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Fundamental mechanisms of single-pulse NMR echo formation

L. N. Shakhmuratova, D. K. Fowler, and D. H. Chaplin
School of Physics, University College, UNSW, Australian Defence Force Academy, Canberra, ACT 2600, Australia

~Received 30 September 1996!

A theoretical investigation of the formation of the so-called single pulse NMR echo has been undertaken in
the presence of both Larmor and Rabi frequency inhomogeneities. It is found that this echo phenomenon,
together with weaker, equally spaced secondary echoes, evolves from multiple-pulse excitation under certain
constraints with respect to interpulse time intervals compared with longitudinal and transverse relaxation times.
These transient coherences arise from a complex superposition of oscillatory free induction decays, which
extend further into the time domain because of cumulative dephasing within each pulse in a multiple-pulse
sequence. The effect is present for large Larmor inhomogeneity in isolation, but is stronger in the simultaneous
presence of both frequency inhomogeneities, characteristic of ferromagnets. Predictions of this model analysis
are confirmed through experiment via conventional, zero-field, pulsed NMR on binary51VFe and pure el-
ementary~enriched! 57FeFe ferromagnets.@S1050-2947~97!08803-3#

PACS number~s!: 33.25.1k, 33.40.1f
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I. INTRODUCTION

The single pulse~SP!, one pulse, or ‘‘edge’’ echo, wa
first reported by Bloom@1# for protons in water placed in a
inhomogeneous magnetic field. In that paper it was sta
that the SP echo was more readily noticeable for pulse
etitions faster than the transverse irreversible relaxation ti
T2 ~and hence, for that system,T1), and was bipolar in char
acter. It was conjectured@1# that the origin of the SP ech
was due solely to strong Larmor inhomogeneous broade
~LIB !, since it appeared only in inhomogeneous dc fiel
However, Stearns@2#, in modeling a qualitatively similar bi-
polar SP echo observed in ferromagnetic59CoCo, was un-
able to generate a SP echo according to the Bloom forma
when integrating over a flat spectrum of nuclear precessio
frequencies. Chekmarev and co-workers@3,4# compared SP
echo formation in conventional phase-modulated spin s
tems with frequency-modulated systems subject to large
namical frequency shifts~DFS’s! @5#, and concluded that in
the former the SP echo arises, fundamentally, from o
resonant effects, i.e., the radio-frequency~rf! carrier fre-
quency is detuned from the center frequency by an amo
comparable to, or greater than, the inhomogeneous l
width. As a consequence, Kaiser@6# revisited protons in wa-
ter with small LIB under off-resonant conditions, and gen
ated SP echolike signals, in apparent support for these id
In parallel, Schenzle, Wong, and Brewer~SWB! @7,8# devel-
oped the theorem on coherent transients for large inhom
neous broadening~for NMR, read LIB, analogous to inho
mogeneity in the optical Bloch vector precession
frequencies!, i.e., for systems whereT2*;1/D!T2, where
T2* characterizes the transverse reversible relaxation ti
andD is the half-width at half-maximum of the inhomoge
neously broadened line. For the case of a SP excitation~rep-
etition time much longer thanT1), SWB demonstrated tha
under selected excitation pulse areas SP echolike fea
could be observed in an oscillatory free-induction dec
~OFID! of duration equal to one pulse width, thus providin
an alternative explanation to Bloom’s interpretation of t
551050-2947/97/55~4!/2955~13!/$10.00
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echolike transient in his Fig. 4. Most significantly, SW
were not directly contributing to the origin of the bipolar S
echo for faster repetition times presented in Bloom’s Fig.
as was well appreciated by SWB@7# at the time. The quan-
titative correctness of the SP OFID model, extended also
essentially single-shot, two-pulse spin echoes, has been w
established for protons in water@8#, assuming on-resonan
pulses, no pulse distortion and sharp radio-frequency fie
Subsequently, Tsifrinovich and co-workers@9,10# demon-
strated on ferromagnetic systems that deliberately indu
pulse phase or amplitude distortions could enhance the m
nitude of the SP echo up to six times, and concluded tha
formation was not due to internal interactions within tho
magnetic materials~as opposed to DFS systems! but due,
extrinsically, to residual pulse distortions. Interestingly, t
experimental SP echoes under pulse distortion are gene
unipolar in shape and therefore qualitatively different fro
the bipolar echoes seen in Refs.@1# and@2#. The nonintrinsic
origin of the SP echo or SP echolike OFID was further p
moted by Kuz’minet al. @11# who claimed that these effects
including multicomponent two-pulse echoes, in magne
systems, were due to nonresonant excitation. However, in
unpublished work@12#, one of us~D.K.F.! observed weak,
unipolar, single-pulse echoes and secondary echoes in
elemental system57FeFe, which is an anomalously narrow
line ferromagnet for which precise on-resonance excitat
conditions can be established via tuning out of nonreson
beating in the FID and echo signals. The question then ar
whether the signals seen in this resonant system are du
residual parasitic pulse distortion or, alternatively, an und
lying, intrinsic process is, in fact, responsible.

Aside from the DFS systems, which includes59CoCo at
low temperatures@13#, the experimental observations of th
so-called SP echo can be classified into two broad catego
of noninteracting spin systems:~1! those performed on pro
tons in aqueous liquids in a deliberately imposed inhomo
neous dc field leading to significant LIB, so th
T2*!T2;T1 and possessing~possibly! uniform radio-
frequency fields,B15v1 /g, wherev1 is the Rabi frequency
in angular frequency units~note that the term Rabi frequenc
2955 © 1997 The American Physical Society
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is more common in optical coherent spectroscopy, desc
ing, analogously, the strength of the laser field in angu
frequency units!; and~2! those performed on nuclear spins
magnetically ordered solids with invariably a significant i
homogeneity in the Rabi frequencies~leading to Rabi inho-
mogeneous broadening, or RIB! as well as large LIB. For
example, the elemental and impurity nuclei in metallic fe
romagnets are often studied under conditions of zero or n
zero applied magnetic field, while the dominant signal
generally from domain walls. Here the large RIB originat
from the distribution in domain wall enhancement facto
plus a smaller distribution from the metallic skin effect. T
RIB due to enhancement factor inhomogeneity for the nu
in domain walls, together with LIB, may be considered to
dominant in our theoretical considerations for the format
of a SP echo appropriate to multidomain ferromagnets.
ditional complications such as spreads of angles betwee
fields and walls, domain-wall edges, and domain nuclei c
tributing at higher rf power, demagnetizing factor distrib
tions on rf fields, etc., all ensure that this simplified mode
most unlikely to reproduce the finer detail of experimen
signals when obtained from a range of particle sizes in
traditional metallic powder specimens. However, these a
tional complexities involve only a matter of correctly ave
aging over the corresponding parameters of the fundame
equations obtained below for the magnetization vector un
the nonlinear dynamics due to LIB plus RIB, and includi
multiple-pulse~MP! excitations.

For the second class it is common to haveT2*!T2,T1
andT2 of order of tens to hundreds of microseconds and
temperature-dependentT1 in the millsecond range, implying
that pulse repetition rates may be readily adjusted to be
compared withT1 , but slow compared withT2 , or, alterna-
tively, the repetition rate may be slow compared withT1 ,
analogous to the SWB single-pulse domain@7,8#. The large
LIB in multidomain ferromagnets is assumed primarily d
to spreads in demagnetizing fields rather than impurity c
centration and/or quadrupolar effects.

In this paper the nonlinear dynamics of the nuclear sp
under rf pulse excitation, due to the simultaneous presenc
large LIB and RIB, are followed for~i! single, distortion-
free, resonant pulses and~ii ! increasing pulse number in
MP train, with identical pulses repeated at intervals sh
compared with the longitudinal relaxation timeT1 but long
compared with the transverse relaxation timeT2 . The forma-
tion under solely LIB of a primary echo atDt and weaker
secondary echo signals at multiples ofDt, is unambiguously
demonstrated to be the result of the cumulative effects of
MP train excitation. This echolike structure evolves from
superposition of OFID’s which are extended further into t
time domain thanDt because of the cumulative dephasi
within each pulse of the MP train. Consequently, the prim
echo atDt is more properly described as a MP echo rat
than a SP echo. The efficacy of formation of the MP ec
and its associated secondary echoes with increasing p
number is much enhanced for the case of simultaneous
and RIB, appropriate to multidomain ferromagnets, refle
ing the more rapid dampening of the OFID with the intr
duction of the RIB.

Our theoretical approach using concatenation of pertu
tion factors~PF’s! in a statistical tensor~ST! formalism is
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sufficiently flexible that it can follow the spin dynamics du
to simultaneous double inhomogeneities~in Larmor and Rabi
frequencies! appropriate to multidomain ferromagne
@2–4,9–11#, incorporating pure LIB, appropriate to proton
in water with a uniform rf field@1,7,8# as a simpler, limiting
case. In this paper, analytical expressions are obtained fo
conventional pulsed NMR signal for single~LIB ! and double
inhomogeneities~LIB plus RIB! under the assumption o
infinite LIB for single pulses and for a MP train composed
identical pulses. These results are augmented by nume
results for finite LIB values. This ST approach, first dev
oped to accommodate the more specialized field ofg detec-
tion of NMR on oriented nuclei@14#, has recently been ap
plied to other problems in conventional pulsed NMR@15#.

The general PF formalism appropriate to rank-1 ST’s a
transverse geometry of experiment~GE!, applicable to con-
ventional pulsed NMR detection geometry, is introduced
Sec. II. The analysis in Sec. III is presented for the SP c
with simultaneous LIB and RIB, representing the next lev
of complexity with respect to inhomogeneities compared
the pure LIB domain@7,8#. The results from this section
demonstrate the profound influence of large RIB on modi
ing the well-known OFID phenomenon@7,8#. In Sec. IV the
analysis is extended to the case of increasing pulse num
repeated on time scales fast compared withT1. The spin
dynamics are now those due to a MP train but with the i
portant restriction that the pulse repetition interval is lo
compared withT2. At no stage is the common scenario
pulse pairs, triplets or saturation sequences on time sc
short compared withT2 considered, as this circumstance pr
vides a very different nonlinear dynamics. Again both L
and RIB are included from the outset and the pure L
treated as a simpler, limiting case. In both Secs. III and IV
is assumed that the rf pulses are distortion free. The ana
of Sec. IV shows that for both pure LIB and LIB plus RIB,
is the cumulative effects of the MP train that lead to S
echolike signal evolution and secondary echo formation. T
experimental support is given in Sec. V via zero-field puls
NMR spectra obtained from binary 2 at. %51VFe and pure
elementary~enriched! 57FeFe ferromagnets. Section VI con
tains the discussion, and Sec. VII the conclusion.

II. GENERAL FORMALISM

Here the ST approach, together with the concatenatio
PF’s @15#, is used to determine the first-rank ST’s approp
ate to transverse GE. It has been shown previously@15# that
the magnetization vector components can be written

mY~ t !

m0
52A2 Im$G1

0
1
21~ t !%,

mX~ t !

m0
5A2 Re$G1

0
1
21~ t !%, ~1!

wherem0 stands for the equilibrium value of the magnetiz
tion vector. In Eq.~1! G1

q1
1
q2(t) is the final time-dependen

PF resulting from a MP excitation. It is obtained from th
concatenation of the individual PF’s corresponding to
pulse excitations G̃1

q1
1
q2(Dt i) and free precession
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Ḡ1
q
1
q(t i) over pulse durationsDt i and inter pulse free pre

cessionst i , respectively. Thus

G1
0
1
21~ t !5 (

uqi u<l
•••Ḡ1

q2
1
q2~t2!G̃1

q1
1
q2~Dt2!

3Ḡ1
q1

1
q1~t1!G̃1

0
1
q1~Dt1!. ~2!

In this way the magnetization vector components can be g
erated in a general form for SP and MP excitations with f
or slow repetition, including complications due to strong
homogeneous broadening, and, where necessary, irrever
relaxation. The effect of the broadening, if sufficiently larg
is to significantly influence the dynamics of the spin-syst
during rf pulsing as well as between the pulse excitatio
Corresponding expressions under pulse repetition rates
in comparison toT1 are similar to those obtained from th
solution of the Bloch equations in Refs.@1#, @7#, and @8#
containing the most general results for SP excitations un
large LIB, i.e.,T2*!T2.

III. SINGLE-PULSE EXCITATION „PULSE REPETITION
PERIODS LONG IN COMPARISON TO T1…

Under single-pulse excitation, theY component of the
magnetization vector obtained from Eqs.~1! and ~2! which
contains the RIB, is assumed, in the first instance, to
present in the sample solely due to enhancement factor i
mogeneity, can be written in the form:

mY~b,y!

m0
52

ax

a21x2
@12cos~yAa21x2!# sin ~bx!

1
a

Aa21x2
sin ~yAa21x2! cos~bx!. ~3!

Here x5Dv j /v̄1, where Dv j5v j2v0 characterizes the
Larmor frequency spread;a5h/h̄ ~or a5v1 /v̄1), where
h andh̄ are the enhancement factor~EF! and its mean value
v15hv1

appl; v̄15h̄v1
appl is the mean value of the rf ampli

tude in angular frequency units;v1
appl is the Rabi frequency

of the applied rf field;y5v̄1Dt is the mean value for the
pulse area;Dt is the pulse duration;b5v̄1t characterizes
the time interval after the pulse excitation and is measu
from the trailing edge of the pulse~further on, the magneti-
zation vector componentmY is presented as a function ofb
andy corresponding to the dimensionless time parameter
pulse area!; andv0 andv j represent the resonance line ce
ter and thej th isochromat’s precession frequency, resp
tively. For generality we shall first retaina in order to in-
clude both RIB and LIB. For the case of LIB only, we p
a51 in Eq.~3! ~so thenv̄15v1) and all subsequent expre
sions derived from Eq.~3!. Before employing this expressio
in a numerical approach, it will be analytically examined
extreme limits by averaging over both inhomogeneities,
Larmor frequency (x) and rf amplitude (a), with their cor-
responding form factors. The averaging over the LIB is c
ried out for an inhomogeneously broadened line of assum
Gaussian form,
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g~Dv j !d~Dv j !5S ln2pD2D 1/2e2 ln2~Dv j /D!2d~Dv j !

5S ln2p D 1/2Re2 ln2~Rx!2dx, ~4!

for an extremely broad linewidth, i.e.,R5v̄1 /D→0, so that
the form factor in Eq.~4! can be considered to be effective
constant while integrating. The integration can then be c
ried out using Laplace transforms@16#. For the average value
of mY(b,y)/m0 in Eq. ~3!, one obtains

KmY~b,y!

m0
L
x

52pa2g~0!E
b

yS s2b

s1bD
1/2

J1~aAs22b2!ds,

~5!

where J1( ) is the Bessel function of the first order an
g(0)5Aln2/pR. This expression is similar to that obtaine
in Refs. @7# and @8#, but therea51. It is important to note
that, according to Eq.~5!, the signal is only defined for the
time intervalt<Dt ~corresponding tob<y), i.e., the pulse
length, which constitutes the Theorem on Coherent Tr
sients @7#. This OFID signal is constrained as oscillation
damping in time and becoming zero after a time equal to
SP duration@Fig. 1~a!#, i.e.,b5v̄1Dt.

Next, we investigate how the EF inhomogeneity, throu
the RIB, influences the signal. Averaging Eq.~5! over values
of EF, a5h/h̄, which are distributed with an exponentia
form factor @17#

P~h!dh5
1

h̄
exp S 2

h

h̄
D dh5exp ~2a!da, ~6!

and including the reverse enhancement of the signal g
the averaged value for the magnetization vectorY compo-
nent

KmY~b,y!

m0
L
x,a

5E
0

`

hP~h!KmY~b,y!

m0
L
x

dh

5h̄E
0

`

ae2aKmY~b,y!

m0
L
x

da. ~7!

As a result, according to Eqs.~5! and ~7!, we obtain an
integral of the form@18#

E
0

`

a3e2aJ1~ab!da5G~5!~11b2!22P3
21@~11b2!21/2#,

~8!

whereb5As22b2, P3
21(r ) is the Legendre function, and

G(n) is theG function. Thus the signal for an extreme LI
(R→0) sample can be described by the doubly avera
expression

KmY~b,y!

m0
L
x,a

52ph̄g~0!E3
21~b,y!, ~9!

where we introduceEm
n (b,y) functions to reflect the averag

ing over the EF contained in the parametera:
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E3
21~b,y!5G~5!E

b

yS s2b

s1bD 1/2 1

~11s22b2!2

3P3
21S 1

A11s22b2
D ds. ~10!

Here the integration overs can be carried out@18# after
inserting the expression for the Legendre functio
P3

21@1/(A11s22b2)#. After straightforward algebra,
E3

21(b,y) ~for b<y) becomes

E3
21~b,y!53H S yb

12b2
11DR5/21

1

3S 4yb

~12b2!2

2
yb

~12b2!
21DR3/21

2

3

yb

~12b2!2

3S 4

12b2
21DR1/21

2

~12b2!2
2

8

3~12b2!3 J ,
~11!

whereR« is defined as

FIG. 1. ~a! Oscillatory free-induction decay signal under pur
LIB, using PF formalism; pulse areay54p andR5v1 /D50.1.
~b! Step anomaly at the area~time! location of the SP echo under
double inhomogeneity ~LIB and RIB!; y52p and
R50.05,h̄5100. RIB is assumed due to the EF spread.
R«~b,y!5
1

~11y22b2!« . ~12!

In analyzing Eqs.~11! and ~12! the poleb51 and the
branch pointb5A11y2 (b→A11y2, but still b<y ac-
cording to the theorem of coherent transients formed un
pure LIB! correspond, respectively, to the formation
anomalies near the moments of timet51/v̄1(b→1) and
Dt(b→y). The latter would be traditionally associated wi
the formation of a SP echo, but in this case represents o
the first indication of the progenitor of an echo; it was n
present for the case of pure LIB. Figure 1~b! shows that the
anomaly att5Dt(b5y5v̄1Dt) is better described as a ste
anomaly for the SP excitation, rather than an echo. Thi
clear since in the vicinity oft5Dt(b5y) the function
E3

21(b→y) starts to approach the branch point, but abrup
becomes zero whenb>y. As we will demonstrate in Sec
IV, this step anomaly, formed underdouble inhomogeneity
for a SP, rapidly evolves into the primary echo resulti
from a MP train excitation. The predicted transient asso
ated with the timet51/v̄1(b51) is to our knowledge a new
and, in some respects, more interesting effect since its p
tion is defined by the average rf pulse Rabi frequencyv̄1.
We will henceforth refer to this anomaly as the ‘‘Rabi fr
quency signal.’’ Thist equates to a small time for multido
main ferromagnets possessing large internal rf enhancem
and this signal would generally be lost in the deadtime of
receiver. Both the ‘‘Rabi frequency signal’’ and the progen
tor echo att5Dt(b5y) may be considered developmen
from the OFID formed under only large LIB. Figure 1~b!
displays the resulting smoothly decaying signal with the i
tial peak, but located atb,1, asR50.05 is different from
the analytical limitR→0 corresponding to an infinitely larg
LIB; the effect of theR«(b,y) terms is to cause the decay o
the signal just beforet5Dt(b5y), and the signal terminate
at the moment of time equal to the pulse duration, just as
the OFID. Thus the rf amplitude inhomogeneity~due to vari-
ous physical origins, including, but not necessarily restric
to, domain-wall enhancement! if sufficiently profound
(2p/v̄1!Dt), causes damping of the oscillations in th
OFID signal and the formation of the step anomaly
t5Dt(b5y). This step anomaly is not related to any exte
nal pulse distortions@9,10#, as it is formed from rectangula
resonant pulse excitation, nor is it a frequency modulat
due to pulling resulting from a dynamic shift of the NM
frequency@5# nor nonresonant excitation@11#.

IV. MULTIPLE-PULSE TRAIN „PULSE REPETITION
TIMES SHORT IN COMPARISON WITH T1…

Experimentally, SP excitation, at a high repetition ra
~MP train excitation! compared withT1, may be utilized to
improve the SP echo signal@1#. The cumulative increase of
spin-echo signal, under a pure rotating but small pulse a
excitation, is a well-known phenomenon@19#. But the case
involving the highly nonlinear dynamics of a spin syste
~large LIB and, for multidomain ferromagnets in zero fiel
additional RIB effects! under pulse excitation is a challeng
ing problem in the study of the formation of a spin-ec
signal. Here, results from the accumulation of a signal as
ciated with a high repetition pulse process are derived th
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retically by increasing the pulse number from 1 to 2, then
4, etc., but allowing no transverse magnetization vector co
ponents between the pulses. Thus the repetition perioT
satisfies the inequalityT2*!T2,T,T1, and so only the lon-
gitudinal components of the nuclear magnetization vector
of importance. As a result the dephasing of a spin sys
duringn pulse excitations is accumulated and restored wit
a time interval elapsing from the trailing edge of the la
@(n11)th# pulse in the MP train. It is on this basis that th
evolution away from the OFID~LIB only! or the step
anomaly~LIB plus RIB! shown in Figs. 1~a! and 1~b!, re-
spectively, for a SP, toward the formation of a well-defin
echo att5Dt, together with the emergence of seconda
echoes for a MP train, is analytically and then numerica
established.

Using the concatenation of PF’s approach@Eq. ~2!# the
condition assumed for the interpulse intervalT for a train of
equally spaced SP’s (T 5 const! and, more stringently, the
total durationnT ~neglecting, of course, relaxation withi
pulses! of the train of SP’s plus ensuing transients, is le
thanT1 but larger thanT2. Accordingly, at each successiv
pulse excitation of the MP train the nuclear spin dynam
starts with its axial component unchanged by longitudi
relaxation but with zero transverse components. Hence o
PF’s withq50 are significant, prior to the last pulse, and t
cumulative effects of thesen pulses plus the final pulse d
rectly lead to the formation of the time-dependent signal
ter the MP train.~Note that if the repetition rate is faster tha
T2, i.e.,T,T2, then then preceding PF’s with all allowable
q’s have to be taken into account as in Eq.~2!, and this will
cause the formation of additional echo signals with locat
dependent on interpulse time interval. This case is not c
sidered in this paper, and is not related to the SP echo
mation. The final PF for an (n11) MP train, with each pulse
of identical widthDt ~and amplitude!, is

G1
0
1
21~ t !5@G̃1

0
1
0~Dt !#nG̃1

0
1
21~Dt ! exp ~ iDv jt!. ~13!

Heret is taken as the time interval measured from the tr
ing edge of the final rf pulse.n is the number of extra pulse
over the original SP, previously considered in Sec. III; ho
ever, for the analysis leading to Eq.~13!, and below, the MP
train is better regarded asn preliminary pulses followed by
the critical, final pulse which creates the transverse magn
zation commensurate to the standard GE in conventio
pulsed NMR. As a result, from Eq.~13!, and according to
Eq. ~1!, the transverse components of the magnetization v
tor are

mY~b,y!

m0
5H 12

a2

a21x2
@12cos~yAa21x2!#J n

3F2
ax

a21x2
@12cos~yAa21x2!#sin~bx1f!

1
a

Aa21x2
sin~yAa21x2!cos~bx1f!G , ~14a!

and
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mX~b,y!

m0
5H 12

a2

a21x2
@12cos~yAa21x2!#J n

3F ax

a21x2
@12cos~yAa21x2!#cos~bx1f!

1
a

Aa21x2
sin~yAa21x2!sin~bx1f!G ,

~14b!

wheref is the rf pulse phase. As before, when the rf amp
tude enhancement and its associated RIB are not inco
rated, we puta51 in these equations. It is worth noting th
the phase of the last@(n11)th# pulse is of considerable im
portance, appearing in both second terms, as shown ex
itly in Eqs. ~14a! and~14b!. Further, if we assumef50 only
theY component of the magnetization is an even function
x, and therefore it alone survives after the averaging over
LIB, although the echo phase will clearly change with d
ferent values off. Thus, should the skin effect be the maj
source of RIB as occurs in single-domain metallic ferroma
nets, all phases are mixed so that the final magnetiza
vector will contain both components, in general. Further
we analyze theY component only under strong LIB and RI
~assumed due solely to a distribution in EF’s, as for mu
domain ferromagnets examined under low rf power! in order
to investigate the formation of secondary echoes.

The formation of SP echolike transients and the enhan
ment of the echo amplitude due to the cumulative excitat
from the MP train can be readily demonstrated in the s
plest casesn51 and 2 (n50 represents the SP excitation!.
As above, it is emphasized thatn refers to those preliminary
pulses in the train that are applied before the last pulse,
in the PF formalism, before the relevant PF,G̃1

0
1
21(Dt), has

been applied to create the transverse magnetization ve
component.

Thus with n51 in Eq. ~14a!, corresponding to a two-
pulse sequence, the additional terms@over that in Eq.~5!# are

DmY~b,2y!

m0
5

a3 cos~bx!

2~a21x2!3/2
sin~2yAa21x2!

1
a3x sin~bx!

2~a21x2!2
cos~2yAa21x2!, ~15a!

and

DmY~b,y!

m0
5
3a3x sin~bx!

2~a21x2!2
2
2a3x sin~bx!

~a21x2!2
cos~yAa21x2!

2
a3 cos~bx!

~a21x2!3/2
sin~yAa21x2!, ~15b!

which will cause the formation of a signal at a time equal
twice the pulse duration, or 2Dt(b52y) @Eq. ~15a!#, and
modify the echo signal formed at a SP duration,
Dt(b5y) @Eq. ~15b!#. After averaging over the LIB using
the Laplace transform@16#, for the additional terms we ob
tain
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FIG. 2. ~a! Initial modification away from the OFID under pure LIB for increasing pulse number with a pulse repetition rate
compared withT1. Preliminary pulse numbern51–4 ~i.e., 2–5 pulses; see text!, for pulse areasy54p andR50.1. Solid line~light!,
n51; dotted line,n52; dashed line,n53; solid line ~heavy!, n54. ~b! Initial evolutionary formation of the multiple-pulse echo under
double inhomogeneity~LIB and RIB! for increasing pulse number with pulse repetition rate fast compared withT1. RIB is assumed due to
the EF spread. Preliminary pulse numbern 5 1–4~i.e., 2–5 pulses; see text!, for pulse areasy52p, R50.05, andh̄5100. Solid line~light!,
n51; dotted line,n52; dashed line,n53; solid line~heavy!, n54. Note the weak secondary echo emerging atb54p(52y) for n54. ~c!
Evolutionary formation of the multiple-pulse echo under pure LIB with a pulse repetition rate fast compared withT1 for n510 ~dotted line!
and 50~solid line!. y54p,R50.1. The formation of a secondary echo signal with increasingn can also be observed. Note the reduced
abscissa span compared with~a!. ~d! Consolidation of the multiple-pulse echo and two secondary echoes under double inhomogeneity~LIB
and RIB! with a pulse repetition rate fast compared withT1 for n510 ~dotted line! and 50~solid line!. y52p, R50.05, andh̄5100. RIB
is assumed due to the EF spread.
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K DmY~b,2y!

m0
L
x

5
pg~0!a4

4 E
b

2y

~2y2s!2S s2b

s1bD
1/2

3J1~aAs22b2!ds ~16a!

and

K DmY~b,y!

m0
L
x

52pg~0!Fa4E
b

y

~y2s!2S s2b

s1bD 1/2
3J1~As22b2!ds

1a3E
b

y

~y2s!J0~As22b2!dsG .
~16b!
Note that the averaging over LIB of Eqs.~15a! and~15b! has
been carried out giving the cancellation of all the terms
cept those given in Eqs.~16a! and ~16b!, and corresponding
to signal with durationsb<y in Eq. ~16b! andb<2y in Eq.
16~a!. But in comparison to Eq.~5!, the additional term
(2y2s)2 in Eq. ~16a! provides an important modification t
the oscillatory Bessel function. As a result the oscillato
amplitude decreases whenb approaches the upper limit
which is now twice the pulse duration~note the upper limit
in the integral is equal to twice the pulse area!, but amplifies
the oscillations whenb and 2y ~characterizing the time
elapsing after the pulse train and twice the pulse width,
spectively! are much different. In Eq.~16b! there is now a
term (y2s)2 causing similar modifications of the signal ne
time t5Dt(b5y) and, in addition an integral of the zero
order Bessel function appears, modifying, but not extendi
the duration of the oscillatory signal. Note that the total d
ration of the signal is now twice the pulse duration. T
evolutionary changes away from the OFID forn 5 1–4 can
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be observed in Fig. 2~a! where pure LIB (a51) is assumed.
There is a systematic extension of the signal to larger a
~longer times! asn increases, and, in addition, the first ind
cations of a concentration of an isolated signal atb equal to
di

a

.

iz
e

s

av
to

ow
p

-

as
the pulse area~corresponding to the location of the prima
echo!.

After averaging over the RIB@17#, assumed due to EF
spread, the additional terms take the form
K DmY~b,2y!

m0
L
x,a

5pg~0!h̄
G~7!

4 E
b

2y ~2y2s!2

~11s22b2!3S s2b

s1bD 1/2P5
21S 1

A11s22b2
D ds ~16c!

and

K DmY~b,y!

m0
L
x,a

52pg~0!h̄FG~7!E
b

y ~y2s!2

~11s22b2!3S s2b

s1bD 1/2P5
21S 1

A11s22b2
D ds

1G~5!E
b

y ~y2s!

~11s22b2!5/2
P4
0S 1

A11s22b2
D dsG , ~16d!
n.

e
e
ill

ut

m-
5

rst
a
e
h-

i-

sig-
which can be evaluated analytically as shown in Appen
A, with R« being slightly modified to read

R«~b,z!5
1

~11z22b2!« , ~17!

with z5y and 2y. Equations~16! and~17! correspond to the
signals formed at timest5Dt ~primary echob5y) and
2Dt ~first of the secondary echoesb52y). There is an en-
hancement of the main signal formed att5Dt(b5y) due to
extra terms. There remains a strong peak
t51/v̄1(b51), the ‘‘Rabi frequency signal,’’ which is a
common pole point for all terms under infinitely large LIB

Similarly, if we put n52 in Eq. ~14a! it can be easily
shown that an extra additional term arises in the magnet
tion vector component, demonstrating the formation of a s
ondary echo att53Dt(b53y):

DmY~b,3y!

m0
5

a5 cos~bx!

4~a21x2!5/2
sin~3yAa21x2!

1
a5x sin~bx!

4~a21x2!3
cos~3yAa21x2!. ~18a!

After averaging over LIB@note that some unimportant term
occurring after averaging of Eq.~18a! over LIB are dropped,
since they cancel with the similar terms emerging when
eraging of the total expression for the magnetization vec
component, rather than a part of it# we obtain

K DmY~b,3y!

m0
L
x

52
pa6g~0!

434! E
b

3y

~3y2s!4S s2b

s1bD
1/2

3J1~aAs22b2!ds, ~18b!

demonstrating that the total duration of the signal is n
three times the pulse duration, with the higher-order dam
ening multiplier (3y2s)4 strongly modifying the conven
x

t

a-
c-

-
r

-

tional Bessel function oscillations in the integral whenb ~and
correspondinglys) approaches the upper limit of integratio
At the same time when the upper limit~corresponding to
triple pulse duration! and lower limits~corresponding to the
time measured from the trailing edge of the final third puls!
are largely different, then this multiplier term will provid
for amplification of the Bessel function oscillations. This w
result in modification of the OFID signal@see Fig. 2~a!#. The
other additional terms forn52 are not presented here, b
they will obviously accumulate into the maint5Dt(b5y)
echo signal, as was the case forn51 and, as well, the first
t52Dt(b52y) secondary echo.

After averaging over the RIB the additional term is

K DmY~b,3y!

m0
L
x,a

52pg~0!h̄
G~9!

434!Eb
3y ~3y2s!4

~11s22b2!4

3S s2b

s1bD 1/2P7
21S 1

A11s22b2
D ds,

~18c!

which is ultimately a function ofR«(b,3y), and describes
the signal formation at the triple-pulse duration. The co
puted curves forn51–4 ~corresponding to MP trains of 2–
equal width pulses! are presented in Fig. 2~b! for double
inhomogeneous broadenings. In comparison with the fi
case of pure LIB@Fig. 2~a!#, where there is observed only
slow modification of the OFID signal for such low puls
number trains@neither the primary echo nor secondary ec
oes are evident in Fig. 2~a!# there is a more rapid evolution
of the primary echo att5Dt(b5y) ~i.e., b5v̄1Dt) and
even for so few preliminary pulses asn54 the first indica-
tions of a secondary echo att52Dt(b52y), begin to
emerge@Fig. 2~b!#.

Expression~14a! can be analyzed more generally for pos
tive integers via use of the binomial expansion@18#, in order
to demonstrate the accumulated modification of the main
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nals and the formation of their secondary signals, both
which may be easily observed experimentally. The ad
n
a
u

n

f
i-
tional terms arising from the nuclear magnetization vec
then sum from straightforward but lengthy algebra to be
K DmY~b,y,2y, . . . ,ny!

m0
L
x

5pa2k11(
k51

n S nkD H 2aDk
1~y!1S k1D @ 1

2aDk
1~2y!2aDk

1~y!2Dk
0~y!#1 (

m51 ~ if k>2!

k/2„ or ~k21!/2…
1

22m S k

2mD
3F (

r50

m21 S 2mr D @2aDk
1
„~2m22r11!y…2aDk

1
„~2m22r21!y…22Dk

0~~2m22r21!y!

12aDk
1
„2~m2r !y…12Dk

0
„2~m2r !y…#2S 2mm D aDk

1~y!G1 (
m51~ if k>3!

k/221„ or ~k21!/2…
1

22m S k

2m11D
3F (

r50

m21 S 2m11

r D @ 1
2aDk

1
„2~m2r11!y…1 1

2aDk
1
„2~m2r !y…1Dk

0
„2~m2r !y…2aDk

1
„~2m

22r11!y…2Dk
0
„~2m22r11!y…#1S 2m11

m D @ 1
2aDk

1~2y!2aDk
1~y!2Dk

0~y!#G J , ~19!
a

nal
in
the
of
be

rst
lse

ir-
with condensed notations

Dk
1~z!5

1

~2k!! Eb
z

~z2s!2kS s2b

s1bD
1/2

J1~aAs22b2!ds,

~20a!

Dk
0~z!5

1

~2k21!! Eb
z

~z2s!2k21S s2b

s1bD
1/2

J0~aAs22b2!ds,

~20b!

wherez5y, 2y, . . . ,ny.
According to Eq.~19!, the final signal is a superpositio

of the OFID signals, and the terms corresponding to them
characterized by the duration of oscillations equal to m
tiples of the pulse width as follows from Eqs.~20a! and
~20b! (b<z). In contrast to Eq.~5!, they are dampened whe
re
l-

approaching their termination time (b→z), and amplified
when moving away from this point (b!z); see Eq.~20a!.
Additional terms with zero-order Bessel functions with
similar role for the multiplier in the integral in Eq.~20b!
arise, causing more profound modifications of the total sig
with increasingn. As a result, for a higher pulse number
the MP train this superposition leads to dampening of
oscillations, but with localized anomalies at the moments
time which are multiples of the pulse duration, as can
observed forn510 and 50 in Fig. 2~a! for pure LIB. This
clearly shows the formation of the primary echo and the fi
of the secondary echoes, evolved from the single pu
OFID.

When both LIB and RIB are present, and therefore requ
ing additional averaging overa, Eq. ~19! is transformed into
K DmY~b,y,2y,...,ny!

m0
L
x,a

5p(
k51

n S nkD H 2E2k13
21 ~y!1S k1D @ 1

2 E2k13
21 ~2y!2E2k13

21 ~y!2E2k12
0 ~y!#1 (

m51~ if k>2!

k/2„ or ~k21!/2…
1

22m S k

2mD
3F (

r50

m21 S 2mr D @2E2k13
21

„~2m22r11!y…2E2k13
21

„~2m22r21!y…22E2k12
0

„~2m22r21!y…

12E2k13
21

„2~m2r !y…12E2k12
0

„2~m2r !y…#2S 2mm DE2k13
21 ~y!G1 (

m51~ if k>3!

k/2„ or ~k21!/2…
1

22m S k

2m11D
3F (

r50

m21 S 2m11

r D @ 1
2E2k13

21
„2~m2r11!y…1 1

2E2k13
21

„2~m2r !y…1E2k12
0 ~2~m2r !y!

2E2k13
21 ~~2m22r11!y!2E2k12

0 ~~2m22r11!y!#1S 2m11

m D
3@ 1

2 E2k13
21 ~2y!2E2k13

21 ~y!2E2k12
0 ~y!#G J , ~21!
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with condensed notations~for simplicity, b in the arguments
is omitted!

E2k13
21 ~z!5

G~2k15!

~2k!! E
b

z ~z2s!2k

~11s22b2!k12

3S s2b

s1bD 1/2P2k13
21 S 1

A11s22b2
D ds

~22a!

and

E2k12
0 ~z!5

G~2k13!

~2k21!! Eb
z ~z2s!2k21

~11s22b2!k13/2

3P2k12
0 S 1

A11s22b2
D ds. ~22b!

Here Pm
l ( ) are the associated Legendre functions, andp

k)
are the binomial coefficients. The evaluation and analysi
the integrals in Eqs.~22a! and~22b! are presented in Appen
dix A, demonstrating thatE2k12

0 (z) and E2k13
21 (z) in Eqs.

~22a! and ~22b! can be, in principle, presented as a functi
of R«(b,z) ~with various«) and 1/(12b2) of different or-
ders, which is important for the formation of echo signa
and the ‘‘Rabi frequency signal,’’ respectively. Hence the
results show that the various upper limits for the integrals
Eqs. ~21!, ~22a!, and ~22b! correspond to the formation o
secondary echoes at the moments of time that are multi
sh
in
w
ng
vi

et
b-
ch
of

e
n

es

of the pulse-width. The location of the last secondary echo
dependent onn. From Eq. ~21! it can be seen that, for
n51,

K DmY~b,y!

m0
L
x,a

5p@22E5
21~y!2E4

0~y!

10.5E5
21~2y!#; ~23a!

FIG. 3. Off-resonant multiple-pulse echo under double inhom
geneity ~LIB and RIB! with a pulse repetition rate fast compare
with T1 for n510 ~dotted line! and 50 ~solid line!.
y52p, R50.05, andh̄5100. RIB is assumed due to the EF
spread. The shift from the line center is equal to 10v̄1.
for n52, K DmY~b,y!

m0
L
x,a

5p@24E5
21~y!2 15

4 E7
21~y!22E4

0~y!2 5
2E6

0~y!

1E5
21~2y!1 3

2E7
21~2y!1 1

2E6
0~2y!

2 1
4E7

21~3y!#; ~23b!
for n53, K DmY~b,y!

m0
L
x,a

5p@26E5
21~y!2 45

4 E7
21~y!27E9

21~y!23E4
0~y!2 15

2 E6
0~y!2 21

4 E8
0~y!

1 3
2E5

21~2y!1 9
2E7

21~2y!1 7
2E9

21~2y!1 3
2E6

0~2y!1 7
4E8

0~2y!

2 3
4E7

21~3y!2E9
21~3y!2 1

4E8
0~3y!

1 1
8E9

21~4y!#; ~23c!
for

ho
ith

hoes

for
and so on. From Eqs.~23a!–~23c! it is evident how the ac-
cumulation of the main signals occurs in a systematic fa
ion, as well as how secondary echoes form with increas
n, initially in antiphase to the previous signal for these lo
values ofn. Due to the inherent nonlinear dynamics duri
the pulse excitation, the simple law of accumulation pre
ously obtained for small rotation angles in Ref.@19# cannot
be applied. But experimentally, as realized for high rep
tion rates compared withT1, the secondary echoes are o
served to exhibit nominally the same phase as the main e
-
g

-

i-

o.

Numerical averaging over the double inhomogeneities
largern (n510 and 50! demonstrates@see Fig. 2~b!# the net
outcome of the cumulative modifications to the primary ec
and formation of secondary echo signals, now in phase w
the primary echo. On the scale of Fig. 2~d! the clear emer-
gence of a primary phase and two in-phase secondary ec
is revealed. Additional calculations~not shown! for increas-
ing R show that the echoes are lost byR.1, verifying the
essential need for large LIB. The computational results
finite values ofR also demonstrate that the initial peak~the
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‘‘Rabi frequency signal’’! has a tendency to move whenR is
changed, and only in the analytical limit of infinitely larg
LIB (R→0) is it located precisely atb51.

In view of previous interest@3,6,11# in off-resonant pro-
cesses as being fundamental to these transients, Eq.~14a! has
been averaged over the double inhomogeneity for
resonant excitation. For small shifts from the line center
(<2v̄1), the changes are essentially negligible. For a str
ger shift from the line center equal to 10v̄1 ~Fig. 3!, calcu-
lation reveals the presence of a residual SP echolike tran
among beatings of the response curve, but it is far m
difficult to discern the weaker secondary echo in competit
with the beating.

From our analysis, theq50 dependence of the composi
signal from then preliminary pulses in the MP train wil
yield a stimulated echo signal whose amplitude will d
crease, exhibitingT1 dependence, whenT is increased
through theT1 range toward the creation of an effectiv
single pulse. When the extreme SP limit ofT@T1 is reached,
the appropriate diagram for double inhomogeneity is F
1~b!, and this suggests that the secondary echoes will
crease more rapidly than the primary echo, since the sec
ary echoes have disappeared but the primary echo has
lapsed to the step anomaly. A more detailed analysis requ
the explicit introduction of perturbation factors which mod
theT1 processes, which is beyond the scope of this pap

V. EXPERIMENTAL RESULTS

Zero-field SP~strictly MP! echo signals were obtaine
using a coherent, B-KR321s Bruker NMR~4–200 MHz!
spectrometer. Powdered samples~particle size severalmm)
of enriched~93.6%! 57FeFe, and 51VFe ~2 at.%V! were in-
vestigated at 77 K. Significant signal averagi
(2–3231024 sweeps! was necessary to characterize the fe
tures of the signals, particularly the secondary echoes.
was accomplished via the clip enhance mode on a Sa
Honeywell 43A Correlation and Probability Analyzer. Typ
cal low to intermediate rf power, phase-sensitive detec
echo signals are shown in Figs. 4–6. The detected excita
pulse, receiver deadtime, and any free-induction decay
suppressed in amplitude due to saturation of the detecto

The experimental echo is predominantly unipolar in bo
samples@Figs. 4~a!, 5, and 6# at low rf powers, and averagin
readily establishes the presence of secondary echoe
t52Dt and 3Dt, for the higher pulse repetition rates. How
ever, when the power is increased, the primary echo rap
diminishes in amplitude, becomes bipolar, and the secon
echo is less prominent. In Fig. 4~a! ~low rf power! the ap-
pearance of a secondary echo att52Dt in-phase to the pri-
mary echo is evident for57FeFe. Figure 4~b! shows a bipolar
echo for 51VFe obtained for a power level six times great
than in Figs. 5 and 6, and there is little evidence of a s
ondary echo. Note that the nuclear quadrupole moments
51V and 57Fe are, respectively, extremely small and zero,
that quadrupolar echo effects may be ignored. As mentio
in Sec. I, the 57FeFe sample is of particular significanc
because the relatively narrow linewidth~the full width at half
maximum is 60 kHz! allows the on-resonance frequency
be accurately determined.

From the viewpoint of characterizing the primary ec
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amplitude with respect to pulse repetition rate the narro
line 57FeFe sample again represents a special case in
metallic ferromagnets as it was found thatT2;T1;7 ms~77
K!, in broad agreement with the results of Ref.@20#; thus, for
this sample, repetition rates fast compared withT1 necessar-
ily imply that they are fast compared withT2. Such repeti-
tion rates parallel the usual case for two-pulse excitation
quences traditionally used forT2 measurements, which, fo
low rf power, then lead to multicomponent spin echo
whose time location depends on the pulse pair separatio
well as the pulse widths. For a MP train withT!T2, much
stronger multiple echoes, as distinct from the secondary e
oes, appear, with separations tied not to the pulse width
to interpulse separation. As above, this case is not un
study in the present paper. As this paper is~ideally! con-
cerned with resonant pulses fast compared withT1, but slow
compared withT2, a compromise pulse repetition period of
ms was chosen for57FeFe. For 51VFeT2;350(50) ms,

FIG. 4. ~a! Low RF power multiple-pulse echoes from unam
biguously on-resonant57FeFe showing primary and secondary un
polar echoes, in phase, at separations of one pulse width,
T53 ms and Dt5200ms. T577 K, T15T257.0(2) ms,
Bappl50 T, andv0/2p546.54 MHz. ~b! Intermediate RF power
multiple-pulse~bipolar! echo from 2 at. %51VFe at a separation of
one pulse width, for T51 ms and Dt510ms. T577 K,
T152.0(2) ms,T25350(50) ms, Bappl50 T, andv0/2p597.8
MHz.
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FIG. 5. Low-power multiple-pulse echoes from 2 at. %51VFe
for variable pulse width~pulse area! showing primary and second
ary unipolar echoes, in phase, at separations of one pulse width
T51 ms. T577 K, Bappl50 T, and v0/2p597.8 MHz. ~a!
Dt510.5 ms. ~b! Dt514.5 ms.
whereasT1;2.0(2) ms at 77 K, so repetition periodsT of 1
ms and up allow the theoretical domain of interest to
explored experimentally. TheT2 andT1 decays were mea
sured with a two- and three-pulse~stimulated echo! se-
quence, respectively, at the same low rf power, as in Fig
and 5. As is usual in ferromagnets@20#, the relaxation decays
were nonexponential, and the errors against the relaxa
times in part reflect this deviation rather than merely refle
ing problems with the signal-to-noise ratio. Figure 5 sho
the effect of widening pulses for a fixed amplitude for
repetition period of 1 ms, and it is observed that the prim
and secondary echoes move out in the time domain occur
always att5Dt and 2Dt. Here the pulse area between Fig
5~a! and Fig. 5~b! has been changed sufficiently that, if th
transient was merely an OFID in the SWB sense@7,8#, one
would expect significant variations in signal form. It is th
combination of the presence of the RIB together with t
high repetition rate that leads to the very strong echol
features rather than OFID features, as a function of incre
ing pulse width~area!.

Figure 6 shows, for51VFe, a sequence of increasin
pulse separation periodsT, from 1 ms to 20 ms for a fixed
pulse width (Dt516ms) and amplitude, and hence fixe
pulse distortion, if present. For both samples we observ
definite reduction in the amplitude of the primary echo as
pulse repetition period increases from fast~1 ms!, compared
with T1, through to slow~20 ms! compared withT1, for a
fixed pulse width, in qualitative agreement with the calcu
tions. Figures 6~a!–6~d! also demonstrate that the seconda
echo decreases more rapidly than the primary echo with
creasing pulse repetition period, again a characteristic

for
f
FIG. 6. Low-power multiple-pulse echoes from 2 at. %51VFe for variable repetition rate 1/T, showing the decay in the amplitude o
primary and secondary unipolar echoes at separations of one pulse width, forDt516 ms.T577 K,Bappl50 T, andv0/2p597.8 MHz.~a!
T51 ms.~b! T55 ms.~c! T510 ms.~d! T520 ms.
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indicative of pulse distortion, but entirely consistent with t
irreversible collapse of phase memory asnT becomes exces
sively long compared withT1. As prefaced in Sec. IV, this
will preferentially attenuate the secondary echoes at lon
times. The fact that the amplitude of the primary echo in F
6~d! is fractionally not that much smaller than in Fig. 6~a! is
consistent with an observed long tail in theT1 distribution in
the 51VFe sample, and/or there is some residual pulse d
tortion @9,10# in the spectrometer.

VI. DISCUSSION

It is shown algebraically and numerically for the case o
MP train with a pulse separationT shorter thanT1 but longer
than T2, which is in turn much longer thanT2* , that echo
formation takes place under large inhomogeneous broa
ing. The MP train consists of identical~equal width and am-
plitude!, on-resonant, distortion-free pulses. The prima
echo occurs at the time location typically associated with
SP echo, namely, one pulse width after the equal width
citation pulses comprising the MP train. The secondary e
oes occur at multiples of the pulse width, and these effe
are observed in two ferromagnets~Figs. 4–6!. However, this
situation is not that considered in Refs.@7# and@8# where the
analysis was restricted to truly SP excitation. In the case
pure LIB this MP echo and its associated secondary ech
may be considered to be the logical extension of the theo
of coherent transients@7# for a MP train, and is, in fact, the
outcome of a complicated spin dynamics representing in
special limiting case a superposition of OFID’s. The sup
imposed OFID’s total time duration is no longer restricted
one pulse width, as was central to the original theorem
coherent transients@7,8#. This constraint is fundamentally
property of dephasing only within a SP excitation. Inste
the cumulative memory of dephasing under pure LIB
(n11) pulses, occurring during the total preliminary pul
duration (n11)Dt of the MP train, requires corresponding
longer times to rephase in the time domain equal
t5(n11)Dt. For pure LIB, the extended OFID’s ultimatel
evolve into echoes of rapidly diminishing amplitude at m
tiples of the pulse width, with the strongest being att5Dt.
The process is much enhanced with the additional prese
of RIB, as for the two ferromagnets considered here. T
the double inhomogeneous broadenings work cooperati
toward the formation of the MP echo and associated seco
ary echoes, in part because the RIB quickly dampens
oscillations of the OFID, as is readily seen for the case o
single pulse@Fig. 1~b!#.

Our analysis suggests that the term single-pulse echo~SP
echo! is a complete misnomer, as it is an OFID for SP ex
tation but requires a MP train for echo formation, and hen
forth should be referred to as the MP echo. Wh
T2*!T2,T,T1 the intermediate power experimental M
echoes reproduce the theoretical curves rather well, but
may be fortuitous. It is likely that variations to the EF dist
bution form factor and a third integration over the skin dep
will be required to obtain the essential unipolar characte
MP echoes in the lower power regime. ForT2*!T,T2 ,T1,
an important second case not investigated here, it is ne
st
.
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theless apparent from Eqs.~2! and~13! that the MP echo and
its associated secondary echoes are formed again at t
equal to multiples of the pulse width~as theq50 PF’s are
still responsible for them!. However, in addition, multicom-
ponent echoes will also appear, determined by PF’s w
non-zeroq’s, and consequently their location will be define
by the pulse separationT and its various combinations with
pulse duration. The incorporation of these nonzero P
should not affect the MP echo formation. As for nonreson
excitation@11#, our computing also demonstrates~Fig. 3! the
presence of a residual MP echo, under high repetition
under double inhomogeneity, but it is degraded from the f
damental on-resonant response, as are the secondary ec

VII. CONCLUSION

We conclude that the observed features of the erroneo
named SP, one pulse or ‘‘edge’’ echo in NMR from mul
domain ferromagnets can, in fact, be well modeled by n
linear dynamics under a MP train excitation. The transi
occurring att5Dt is therefore, fundamentally, a MP ech
Pulse distortion effects undoubtedly enhance the prim
echo @9,10#, and nonresonant effects may well exhib
@4,6,11# secondary echoes~still!, but these extrinsic feature
are not essential to the MP and secondary echo format
and are therefore considered less fundamental. Specific
for multidomain ferromagnets, the nonlinear dynamics ar
from the simultaneous presence of large LIB and large R
However, the profound influence of a fast pulse repetit
rate with respect to the longitudinal relaxation timeT1, lead-
ing to cumulative dephasing within the pulses, is such t
this class of echo, including its associated secondary ech
may also be generated for LIB in isolation~e.g, for protons
in aqueous solution in an inhomogeneous dc field, as
studied by Bloom@1#, although the presence of parasiti
deliberate, or intrinsic~e.g., multidomain ferromagnets! RIB
will significantly enhance the process.
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APPENDIX A

The evaluation ofE2k12
0 (z) andE2k13

21 (z) introduced in
Eqs. ~22a! and ~22b! can be easily carried out by use o
series expansion of the corresponding Legendre funct
involved within each integrand. Here we present the res
as function of (11z22b2) and (12b2),
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E2k12
0 ~b,z!5

G~2k13!

~2k21!! (p50

k11

(
l50

k21

(
i50

k2 l21

(
r50

l

~21!p1 l2r1 i
~4k1422p!!

22k12p! ~2k122p!! ~2k1222p!!

3S lr D S k2 l21

i D ~12b2! l2r1 i~11z22b2!k2 l2 i21H S 2k21

2l D zI2k2p2r15/2

1S 2k21

2l11 D 1

2~2k2p2r13/2!
~R2k2p2r13/221!J ~A1!

and

E2k13
21 ~b,z!5

~2k12!!
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p50

k11

~21!p
~4k1622p!!

22k13p! ~2k132p!! ~2k1222p!!

3H (
l50

k

(
r50

l

(
i50

k2 l S 2k2l D S lr D S k2 l

i D ~21! l2r1 i~12b2! l2r1 i~11z22b2!k2 l2 i

3F 1

2~2k2r2p15/2!
~R2k2r2p15/221!1bI2k2p2r17/2G2 (

l50

k21

(
r50

l11

(
i50

k2 l21 S 2k

2l11D S l11

r D S k2 l21

i D
3~21! l2r1 iz~12b2! l112r1 i~11z22b2!k2 l212 i I 2k2p2r17/21 (

l50

k21

(
r50

l

(
i50

k2 l21 S 2k

2l11D S lr D S k2 l21

i D
3~21! l2r1 i~12b2! l2r1 i~11z22b2!k2 l212 i

bz

2~2k2p2r15/2!
~R2k2r2p15/221!J , ~A2!

whereR«(b,z) ~with z5y,2y, . . . ,ny) are defined in Eqs.~12! and ~17!, andI n11/2 are evaluated in Appendix B.

APPENDIX B

Here the evaluation ofI n11/2(z,b) (n>0) from Appendix A, according to@18#, is presented, which is

I n1~1/2!~b,z!5E
b

Y ds

~s2112b2!n1~1/2! 5
1

~12b2!n(n50

n21

(
m50

n
~21!n1m

2n11 S n21

n
D S n

m D ~12b2!m$zRm1~1/2!2b%. ~B1!
10
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