
PHYSICAL REVIEW A MAY 1997VOLUME 55, NUMBER 5
Near-degeneracy effect on energy shifts in some highly charged few-electron Rydberg ions
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In view of recent high-precision measurements of transition energies between levels of berylliumlike Ryd-
berg ions of S121 and O41 in ~high-angular-momentum! Rydberg states, we introduce a modified polarization
model that allows one to estimate level energies even in the case of near degeneracy, that is, when an excitation
energy of the Rydberg electron is nearly equal but opposite to that of the ionic core. Estimates as well as
rigorous upper and lower bounds for the dominant second-order perturbation-theory dipole contributions to the
line shifts ~with continuum states included! are given. Agreement with the measured line shifts is very much
improved over that of the usual polarization model, but the range of estimates remains, in many cases, rather
larger than the experimental uncertainty; our primary purpose is to assist experimentalists planning studies of
other Rydberg ions by providing estimates which are improvedand which remain trivial to apply.
@S1050-2947~97!04005-5#

PACS number~s!: 32.10.Dk, 31.10.1z, 32.80.Rm
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I. POLARIZATION MODEL

Rydberg transition energies of few-electron atoms a
ions between states of high angular momentum are o
well described in terms of the polarization properties of
ionic core. While the standard polarization model~the many
papers on the subject include@1–4#! yields rather accurate
results for the helium atom@5# and heliumlike ions, it can
fail for more complex ions. In particular, recent experime
on the energy differences between some high-angu
momentum Rydberg states of the berylliumlike ions S121 @6#
and O41 @7# — using beam-foil and laser-stimulated recom
bination spectroscopy, respectively, the latter leading t
considerable improvement in experimental accuracy —
vealed substantial disagreement between the measured
ues and those predicted by the polarization model. The
ure of the standard polarization model can be traced to
occurrence of near degeneracies between Rydberg leve
the overlapping series related to the 1s 22s ground state and
the low-lying 1s 22p excited state of the lithiumlike core
Other approaches such as multichannel quantum de
theory ~MQDT! @8# should one day give better results th
polarization model approaches, but might, at present, no
useful, as sufficiently complete energy level data are not
available. For the studies of the ionic high-angula
momentum Rydberg states in question, the modified po
ization model to be presented appears particularly w
suited; little input data is required, the degree of numeri
complexity is exceedingly low, and account is taken of n
degeneracies within interacting Rydberg series.

Transition energies of Rydberg electrons are usually
plainable using second-order perturbation theory. We w
H5Hc1HRyd1W, whereHc is the full Hamiltonian of the
core with nuclear chargeZ, while HRyd is the screened
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Hamiltonian containing the interaction of the Rydberg ele
tron and a nucleus, for berylliumlike ions, of effective char
(Z23). The residual Coulomb interactionW of the Rydberg
electron and the core is expanded into multipole operato

W~rW0 ,$rW i%!5e2(
l51

`
wl

r 0
l11 ,

where rW0 and $rW i% (r5urWu) are the coordinates of the Ryd
berg electron and the core electrons, respectively,
wl5( i r i

lPl(cosui0). Here Pl denotes the Legendre polyno
mial of order l , and u i0 denotes the angle between thei th
core electron and the Rydberg electron. Since the excita
energy of the 1s 22s state to the 1s 22p state for O41 is
only 12 eV~compared to 83 eV for the 3p state and a com-
parable energy for the 3d state!, we neglect all quadrupole
and higher multipole contributions and all dipole contrib
tions but that of the 2p state and make the one-term dipo
approximationW'W15e2w1 /r 0

2 with w15( izi . We intro-
duce the core energiesE(1s 22s) andE(1s 22p), their dif-
ference DEc5E(1s 22p)2E(1s 22s), the (j averaged!
Dirac hydrogenlike Rydberg energiesEnl , their nonrelativ-
istic counterpartsEn , and the differencesDEn8n5En8
2En . The energyEnl* of the ion with a 1s 22s core and a
Rydberg electron in the stateunl& is thenEnl* 5E(1s 22s)
1Enl1dEnl* , where the energy changedEnl* due to the in-
teraction potentialW1 is approximated in one-term secon
order perturbation theory as

dEnl52(E u^2s;nW uW1u2pm;nW 8&u2

DEc1DEn8n

[2(E MnW 8nW

DEc1DEn8n
, ~1!
3453 © 1997 The American Physical Society
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where nW 5(n,l ,m), nW 85(n8,l 8,m8), m, m8, and m are
angular-momentum projections, 1s2 is understood, and(*
represents an average overm, a sum overm, and a sum over
bound states and an integration of continuum sta
(n8,l 8,m8), with l 85 l61. In the study ofdEnl it is suffi-
cient to use nonrelativistic energies.

To estimatedEnl one can@2# start from Eq.~1!, assume
that uDEn8n /DEcu!1 for the most significant excitations
and expand out the denominators in powers
DEn8n /DEc . Retaining the first two terms, one obtains t
well-known polarization model estimates for level shi
dEnl in the dipole approximation@1,2,9#

dEnl
~pol!'2(E MnW 8nW

DEc
S 12

DEn8n

DEc
D

52
ad

2 K e2r 04 L nl13 bda0K e2r 06 L nl
[dEnl,a1dEnl,b ~2!

by use of closure.̂A&nl denotes the expectation value ofA
for the Rydberg state (n,l ), ad is the static electric-dipole
polarizability of the core,

ad52
e2

DEc
U^su(

i
zi up&U2,

bd is the coefficient of the lowest-order nonadiabatic con
bution,

bd5S e2

DEc
D 2U^su(

i
zi up&U2,

anda0 the Bohr radius. The first term in Eq.~2! describes the
usual adiabatic dipole polarization picture, where the R
berg electron deforms the core, and the induced dipole g
rise to an attractive potential}1/r 0

4 on the Rydberg electron
assuming that the motion of the Rydberg electron is su
ciently slow for the dipole of the core to instantaneou
adjust its direction to the position of the Rydberg electro
Some nonadiabatic corrections, with the misalignment
Rydberg electron and dipole axis leading to a weakening
the attractive potential, are accounted for by the second te
~These are not relativistic retardation corrections, wh
would be significant only for much larger values ofn. They
are nonrelativistic corrections whose origin is the simple f
that the core electrons have inertia.! Further contributions to
Eq. ~2! that involve core transitions to different princip
core quantum numbers are of negligible size, as stated ab
Equally, effects due to penetration of the core by the R
berg electron are very small for the high-l Rydberg states
discussed here. In the third column of Table I, we reprod
the measured fine-structure splittings@7# for the Rydberg
states of O41 for transitionsn1516 ton259, 10 for various
values of l 1 and l 25 l 121. They are evidently in seriou
disagreement with the results of Eq.~2! listed in the fourth
column.
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II. MODIFIED POLARIZATION MODEL

The primary reason for the failure of the polarizatio
model for O41 lies in the occurrence of near degeneraci
the expansion which enabled us to approximate Eq.~1! by
Eq. ~2! is not then valid. We are therefore led to introduce
modified polarization model, one which provides a consid
able improvement and which can be readily used by exp
mentalists preparing to study similar ions. Before doing
we remark that the existence of near degeneracies and
significance has been noted previously on a number of o
sions and, in particular, in Ref.@7#, which is our primary
focus. The appearance of such degeneracies, accepted i
paper on the basis of experimental data, can be placed
more general footing by a slight extension of a study@3# of
theZ dependence of the various contributions to energy l
els of interest. The contributions studied in Ref.@3# included
not only thead andbd terms of Eq.~2!, but terms which, as
noted above, could be largely ignored for the Rydberg sta
of O41. These latter contributions are anaq /r 0

6 term, where
aq is the static quadrupole polarizability of the core, and
penetration contributionWp . We wish to contrast ionic core
which demandintershelltransitions — when the transition o
an electron in a given shell to a virtual excited state in
same shell is not allowed — with ionic cores which allo
intrashell transitions. To simplify the discussion we consid
heliumlike cores~for lithiumlike Rydberg ions, with 1s to
2p dipole transitions! and lithiumlike cores~for beryllium-
like Rydberg ions, with 2s to 2p dipole transitions!. Since a
length scales as 1/Z, we are led to the results in the secon
column of Table II, valid for either type of core.@We note
that aq is proportional to the square of an~off-diagonal!
matrix element ofr i

2 , andWq is proportional to the~diago-
nal! element of 1/r 0, for r 0,r i .# We now turn to theZ
dependence ofDEc . For heliumlike coresDEc scales as
Z2. For lithiumlike cores, however, we have

TABLE I. Experimental line shifts dE5(dEn1l1
2dEn2l2

)
2(dEn1n2

2dEn2n221) among the fine-structure components of t
inter-Rydberg transitions fromn1516 to n259,10 in O41 and
some theoretical estimates, in units of 1023 eV. The line shift for
the transition to the state of maximum angular momentum for
given n2 has been taken as a reference line.dE anddE are lower
and upper bounds, respectively, ondE.

n12n2 l 12 l 2 dE(expt) a dE(pol) b dE(B) c dEudE d dE(av) e

1629 928 0.0 0.0 0.0 0.0u0.0 0.0
827 0.30~2! 0.25 0.24 0.27u0.31 0.29
726 1.09~2! 0.71 0.85 0.96u1.14 1.05
625 5.04~3! 1.18 4.37 4.26u5.45 4.85

16210 1029 0.0 0.0 0.0 0.0u0.0 0.0
928 0.12~2! 0.09 0.09 0.09u0.10 0.10
827 0.32~2! 0.27 0.25 0.30u0.33 0.31
726 0.93~2! 0.59 0.71 0.80u0.99 0.89
625 4.68~3! 0.86 4.12 3.92u5.03 4.48

aExperimental line shifts, from Ref.@7#.
bPolarization model,ad51.05a0

3, bd51.15a0
4 @16#.

cDifferences of bound state contributions,DEc512.092 eV@17#.
dLower and upper bounds ondEn1l1

2dEn2l2
.

ead hocestimates (dE1dE)/2.
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DEc52
~Z2s2p!

2

8
1

~Z2s2s!
2

8

5
Z~s2p2s2s!

4
1

s2s
2 2s2p

2

8
,

where thes ’s are screening factors;DEc is then linear in
Z, and therefore, for largeZ, proportional toZ. For aq , the
transition is intershell for both cores, and we arrive at
results in columns three and four of Table II.~For some ionic
cores, such as those in a 1s 22s 22p 63s2 configuration
which allow a 3s to 3d transition,DEc would be propor-
tional toZ, rather thanZ2.! The above results were all state
previously@3#, and the point was made that Rydberg ions
largeZ with lithiumlike cores should prove to be good tes
ing grounds for the existence of thebd /r 0

6 term, for which
there was little experimental evidence at the time. The sli
extension of the above study relates to the validity of
DEn8n /DEc expansion.DEn8n is proportional to

DEn8n}~Z2Zc!
2S 1n2 2

1

n82D ,
whereZc is the number of electrons in the core, for bo
types of cores. For heliumlike cores, withDEc}Z

2,
DEn8n /DEc is small compared to unity over a wide range
Z, whereas for lithiumlike cores, withDEc}Z, the stronger
Z dependence ofDEn8n /DEc can compensate for th
(1/n221/n82) factor. One then finds~rather large! values of
n8 for which2DEn8n can be of comparable size toDEc . In
O41, for example,DEc' 12 eV whileDEn8n' 210 eV for
n510 andn855, which leads to an energy denominator
'2 eV. Partial account of the effect of near resonances
dEnl can be taken by the analysis of bound-state contri
tions in a detailed treatment of the configuration interactio
in the interlacing Rydberg series 1s 22snl and 1s 22pn8l 8.
However, continuum contributions must also be accoun
for, and we will now show how to at least estimate the eff
of continuum contributions, in a form which is trivial to ap
ply, given a few pieces of data, to other berylliumlike Ry
berg ions.

We begin by splitting the second-order sum of Eq.~1!
into a sum( (B) over bound states and an integration deno
by * (K) over continuum states, and, hence, decompose
shift into dEnl5dEnl

(B)1dEnl
(K) , where

TABLE II. Z dependence of various contributions to the ene
level for ionic cores which do not allow virtual transitions to ele
tronic states within a partially occupied shell — heliumlike core
for example — and ionic cores that do allow such transitions
lithiumlike or beryllium cores, for example.

Contribution General expression He-like core Li-like cor

ad /r 0
4 Z2/DEc Z0 Z

bd /r 0
6 Z4/DEc Z0 Z2

aq /r 0
6 Z2/DEc Z0 Z0

Wp Z Z Z
e

f

t
e
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n
-
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dEnl
~B!52(

~B!
MnW 8nW

DEc1DEn8n
, ~3a!

dEnl
~K !52E ~K ! MnW 8nW

DEc1DEn8n
. ~3b!

The bound-state contributiondEnl
(B) can be evaluated di

rectly, sinceMnW 8nW andDEn8n can be expressed analytical
for bound states. We summed the terms up ton8550; the
higher terms fall off roughly as (n8)23 and can be neglecte
to the numerical precision listed. It should be emphasiz
that the near-degeneracy terms can strongly dominate
bound-state contributions. For (n,l )5(10,5) in O41 the
(n8,l 8)5(5,4) term represents'74% of the bound-state
contribution. The bound-state contribution differences, lis
in the fifth column of Table I, give results that are substa
tially better than the polarization result of Eq.~2!, but the
significance of that fact is not clear since the continuum c
tribution has not yet been estimated. Note also that
bound-state contributionsdEnl

(B) yield upper bounds on single
level shifts dEnl , but the inequalitiesdEn1l1

,dEn1l1
(B) and

dEn2l2
,dEn2l2

(B) provide neither an upper nor lower bound o

the line shiftdEn1l1
2dEn2l2

.

The continuum contributiondEnl
(K) cannot be evaluated

directly, but can be bounded above and below by us
bounds on21/(DEc1En82En), modifying a procedure de
scribed, for example, in@10#. The idea is to use the inequal
ties21,21/(11x),211x for x.0 to derive bounds on
the energy denominator in the integral component* (K) of
Eq. ~3b!, and, hence, on the integral. However, instead
usingDEn8n /DEc as the expansion parameterx @as is done
to obtain the usual polarization model prediction Eq.~2! of
the level shift#, it is more advantageous to le
x5En8 /(DEc2En) ~in particular, for continuum energie
En8*0). Thus, since the continuum energiesEn8 are positive
~and theEn are negative!, we let DEc1n[DEc1uEnu and
write

2MnW 8nW

DEc1n
<

2MnW 8nW

DEc1n1En8
<

2MnW 8nW

DEc1n
S 12

En8
DEc1n

D ~4!

in the terms under the integral component* (K) of Eqs. ~3!,
and thereby obtain lower and upper bounds for the c
tinuum integral@11#. In each of the formal bounds thereb
obtained, we rewrite* (K) as(*2( (B). We use closure for(*
as in the polarization model discussed above — the sum
be evaluated by closure are the same as those which a
there — while the bound-state sum( (B) is evaluated di-
rectly. This yields lower and upper bounds for the continuu
contributiondEnl

(K)<dEnl
(K)<dEnl

(K) that are given by

dEnl
~K !5~12h!dEnl,a1

1

DEc1n
(
~B!

MnW 8nW , ~5!

dEnl
~K !5~12h2!dEnl,a1~12h!2dEnl,b

1
1

DEc1n
(
~B!

MnW 8nW S 12
En8

DEc1n
D , ~6!

y

,
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TABLE III. Specific contributions to the estimates of the single transition line (n1 ,l 1)5(16,6) to
(n2 ,l 2)5(9,5), in units of 1023 eV. dEnl,a and dEnl,b give the adiabatic and nonadiabatic contribution
respectively,dEnl

~pol! is their sum, see Eq.~2!, anddEnl
~rel!5Enl2En is the relativistic correction.dEnl

(B) is the
bound-state contribution.dEnl

(K) , dEnl
(K) anddEnl , dEnl give lower, upper bounds on the continuum cont

bution dEnl
(K) and on the level shiftdEnl , respectively; see Eqs.~6!, ~5!.

(n,l ) dEnl,a dEnl,b dEnl
~pol! dEnl

~rel! dEnl
(B) dEnl

(K) dEnl
(K) dEnl dEnl

~16,6! -0.28 0.08 -0.20 -0.01 -0.24 -0.13 -0.04 -0.37 -0.28
~9,5! -3.34 1.74 -1.60 -0.06 -4.83 -1.12 -0.02 -5.95 -4.86
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where we have writtenh5uEnu/(DEc1uEnu). The lower and
upper bounds ondEnl are thendEnl5dEnl

(B)1dEnl
(K) and

dEnl5dEnl
(B)1dEnl

(K) ~see Table III!. Before discussing the
numerical values obtained from the above expressions,
make two comments. First, our procedure comprises th
improvements over the usual polarization model proced
discussed above.~i! We have determined the~dominant!
bound-state contribution todEnl exactly. ~ii ! We have ob-
tained rigorous upper and lower bounds on the single le
shifts dEnl ; these immediately provide rigorous upper a
lower bounds on the resulting line shifts.~iii ! The expansion
parameterEn8 /(DEc1uEnu) is smaller, often much smaller
than the usual expansion parameter (En81uEnu)/DEc . Sec-
ond, when the expansion in powers ofuDEn8nu/DEc is pos-
sible, we find that the first two terms of the expansion can
expressed as an expectation valuedEn,l'dEnl

~pol!5^V&nl of a
local potential

V~rW0!5
ad

2

e2

r 0
4 13bda0

e2

r 0
6 ,

with V(rW0) independent ofn and l . The simple form of
V(rW0) arose by the use of closure. However, the bou
dEnl and dEnl cannot be expressed in terms of a local p
tential since neitherdEnl

(B) nor dEnl
(K) , separately, is a sum

over a complete set.

III. APPLICATION TO O 41 AND S121

The resulting bounds on the line shifts are listed in
sixth column of Table I. All experimental electric fine
structure splittings lie well within the calculated bounds, a
the width of the bounding interval is reasonably small.
must be emphasized that the bounds arenot on dEnl* but on
the dEnl of Eq. ~1!. To obtain better estimates ofdEnl* , one
could consider effects such as retardation, the reduced m
effect, relativistic kinematic effects, and higher-order pert
bations. These can, in principle, lead to significant shifts
individual levels, but the resulting corrections to the ene
differencesconsidered here should be negligible. Howev
the inclusion of an additional term in the expansion of t
dominator in Eq.~1! should lead to a better lower bound.

In an experimental search for transition lines, it can
helpful to know the range of possible values of the lines s
— provided here by the upper and lower bounds — and
e
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el

e

s
-

e
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-
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y
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e
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have some convenient starting point. A possible start
point is given by the averagedEnl

~av!5(dEnl1dEnl)/2 of the
two bounds. Thisad hoc prescription works unreasonabl
well for the O41 line shifts considered~to better than 5% for
eight of the nine cases listed!; see the last column of Table I

With respect to S121 (1s 22s8k21s 22s7i ), the bound-
state sumdEnl

(B) yields 1126.24 Å, which is to be compare
to a measured transition energy corresponding
1126.41~15! Å @6#. This estimate lies within a standard d
viation of the experimental value, and it may well accou
for the measurement. In particular, we again get a consi
able improvement over the value of 1126.90 Å predicted
the polarization model. The bounds on the energy shift
tained by using Eqs.~5! and~6! yield 1125.69 Å and 1126.72
Å, and the estimate found by averaging corresponds
1126.25 Å.

While the transition energy for S121 can be reproduced to
within the experimental error@6# by multiconfiguration
Dirac-Fock ~MCDF! calculations using the GRASP atom
structure package@12#, this approach fails for the more pre
cise O41 transition energies in Table I@7#. The MCDF cal-
culations, in general, appear to be hampered by the la
spatial extension of the high-angular-momentum Rydb
wave functions as compared to the small size of the io
core. As concerns MQDT, which was applied to low a
intermediate-angular-momentum Rydberg levels of neu
Be @13#, the extension of this method to the high-angula
momentum ionic Rydberg states may warrant additio
studies. However, no routine method seems to be at hand
calculating the energy shifts considered here to the preci
obtained in the experiments.

We note that if there are a few values of (n8,l 8), namely,
(ni8,l i8) with i51 toN, for which uDEn8n /DEcu is not small,
one can obtain the simple estimate~not a bound!

dEnl5dEnl
~pol!2(

i
S DEn

i8n

DEc
D 2 Mn

i8n

DEc1DEn
i8n
,

which can be given an interpretation in terms of nonadiab
wave functions@14#. Work in progress aims at a similar in
terpretation of the main formulas of this paper.

The substantial improvement in the agreement betw
theory and experiment for the two ions considered stron
suggests that the modified polarization model can be use
determine energy differences for many other highly charg
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Rydberg ions; for many ionsad , bd , andDEc are known or
can be estimated, and the matrix elements in Eqs.~5!, ~6! are
trivial to calculate@15#.

These theoretical estimates — which are also readily
plied to cores in which more than one excitation is sign
cant, if the additional levels have known energies and kno
transition rates — can make the experimental search
Rydberg transitions in few-electron ions much simpler.
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@7# T. SchüXler, U. Schramm, T. Ru¨ter, C. Broude, D. Habs, D

Schwalm, and A. Wolf, Phys. Rev. Lett.75, 802 ~1995!.
@8# M. J. Seaton, Rep. Prog. Phys.46, 167 ~1983!.
@9# The usual dipole approximation is not limited, as is Eq.~2!, to
t

excitation to only one state. The formal extension of t
present formalism is entirely trivial.

@10# F. Zhou and L. Spruch, Phys. Rev. A49, 718 ~1994!.
@11# The inequalities of Eq.~4! follow from the fact thatMnW 8nW ,

DEc1n and En8 are each positive. Other inequalities o
21/(DEc1n1En8) follow by adding terms on one or both
sides, but the resulting bounds are not necessarily better
the ones given in Eq.~4!. The number of terms which can b
added before the series diverges increases asl increases.

@12# K. G. Dyall, I. P. Grant, C. T. Johnson, F. A. Parpia, and E.
Plummer, Comput. Phys. Commun.55, 425 ~1989!.

@13# D. W. Norcross and M. J. Seaton, J. Phys. B9, 2983~1976!;
M. J. Seaton,ibid. 9, 3001~1976!.

@14# S. D. Frischat~unpublished!.
@15# The Fortran code is available from one of the authors, ple

contact frischat@mickey.mpi-hd.mpg.de
@16# L. J. Curtis, Phys. Scr.21, 162~1980!; L. J. Curtis, Phys. Rev.

A 23, 362 ~1981!.
@17# K. T. Cheng, Y.-K. Kim, and J. P. Declaux, At. Data Nuc

Data Tables24, 111 ~1979!.


