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Exchange effects in the transition amplitude for inelastic electron-cluster collisions
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The effect of the electronic exchange in the calculation of the scattering amplitude for inelastic electron-
cluster collisions is evaluated. The target cluster initially in the ground state is excited, by means of the
Coulomb forces, into a particle-hole state. An antisymmetrized transition amplitude is evaluated in the scope of
the distorted-wave Born approximation. A comparison is made with a calculation in which the exchange is
taken into account by adding to the direct interaction a Coulomb exchange term in the Slater approximation.
The treatments are applied to the closed-shell Na8 cluster for incident energies up to 5 eV.
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A theoretical study of the elastic scattering of low-ener
electrons by closed-shell metal clusters@1,2# and the excita-
tion of a single-particle–hole state in inelastic collisions@3#
was recently presented. In both cases, the total cross se
as a function of the incident energy exhibits resonances
are connected to quasibound states of the electron-clu
system. These studies showed that the position and ma
tude of those resonances depend on the approaches us
the evaluation of the mean-field potential. Therefore, a co
parison with experiments might yield valuable informati
about the electronic structure of clusters and justifies c
tinuing efforts in refining the previous theoretical treatme
in order to get more reliable predictions. The present rep
focuses on the exchange effects between the incoming e
tron and the valence electrons of the cluster in scatte
problems, in particular, the excitation of particle-hole sta
through inelastic electron collisions.

To evaluate the transition amplitude~including exchange
effects! we make use of the distorted-wave Born approxim
tion. The use of target wave functions~distorted waves! in-
stead of plane waves works better for low incident elect
energies. On the other hand, this Born approach is valid
the one-step process analyzed in the present paper in wh
single particle-hole state is excited in the cluster. We m
thus write

Ta→b5E x f
~2 !* ~kW f ,RW !fb* ~rW !

e2

uRW 2rWu
@fa~rW !x i

~1 !~kW i ,RW !

2fa~RW !x i
~1 !~kW i ,rW !#dRW drW. ~1!

HereRW and rW describe the position of the incoming and v
lence electrons with respect to the center of mass of
system before exchange,x i and x f are the relative motion
wave functions of the incident and outgoing electrons, a
fa andfb are the initial and final internal bound wave fun
tions of the valence electrons involved in the excitation. T
wave vectorskW i andkW f are evaluated by taking into accou
the kinetic-energy differences in both channels. This diff
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ence, due to the transfer of energy from the incident elect
to the target cluster, is very important for the low incomin
energies under consideration.

We expand the scattering wave functionsx i
(1) andx f

(2) in
partial waves

x i
~1 !~kW i ,RW !5

A4p

kiR
(
l50

`

l̂ i l f l~ki ,R!Yl0~R̂!, ~2!

x f
~2 !* ~kW f ,RW !5

4p

kfR
(
l 8,m8

i2 l 8 f l 8
* ~kf ,R!

3Yl 8m8~Q,F!Yl 8m8
* ~R̂!, ~3!

with (Q,F) being the scattering angles. For electron-clus
collisions the mean field~together with a polarization correc
tion! determines the relative motion of the target and proj
tile and also the single-particle states of the valence e
trons. The radial wave functionsf l are obtained by
integrating numerically the scattering radial Schro¨dinger
equation with an optical potential

Vop5VMF1Vpol . ~4!

For metal clusters the mean fieldVMF has three main contri-
butions: ~i! the electron-core interaction, usually describ
by a jellium approximation;~ii ! the direct Coulomb electron
electron interaction, and~iii ! an exchange and correlatio
term. This last contribution dominates since the first tw
terms almost cancel each other. To evaluate the mean-
potential we use the solution of the Kohn-Sham equation
the local-density approximation~LDA ! to density-functional
theory.

In Eq. ~4! Vpol accounts for the polarization induced in th
cluster electron cloud by the incoming electron. For this te
the parametrization of Mittleman and Watson@4# will be
used
3257 © 1997 The American Physical Society
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Vpol52
ae2

2~R21d2!2
. ~5!

In Eq. ~5! a is the static electric polarizability andd is a
cutoff parameter of the order of the cluster size. In Ref.@1#
the choice of the real optical interaction given by Eq.~4! and
the parameter dependence of the polarization contribu
were discussed. In particular, if the polarization term is
glected the position of the elastic resonances is shifted.
LDA plus the polarization potential used in this work and t
energies of the LDA single-particle bound states for
Na8 cluster are shown in Fig. 1 of Ref.@3#.

The bound single-particle wave functionsf j can be writ-
ten as

f j~rW !5
unj l j~r !

r
Yl jmj

~u,f! ~ j5a,b! ~6!

and are evaluated by diagonalization of the mean-field
tential. When bound-state wave functions are evaluated
the calculation of the mean field we include the se
interaction correction~SIC! since, as shown in Ref.@5#, this
improves the results. Small changes in the position of
single-particle energies are obtained. We also include
polarization correction, which modifies the energies of
SIC calculation.

Substituting the expansions~2! and ~3! and Eq.~6! into
the expression for the transition amplitude and using the
pansion inl multipoles for the Coulomb interaction, on
finds for the directTd and exchangeTx contributions to the
a5(na ,l a ,ma)→b5(nb ,l b ,mb) transition the expres
sions

FIG. 1. Total integrated cross sections for thee-Na8 system as a
function of the incident electron energy. The solid line shows
direct angle-integrated cross section and the dashed and dot-d
lines correspond to cross sections includingTx andTi in the tran-
sition amplitude, respectively. All the allowed particle-hole tran
tions are considered. The units of the cross sections are express
the Bohr radiusa0.
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Td~Q,F!5
~4p!3/2

kfki
(

l ,l 8,l,m
l̂ 2 l̂ 8 l̂ a l̂ b i l2 l 8

3~21!mbS l a l l b

0 0 0D S l a l l b

ma m 2mbD
3S l l l 8

0 0 0D S l l l 8

0 m 2m D Yl 82m~Q,F!

3E
0

`

dR fl~ki ,R!Bab
l ~R! f l 8~kf ,R! ~7!

and

Tx~Q,F!52
~4p!3/2

kfki
(

l ,l 8,l,m
l̂ 2 l̂ 8 l̂ a l̂ b i l2 l 8

3~21!mS l l l b

0 0 0D S l l l b

0 mb 2mbD
3S l 8 l l a

0 0 0D S l 8 l l a

m 2mb maD Yl 82m~Q,F!

3E
0

`

dR fl 8~kf ,R!Clb
l ~R!una la

~R!. ~8!

In Eqs. ~7! and ~8! Bab
l (R) is the direct andClb

l (R) the
exchange radial form factor. They are given by

Bab
l ~R!5E drunb lb

~r !
r,

l

r.
l11una la

~r ! ~9!

and

Clb
l ~R!5E dr f l~ki ,r !

r,
l

r.
l11unb lb

~r !, ~10!

wherer, is the lesser andr. the greater ofr andR. Both
form factors are functions of the radial relative coordina
R between the target and the incoming electron and h
physical information about the spatial probability that
given particle–hole excitation occurs by a direct or an e
change mechanism. Let us remark that in Eq.~8! the angular
momental a and l b are no longer coupled by the multipola
ity l as is the case in Eq.~7!. In Eq. ~8! l couples the orbital
angular momentum of the motion of the valence electron
the initial intrinsic statel a with the outgoing relative angula
momentuml 8 in the exit channel. The same holds forl b , the
angular momentum of the intrinsic final state, andl , the rela-
tive angular momentum in the initial channel. As a cons
quence, in Eq.~8! l runs over a set of values different from
that corresponding to Eq.~7!.

The differential cross section for a given transitio
a→b is given by the coherent sum of direct and exchan
transitions amplitudes according to

dsa→b~Q!

dV
5

1

4p2

kf
ki

1

2l a11 (
ma ,mb

uTd1Txu2. ~11!
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The total cross section at an incident electron energy is a
over all the cross sections corresponding to the bo
particle-hole transitions opened at such an energy:

s tot~E!5(
a,b

sa→b~E!5(
a,b

E dV
dsa→b~E!

dV
. ~12!

For the spherical Na8 cluster the possible bound particle
hole transitions are 1s→1d, 1s→2p, 1s→2s, 1p→1d,
1p→2s, and 1p→2p. Reference @3# shows that the
1p→1d transition essentially exhausts the direct total cr
section since in this case the energy of the excitation~the
Q value of the reaction! matches two elastic quasiboun
resonant states in the incoming and outgoing channels.
transition is also enhanced due to the fact that it has
lowest particle-hole energy and that there is a strong ove
between the corresponding single-particle wave function

The calculation for the total cross sections of electro
scattered by a Na8 cluster as a function of the incident en
ergy is shown in Fig. 1. The solid line shows the total cro
section when only the direct contributionTd is taken into
account in Eq.~12!. The dashed line of the same figu
shows the result when the termTx is included. As can be
seen, the strength with respect to the direct result is redu
by about 20%, although the general pattern is conserved

This can be understood by analyzing the direct and
change contributionsTd and Tx as a function ofQ for a
given energy~and for fixedma andmb). Both contributions
have the same relative phase. Furthermore, not only the
gular distributions but also the angle integrated direct a
exchange cross sections exhibit a similar behavior as a f
tion of the bombarding energy. This could be expected sin
as shown in Ref.@3#, the resonances in the inelastic cro
sections are related to quasibound elastic resonances o
incoming and outgoing projectile-cluster systems@1#. The
same resonant elastic wave functions appear in both the
rect and exchange contributions of the transition amplitu
and as a consequence, the total cross sections with and
out exchange resemble each other in shape.

Let us now evaluate a different approach to the proble
Instead of evaluating the matrix element~1! with antisym-
metric electron-cluster wave functions, a simpler alternat
consists in adding to the direct Coulomb interaction betw
the incoming electron and the valence electron a local t
accounting for the exchange effect. This approach has b
used recently in the collisions analyzed in Ref.@3#. We write

Ta→b.E x f
~2 !* ~kW f ,RW !fb* ~rW !S e2

uRW 2rWu
1Vx

~res!~rW !d~RW 2rW !D
3fa~rW !x i

~1 !~kW i ,RW !dRW drW. ~13!

Using the Slater approximation for the exchange termVx @6#
of the LDA ground-state potential one obtains@7#

Vx
~res!5

]Vx

]r
52

2

3 S 3

2p D 2/3 1

r~r !r s~r!
, ~14!

with r s(r)5@3/4pr(r )#1/3 being the local value of the
Wigner-Seitz radius andr the radial density of valence elec
trons in the cluster calculated by means of the SIC bou
state wave functions of Eq.~6! including the polarization
correction in the SIC potential.
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The total transition amplitude can again be written as
sum of a direct and an exchange termTd1Ti . The direct
term coincides with expression~7! and the~approximate!
exchange termTi has the same form as the direct term, e
cept that the radial form factorB is now replaced by

Dab
l ~R!5

2l11

4p
una la

~R!
]Vx~R!

]r~R!R2unb lb
~R!. ~15!

The resulting total cross section, withTx replaced by
Ti , is also shown in Fig. 1 by a dot-dashed line. Again, t
final result resembles in shape the cross section obta
with only the direct term, but the reduction due to exchan
is now of the order of 50%.

Figure 2 displays the resulting cross section for the t
different ways of evaluating the exchange effect, in the
sence of the direct contribution. The differences in mag
tude are substantial.Ti apparently overestimates the e
change effect. This could be explained by keeping in m
that the Slater approach, which is as a local-density
proach, underestimates the gap between occupied and u
cupied energy levels. For that reason the residual excha
interaction responsible for the particle-hole excitati
through the local exchange approach may be overestima
thus producing an abrupt reduction of the total cross sect
We also note that in this last approach ther dependence of
the form factor of Eq.~15! is the same for alll values, while
in the antisymmetrized case previously presented@Eq. ~10!#
the different multipoles are reduced by a factor 1/r l11. Thus
the form factor with the local exchange approach is expec
to be much more sensitive with respect to high-l values than
in the antisymmetrized calculation.

Similar effects have been previously observed in rando
phase approximation calculations, which use the same
sidual LDA interaction@7# as in Eq.~13!. In this case the
energy of the plasmon is also overestimated. Detailed exp
mental data on the low-energy elastic and inelastic scatte
of electrons from clusters showing the behavior of emerg
electrons, to date not available, would help clarify the qu
tions here considered.

We appreciate support from ICTP and Fundacion Ant
chas, Argentina. M.R.S. and M.B. acknowledge supp
from CONICET, Argentina.

FIG. 2. Total integrated cross sections without the direct con
bution Td , that is, using onlyTx ~dashed line! andTi ~dot-dashed
line! in the transition amplitude.
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