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Coulomb-corrected strong-field approximation for the two-electron atom
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Centrum Fizyki Teoretycznej PAN, Al. Lotniko´w 32/46, 02-668 Warsaw, Poland
~Received 24 September 1996; revised manuscript received 2 December 1996!

We present the model accounting for the Coulomb effects that occur in the direct double photoionization of
the two-electron atom in an intense field of a circularly polarized plane wave. The model is the strong-field
approximation~SFA! ~the Reiss version of Keldysh-type models! applied to helium. We improve here our
earlier study by inserting the electron-electron correlation in the initial state of the atom, and by inserting the
Coulomb correction due to the influence of the nucleus on the final state of ionized electrons’ pair. While the
former improvement is of little significance, the latter extends the applicability range of the SFA~for typical
laser wavelengths!, and causes appreciable growth of the total ionization rate.@S1050-2947~97!00102-9#

PACS number~s!: 42.50.Hz, 32.80.Rm, 32.80.Fb
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A single free electron oscillating in a plane-wave elect
magnetic field is described by the Volkov or Gordon-Volk
@1,2# exact solution of the Schro¨dinger equation. This wave
function was often applied in the models introduced
Keldysh, Faisal, and Reiss@3# to calculate the single-electro
ionization of atoms by the strong laser field. There exists
analogous exact wave function@4# for two electrons interact-
ing both mutually and with the laser field. This wave fun
tion has been employed in our calculations@5# of the direct
double ionization of helium by the intense circularly pola
ized electromagnetic plane wave. In these calculations, a
the original Reiss approach@3#, the influence of the remain
ing ion on the final state of ionized electrons has been
glected. Reiss and Krainov@6# have introduced an analyti
cally simple dipole-approximation solution for the unbou
electron in the simultaneous presence of the circularly po
ized plane-wave laser field and a Coulomb potential. Th
solution is simply the ordinary nonrelativistic Volkov sta
times temporal factor, which only makes a shift in ener
This Coulomb-corrected Volkov wave function well d
scribes the electron, if the laser ‘‘field is strong enough
require the unbound electron to move in a nearly circu
orbit at a distance much larger than a Bohr radius from
center of the Coulomb force’’@6#.

It is easy to derive a two-electron counterpart of t
Coulomb-corrected Volkov state. The Schro¨dinger equation
for two electrons in both the laser and nucleus Coulo
fields is
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2V~rW1 ,rW2!GC~rW1 ,rW2 ,t !50, ~1!

with

V~rW1 ,rW2!52
Z
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1
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r
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~Atomic units are used throughout the paper.! AW (t) is the
vector potential for the circularly polarized plane-wave fie
in the dipole approximation, with the boundary conditio
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limt→6` AW (t)50W . Z is the charge of the nucleus, and th
distance between the electrons isr5urWu5urW12rW2u. We look
for the approximate solution of Eq.~1! with a positive en-
ergy, i.e., when both electrons are not bounded by the ato
potentialV. Our calculation is a straightforward generaliz
tion of that by Reiss and Krainov@6#. We introduce the
Kramers-Henneberger@7,8# transformation for the two-
electron wave function substituting

C~rW1 ,rW2 ,t !5expS 2 i E
2`

t

dtA~t!2Y c2D
3exp@aW ~ t !•¹W 1#exp@aW ~ t !•¹W 2#F~rW1 ,rW2 ,t !,

~3!

with

aW ~ t !52E
2`

t

dtAW ~t!Y c. ~4!

Replacing the wave functionC in Eq. ~1! by the right-hand
side of ~3!, we get the equation satisfied byF. Performing
algebraic operations included in the square brackets of
~1! we get
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22V~rW1 ,rW2!G

3expS 2 i E
2`

t

dtA2Y c2D exp~aW •¹W 1!exp~aW •¹W 2!F

50, ~5!

where the differentiation over time acts only onF. Then we
multiply Eq. ~5! from the left-hand side by the product o
two commutative operators: exp(2aW•¹W 1)exp(2aW•¹W 2). Be-
cause both operators perform the well-known identity@6#

exp~2aW •¹W !V~rW !exp~aW •¹W !5V~rW2aW !, ~6!

we obtain
3261 © 1997 The American Physical Society
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22V„rW12aW ~ t !,rW22aW ~ t !…GF~rW1 ,rW2 ,t !

50. ~7!

For the circularly polarized plane wave the vectoraW (t), from
Eq. ~4!, only rotates, and its length is constant. We assu
that the laser field~of frequencyv, electric-field amplitude
F, and radiation intensityI52F2! is strong enough that

a0[uaW ~ t !u5
F

v2 @r 1 ,r 2 . ~8!

Because we are going to incorporate the wave functionC in
the S-matrix element with the helium atom ground sta
r 1 ,r 2 should be limited to the values smaller than the rad
r z of the atom. It seems reasonable to definer z as a radius of
the sphere including both electrons with the probability
90%, for example. If we employ the simple variational u
correlated wave function with the effective nuclear charge
Zeff5Z25

6, e.g.,@9#, then we numerically obtainr z>3.2/Zeff .
~For the probability of 99% we haver z>4.7/Zeff .! Thus, for
helium we evaluate the lower radiation intensity limit~from
the conditiona0>10r z with Z52! to be about 7.23102v4.
On the condition~8! Eq. ~7! reduces to
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One solves the above equation by changing coordinates
the respective operators fromrW1 ,rW2 ,¹W 1 ,¹W 2 to their center-of-
mass and relative counterparts@4#:

RW 5~rW11rW2!/2, rW5rW12rW2 , ~10!

¹W R5¹W 11¹W 2 , ¹W r5~¹W 12¹W 2!/2.

The solution of Eq.~9!, which is to describe two unboun
electrons, may be parametrized either by their momentapW 1,
pW 2, or by their total and relative momentaPW , pW . Returning
@through Eq.~3!# to the original wave functionC, we obtain
the explicit approximate solution as the product of the rep
sive Coulomb-wave function, satisfying the so-called ‘‘i
going’’ boundary condition@9#:

FpW
~2 !~rW !5expS 2

p

4pDGS 12
i

2pD
3exp~ ipW •rW !FS i

2p
,1,2 i ~pr1pW •rW ! D , ~11!

and the nonrelativistic Coulomb-corrected Volkov-type wa
function

CPW
CV

~RW ,t !5expF iPW •RW 2 i ~P2/41p2!t1 iaW ~ t !•PW

2 i E
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t

dtA2~t!Y c21
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In the above expressionsP5uPW u, p5upW u, G is Euler’s
gamma function, andF is the confluent hypergeometri
function. Such a solution likeFpW

(2) has been chosen due t
its application in the physical problem of ionization.

We have already employed the product of the simi
wave functions as the final state of the outgoing electro
pair in the direct double ionization of helium@5#. It is worth
mentioning here the main idea of this paper. The followi
two-electron strong-field approximation~SFA! amplitude has
been applied to describe the process

~S21! f i52 i E dt~C
PW
V
FpW

~2 ! ,HIF i !, ~13!

whereC
PW
V
is given by Eq.~12! without the last term in the

exponent,FpW
(2) is given by Eq.~11!, HI(PW ,t)5AW (t)•PW /c

1A(t)2/c2 is the laser-atom interaction Hamiltonian in r
diation gauge, andFi is the laser-field-free initial atomic
state~the helium atom ground state!. Since the final state o
the electrons’ pair factorizes into two functions, one of t
center-of-mass vector, and the other of the relative
ordinate vector, it is convenient to calculate the sixfold sp
tial integral indicated by the parentheses of Eq.~13! in these
variables. We have shown that a reasonable approxima
of the initial state by the wave function, which depends on
on the lengths of the above-mentioned vectors, enables u
reduce significantly the number of numerical spatial integ
tions to be done. The same mechanism works when we
tegrate the differential-ionization rate over all the possi
final states of outgoing electrons.

In the present paper we employ our model to calculate
total direct double-ionization rate@Eq. ~15!# of @5#!, with two
improvements. First, we apply a more accurate ground-s
wave function including also the electron-electron radial c
relation. This function has been constructed in a way sim
to the one before@5#, on the ground of the following wave
function @10#:

F i~r 1 ,r 2 ,t !5N exp~ iEBt !@exp~2ar 12br 2!

1exp~2ar 22br 1!#, ~14!

with a52.179, b51.189, EB52.904, N50.7070. The
changes in the total ionization rate due to the better ini
state increase with intensity from a few up to about 30
Second, we apply the Coulomb-corrected Volkov final st
~12! instead of the ordinary Volkov state. One can eas
understand this change as a simple radiation frequency
intensity-dependent decrease of the binding energy

EB~v,I !5EB22
Z

a0~v,I !
5EB22A2

Zv2

AI
. ~15!

~For helium we haveEB52.904 andZ52.! In this expres-
sion intensity is bounded from below in such a way that
a given frequency the negative term is always much sma
thanEB . However, as we have observed previously@5#, the
SFA is quite sensitive to the value of the binding energ
Thus, even a small change in the binding energy may cha
the total ionization rate by a few orders of magnitude.~See
Fig. 1.! It follows from Eq. ~15! that in the limit of infinite
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intensity the second term vanishes, and we get the ordin
uncorrected SFA. Figures 1 and 2 show the direct dou
ionization rate as a function of intensity for several freque
cies. The ordinary SFA is supposed to be valid whenz1@1
@3#. The intensity parameterz1 is equal to twice the pondero
motive potentialUp ~of the ionized electron! divided by the
electron binding energy~in the absence of the laser field!.
This condition applied here for the two-electron atom
z1[4Up/EB>10. Then the lower intensity limit is evaluate
to be about 10v2EB . The analogous limit for the Coulomb
corrected SFA has already been evaluated above.@See the
text below Eq.~8!.# While for higher frequencies including
the Coulomb correction remarkably restricts the applicabi
range of the SFA~Fig. 2!, for lower frequencies this range i
extended~Fig. 1!. The most important thing is the very hig
increase of the total ionization rate if the correction is tak
into account.

FIG. 1. The direct double-ionization rates for helium by t
circularly polarized plane wave. Solid line, the Coulomb-correc
SFA; dotted line, the ordinary SFA. Frequencies are given in ato
units.v50.043 a.u. corresponds to the wavelength of 1053 nm
v50.0742 a.u. corresponds to the wavelength of 614 nm. For
intensity, 1 a.u. corresponds to 3.5131016 W/cm2.
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However, our calculation indicates that the process
scribed here is very weak for the intensities applied exp
mentally so far. There have been two experiments conc
ing the double ionization of helium by the strong circular
polarized laser field@11,12#. Fittinghoff et al. @11# have ob-
served that the nonsequential rate, or the character
‘‘knee’’ structure~on the plot of the He21 ion counts! disap-
pears when the polarization changes from linear to circu
Although a similar conclusion is made by Walkeret al. @12#,
a slight ‘‘knee’’ shape may be recognized also in the case
circular polarization there~Fig. 3 of Ref.@12#!. These authors
suggest that the direct two-electron ionization seems to
the most logical explanation for helium.
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for his assistance and to Professor Howard Reiss for his
ful remarks. The paper has been supported by KBN Gr
No. 2 PO3B 04209, KBN Grant No. 2 PO3B 05809, and
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FIG. 2. As Fig. 1 for some higher frequencies. Each curve
shown for intensity starting from the ten times smaller one than
respective lower applicability limit.
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