 yieldigg0)
=1.13, close to the value of 1.25 obtained from the photo-
ionization cross sections.

The oscillator strength of 1.22 excluded from the dnd
2s shells by the occupied 2 shell must be recovered by
excitations of the p electrons for which we concludg(0)
must equal 7.18.

The adopted 2 photoionization cross sections yield for

extrapolated to higher energies using the results of Verndf'® other two sum rule§(—1)=0.19 andS(—2)=0.04.

et al. [37]. The corresponding contribution to the oscillator
strength sum rul&(0) is 1.25.

10— 71— 1 7T T

0.8

0.6

04

retardation coefficient

0.2

0-0||I|||||l||||||ll|||||ll

2000 4000 6000 8000 10000
atom-wall distance (a.u.)

(=]

FIG. 3. The dimensionless retardation coefficién{R), Eqg.

Several theoretical calculations of the cross sections for
the ejection of electrons from thep2shell of sodium have
been carried ouf47,35,36,48—5Pand measurements have
been reported from the threshold to 250[@8-4( in which
the influence of shake up and conjugate shake-up satellite
lines has been explored. Double ionization has also been
investigated 53].

0
N 200 | —
=3
&
S 400 | .
>
S
()]
S -600 - .
-800 '
-500 -250 0 250 500

distance from midpoint (nm)

FIG. 5. The energy shift arising from the wall-atom-wall inter-
action potential, Eq(18), as a function of the distan@eof the atom

(12), as a function of the atom-wall distance. from the midpoint for a wall spacing=0.7 um.
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FIG. 6. Same as Fig. 5 fdr=1 um.

energy shift (kHz)

We adopt, as an initial estimate, the theoretical cross sec-

tions at photon energies from threshold to 200 eV presented
by Liu and Liu [50] and we extend the cross sections to

higher energies using the calculations of Vereeal.[37]. If

-25 L PR T [ U S SR S [N SR S S WO A ST S S
-500 -250 0 250 500
distance from midpoint (nm)
FIG. 7. Same as Fig. 6 fdt=2 um.
) fn df/dE

we assume the contributions to the summations from the

resonances arising from transitions of thp &lectron into
the Rydberg states 6£2s22p °3snl) are negligible, we ob-

tain a contribution td5(0) of 7.19.

The dynamic polarizability corresponding to our choice of
oscillator strengths is illustrated in Fig. 2.

The corresponding value &(—1) is 15.1. In a many-

The adopted photoionization cross sections are shown iRody perturbation theory calculation in which all contribu-
Fig. 1 and the contributions to the summations from excitalions to third order in single-particle excitations were in-
tion of the 1s, 2s, 2p, and 3 electrons are summarized in cluded, Johnson and FritzscfEr7] obtainedS(—1)=15.58

Table |I.

IV. CALCULATIONS

and using a multireference configuration-interaction method
that recovered 95% of the correlation enefdg], Mueller
[19] obtainedS(—1)=15.64. Despite the close agreement
between the twab initio calculations, we believe that the

The continuum oscillator strength distribution is given in higher-order correlations are not negligible and that the em-

terms of the photoionization cross secti@(E) by

df o(E)

E: m E>0.189 (24

pirical value of 15.1 that we obtain is a more accurate esti-
mate ofS(—1) given that our oscillator strength distribution
closely satisfies the adjacent sum rug®) andS(—2) and

the major contribution which arises from the-3p transi-
tion is accurately known.

and the dynamic dipole polarizability at imaginary frequency For the interaction coefficients, we obta@y=1561,Cq

is given by
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FIG. 8. The energy shift arising from the
wall-atom-wall interaction potential, E¢18), as
a function of the wall separatiob and the dis-
tancez of the atom from the midpoint.
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[9] modified to achieve consistency with the more recentum. There is a dramatic increase in the potentlék,L) as
measurements of(0) [16] yielded Cq=1539[54] andCq  the wall separation decreases or as the atom approaches ei-
=187 700 [55]. The retardation coefficient&s(R) and ther wall, which is demonstrated in Fig. 8.

F3(R) obtained from the empirical dynamic polarizability = Note added in proofC. F. Fischer, M. Godefroid, and P.
are listed in Table II, along with the values 6 andCs.  Jinsson (private communication have calculatedS(—1)

The potentials can be obtained using the data in Table Il withyithj a core polarization model with additional correlations
Egs. (9) and (11). The potential for Nais somewhat more from the core[Phys. Rev. A53, 4021 (1996]. They find

precise than that given by Marinescu, Babb, and Dalgarnqith single and double substitutions tHe¢—1)=15.47.
[56]. For the atom-wall case, the coefficigag(R) and the

potential V\y(R) are shown, respectively, in Figs. 3 and 4.

The po?entlal for wall-atom-wall interaction was e_valuated as ACKNOWLEDGMENTS
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slightly more accurate, than those calculated by Sukeniltute for Theoretical Atomic and Molecular Physics of the
et al.[13], and are in qualitative agreement with those givenSmithsonian Institution and Harvard University is supported
by Marksteineret al. for dielectric walls separated by 1.65 by the National Science Foundation.

[1] A. Dalgarno and W. D. Davison, Adv. At. Mol. Phyg, 1 [23] T. Brage, C. Froese-Fischer, and Pngson, Phys. Rev. A9,

(1966. 2181(1994).
[2] A. Dalgarno, Adv. Chem. Phy4.2, 143 (1967. [24] P. Jmsson, A. Ynnerman, C. Froese-Fischer, M. Godefroid,
[3] A. Dalgarno and W. D. Davison, Mol. Phy&3, 479 (1967. and J. Olsen, Phys. Rev. 3, 4021(1996.

[25] J. C. Weisheit and A. Dalgarno, Chem. Phys. L&t.517
(1971
[26] J. C. Weisheit, Phys. Rev. B, 1621(1972.

[4] F. Maeder and W. Kutzelnigg, Chem. Phy®, 195(1979.
[5] W. Muller, J. Flesch, and W. Meyer, J. Chem. Ph§8. 3297

(1984. [27] M. Rudkjobing, K. Dan. Vidensk. Selsk. Math. Fys. Med@,
[6] B. Bussery and M. Aubert-Frecon, J. Chem. PI83. 3224 1 (1940.
(1985. [28] D. W. Norcross, J. Phys. B, 1458(1971).
[7] M. L. Manakov and V. O. Orsiannikov, J. Phys. B), 569 [29] C. Laughlin, J. Phys. B1, 1399(1971).
(1985. [30] R. D. Hudson and V. Carter, J. Opt. Soc. ABY, 651 (1967).
[8] P. J. Knowles and W. J. Meath, Chem. Phys. L&#4, 164  [31] J. J. Chang and H. P. Kelly, Phys. Rev.18, 92 (1975.
(1986. [32] M. Aymar, J. Phys. BL1, 1413(1978.
[9] M. Marinescu, H. R. Sadeghpour, and A. Dalgarno, Phys. Rev[33] K. Butler and C. Mendoza, J. Phys. 1, L707 (1983.
A 49, 982(19949. [34] A. Dasgupta and A. K. Bhatia, Phys. Rev.34, 759 (1985.
[10] H. B. G. Casimir and D. Polder, Phys. R&8, 360(1948. [35] E. M. Isenberg, S. L. Carter, H. P. Kelly, and S. Salomonson,
[11] G. Barton, Proc. R. Soc¢London A 410, 141(1987. Phys. Rev. A32, 1472(1985.
[12] F. Zhou and L. Spruch, Phys. Rev.5%, 297 (1995. [36] A. K. Jain and K. C. Mathur, J. Phys. 86, 433(1993.
[13] C. I. Sukenik, M. G. Boshier, D. Cho, V. Sandoghdar, and E.[37] D. A. Verner, D. G. Yalovlev, I. M. Band, and M. B.
A. Hinds, Phys. Rev. Letfr0, 560 (1993. Trzhaskoya, At. Data Nucl. Data Tablg§, 233(1993.
[14] E. A. Hinds, Adv. At. Mol. Opt. Phys. Supp®, 1 (1994. [38] H. P. Saha, C. Froese-Fischer, and P. W. Langhoff, Phys. Rev.

[15] M. Kasevich, K. Moler, E. Riis, E. Sunderman, D. Weiss, and A 38, 1279(1988.
S. Chu, inAtomic Physics 12edited by Jens C. Zorn and [39] M. H. Tuilier, D. Laporte, and J. M. Estera, Phys. Rev28,

Robert R. Lewis, AIP Conf. Proc. No. 23&IP, New York, 372(1982.
199)), p. 47. [40] C. Froese-Fischeprivate communication

[16] C. R. Ekstrom, J. Schmiedmeyer, M. S. Chapman, T. D. Ham{41] F. X. De Arayo and D. Petrini, J. Phys. B1, L117 (1988.
mond, and D. E. Pritchard, Phys. Ré&d, 3883(1996. [42] F. X. De Araijo and D. Petrini, J. Phys. B2, L33 (1989.

[17] W. R. Johnson and S. Fritzsckgrivate communication [43] B. I. Craig and F. P. Larkins, J. Phys. B, 3713(1985.

[18] T. Muller, Chem. Phys191, 213(1995. [44] H. W. Wolff, K. Radler, B. Sonntag, and R. Hoewel, Z. Phys.

[19] T. Muller (private communication 257, 353(1972.

[20] U. Volz, M. Majerus, H. Liebel, A. Schmitt, and H. Schmo- [45] K. Codling, J. R. Hawley, and J. B. West, J. Phys1® 2797
ranzer, Phys. Rev. Let?.6, 2862(1996. (2977.

[21] C. Oates, K. Vogel, and J. Hall, Phys. Rev. Lét6, 2860 [46] D. Cubaynes, J. M. Bizeau, M. Richter, and F. J. Wuilleumier,
(1996. Europhys. Lett14, 747 (1991).

[22] K. M. Jones, P. S. Julienne, P. D. Lett, W. D. Phillips, E. [47] S. S. Tayal, A. Z. Msezane, and S. T. Manson, Phys. Rev. A
Tiesinga, and C. J. Williams, Europhys. Le3b, 85 (1996. 49, 956 (1994).



3572 P. KHARCHENKO, J. F. BABB, AND A. DALGARNO 55

[48] T. N. Chang and Y. S. Kim, J. Phys. B, L835 (1982. [54] M. Marinescu, A. Dalgarno, and J. F. Babb, Phys. Re\s5A
[49] H. P. Saha, Phys. Rev. B0, 3157(1994. 1530(1997).

[50] J. C. Liu and Z. W. Liu, J. Phys. B7, 4531(1994. [55] M. Marinescu and A. F. Starace, Phys. Rev.58, 2067
[51] D. Cubaynes and F. J. Wuilleumiet al. (unpublishegl (1997.

[52] B. I. Craig and F. P. Larkins, J. Phys. 1, 3569(1985. [56] M. Marinescu, J. F. Babb, and A. Dalgaro, Phys. Rev6G\

[53] B. Rouvellou, L. Journel, J. M. Bizeau, D. Cubaynes, F. J. 3096 (1994).

Wouilleumier, M. Richter, K.-H. Selbmann, P. Sladeczek, and[57] S. Marksteiner, C. M. Savage, P. Zoller, and S. L. Rolston,
P. Zimmerman, Phys. Rev. B0, 4868(1994). Phys. Rev. A50, 2680(1994).



