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Two-level atom in an electromagnetic wave of circular polarization
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In this paper, we study the behavior of a two-level atom in an electromagnetic wave of circular polarization.
A general solution to the Schdimger equation is obtained, and the action of the electromagnetic wave on the
atom is analyzed in detail. It is shown that the levels of the atom would be split, with the energy difference
between the split levels the same for the two states of the atom. The atom would acquire an average momen-
tum, with its direction the same as the propagating direction of the electromagnetic wave, showing the expel-
ling action of the electromagnetic wave on the atom; or with its direction opposite to the propagating direction
of the electromagnetic wave, showing the trapping action of the electromagnetic wave on the atom. The
properties of the action are dependent on the initial state of the atom. The average expelling and trapping forces
exerted on the atom by the electromagnetic wave are determined. Two cases of “resonance” and “strict
detuning” are discussed particularly. Under the resonance case, the transition probability reaches its maximum
for a given time. In the strict detuning case, the atom is not influenced by the electromagnetic wave.
[S1050-294{@7)07903-1

PACS numbes): 42.50.Vk, 32.80-t, 03.65.Ge

[. INTRODUCTION wave. From these results, conditions for which the two-level
approximation is appropriate may be found.

The subject of atomic motion in an electromagnetic wave The two initial conditions that the atom initially is in its
has attracted much attention because of its important applground or excited state are separately considered. The results
cations, such as the deflection of atomic beams, the selectigiiow that under the different initial conditions, the distribu-
of atomic species in an atomic beafisotope separation tions of the momenta and energies of the atom are the same,
[1-3], the cooling and trapping of atoms, efd—9]. but the actions of the electromagnetic wave on the atom are

The plane electromagnetic wave is of the simplest elecdifferent. It displays either expelling or trapping properties.
tromagnetic waves. Studying the motion of an atom in alhat the motion of the center of mass of the atom is treated
plane electromagnetic wave is a fundamental and importarftuantum mechanically is a basic reason leading to this im-
subject. However, it seems that the study of such a subjedortant result.
has so far produced no good solution. The contents in the fo_I_Iowing sections are organized as

In this paper, we Study the motion of an atom in an e|ec.f0”0WS. In Sec. ”, the SChIGﬁnger equation is $O|Ved .a..nd a
tromagnetic wave of circular polarization. This subject isgeneral form of the wave function of the atom is obtaikied
also fundamental and important, since a circularly polarizednomentum spageln Secs. Ill and IV, assuming the atom is
electromagnetic wave may be formed from two plane elecin its ground and excited states &0, respectively, the
tromagnetic waves; Converse|y, a p|ane electromagnetiéoncrete forms of the wave functions of the atom are given
wave may be also formed from two circularly polarized elec-(in momentum and coordinate spacesd the average mo-
tromagnetic waves. mentum the atom acquires from the electromagnetic wave

We assume that the atom has only two levels and assunfdld the average force exerted on the atom by the electromag-
that there is a dipole interaction between the atom and eledletic wave are determined. In Sec. V, the tuning problem and
tromagnetic wave. In Studying many prob'ems on the inter.\/ariations of the wave functions and observables with time
action of atoms with electromagnetic waves, these assumg@'e discussed further, the physical contents of the two solu-
tions have been usgd—9]. Our procedure is first to solve tions obtained in Secs. lll and IV, respectively, are com-
the Schrdinger equation, in which the motion of the center Pared, and the quantum feature of the motion of the center of
of mass of the atom is treated quantum mechanically, anf@ss is shown. In Sec. VI, the contents of this paper are
then discuss in detail the physical significance of the solusummed up and its significance is described.
tion, in particular calculate the momentum the atom acquires
from the electromagnetic wave and the force exerted on the
atom by the electromagnetic wave.

We analyze particularly the two cases of “resonance” We consider a two-level atom of masg transition an-
and “strict detuning,” both of which are important. In the gular frequencyw, and dipole momenbD. The atom starts
resonance case, the transition probability reaches its maxout moving in thez direction with momentunp,, and then
mum (for a given time, and momentum transfer between theis irradiated by a circularly polarized electromagnetic wave
atom and field would be effectively completed. In the strictof wave vectok and angular frequenay, . The electromag-
detuning case, the transition probability tends to 0, and thaetic wave propagates along the positwdirection and its
state of the atom is not influenced by the electromagnetielectronic fieldE is assumed to be the forfa=(E,,E,),

Il. GENERAL FORM OF THE SOLUTION
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E,=Acos(w t—kz), E,=—Asin(w t—kz), where A is  Substituting these expansions into E¢8.and(6) and using

the amplitude ofE. the orthogonality of the eigenvectdys), Egs.(5) and(6) are
Because the electromagnetic wave includes only the spaceduced to

variablez, the case is a question of one dimension. In this

case, the Hamiltonian of the two-level atom interacting with i dé(p) _ D_2+ 1 hodu(p)
the electromagnetic wave is given by dt 2m 2 1P
H= i h Vv 1 2 Qe U py(p—hk) ®
= % + E (1)0'3"’ y ( ) 2 2 ’

where P%/2m is the kinetic energy associated with the ., d¢2(p) [ p? 1 1 (ot

center-of-mass momentum along thelirection, 3hwoy is % dt  \2m 2 fw | da(P) 2 hQLe p(p+1ik).

the Hamiltonian associated with the internal motion of the 9

atom, andvV=—D-E is the interaction energy between the .

atom and electromagnetic wave. We here have used dipole Equations(8) and (9) can be decoupled and solved ex-

approximation. actly. For example, eliminating,(p) from Eqgs.(8) and(9),
We denote the state vectors of the two-level atonjyjgy ~ W€ obtain the equation fap,(p):

and |#»). According to the feature of the dipole transition d2(p) dés(p)

[10], the actions of V on these state vectors dep +ia, (jtp +a,h,(p)=0, (10)

are V[yn)=va) and V]yp)=vily), where vy,
={(yn|V|,) andv ;= (4,|V| i) are the nonzero matrix el-

ements ofV. where

Setting D"=D,*+iD, and E*=E,;*iE,, V may be 1[p?  (p+fik)?
written as a]_:g [% + T—ﬁwL}, (12

=—3(DE"+D E").

i _ N _ , =5\ |z s ho||llo -5 ho— —F——
Noting Di,=D3;={(44|D"|),)=0 and denoting fic [\2m 2 2 2m
D 12=D51=(41|D " |h2) =2(41|Dy|1h) by 2D (which is 5202
assumed to be rgal one shows easily that + ] (12)
vi,=—DE =-D(E;—iE,) and vy=—-DE"=-D(E; 4
+iE,). Substituting the expressions Bf and E, into v . .
andjzl, then it gets 2 12 The general solution to Eq10) is

V1= _%thi(th—kz), Vo= —%ﬁﬂe_i(‘”Lt_kZ), (3) ¢2(p,t)=C2(p)e—iw2(P)t+ Cé(p)e—iwé(p)t, (13)

where

w(P)=aa(P)+ B(P),  wy(P)=ax(p)—B(p), (14

where we have seDA=%#/2; Q) is called induced rate,
which describes the interaction intensity.

In order to study the motion of the atom, we solve the
Schralinger equation

while
. d a; 1[p® (p+hk)?
i 2y =H 4 S . L
gt 9 =Hl) (4) as(p)= 2ﬁ[2m+ s —hoL|, (19
for an arbitrary statéy). Setting|¥)=(|1).| )", project- a2 1
ing Eq.(4) onto|y,) and|«,), and using Eqs.1)—(3), Eq.(4) B(p)=1\/ (? +ay= o [(Ae,+Fidw)?+#202]H2,
is reduced to a pair of the coupled Sotirmer equations: (16)
2 .
i% i |y} = P_+ 1 ﬁw)|,//l>_ E Qe i(@t—ka)| ), with A,w=cu—w|_ ar!d.Aep= [(p+ﬁk)2/2m] —p?2m; c,(p)
dt 2m 2 2 andc;(p) are coefficients to be determined.
®) One easily sees that boti,(p) and B(p) are real and
g ) B(p)#0. Thus there are two oscillators with frequencies
P 1 1 ) ' . .
L9 (== ot i(w) t—k2) w,(p) and w,(p), respectively, ing,(p,t).
% Gt [¥2) (Zm 2 hw)|¢/2> p e L2V We have derived a solution fap,(p,t). Substituting the

expression ofb,(p,t) into Eq.(9), ¢1(p,t) can be obtained:
Both Egs.(5) and(6) include the momentum operatér,
therefore,|;) and |y,) may be expanded in terms of the Pr(p+hk,t)=cy(p)e 1Pty cl(pye et (17)
eigenvectorp) of the momentum operatd?:
where

|¢1>=J¢1(p)dplp>, |¢z>=f¢z(p)dplp>- (7) w1(p)=ai(p)+B(p), wi(p)=ai(p)—B(p), (18
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while , [£(p)—B(p)]le(p)+B(p)]
ci(p)=—cy(p)= 3(pP—Po)-
a(p)=az(p)+ oL =5r | 5o+~ —+ho | (19 (28)
Equations(13), (17), and(26)—(28) have given the solution
The coefficientsc,(p) andc;(p) are associated with,(p) under the above initial conditions. Using the relati@4),

andc,(p): Eqg. (28) can be simplified to
2 )_ ) _ ’ _ Q
eu(p)= PP ) 20 CP)=~Ci(P)=~ g5057 OP—Po) (29
For convenience, we substitute Eq26), (27), and(29)
ci(p)= w ch(p), (21) into _Eqs.(13) and (17): then, ¢4(p,t) and ¢,(p,t) may be
rewritten as
where Q . o,
p1(p+hk,t)= o= [—e P e 1P 5(p—py),
1 B(p)
2(p)=— 5 (Agp+hAw). (22) (30)
1 .
Equations(13) and (17) have given a general solution for do(p,t)= m {[s(p)Jr,(a'(p)]e"“’z(p)t
Egs. (8) and (9), and the coefficientz,(p), c5(p), and P
c1(p), c1(p) in it may be determined from initial conditions. _[8(p)_B(p)]efiwé(p)t}ﬁ(p_ po). (31)

¢1(p,t) andp,(p,t) are in fact the wave functions of the
atom in momentum space. With the help of the transformaThese are the wave functions of the atom in momentum
tion space. If they are transformed into coordinate space, then one
has

[’

1 )
iﬁ(Z,t):Wf e p(p,t)dp, (23

—o0

WZ = s {— ll(Po* AZ=Ex(po)t/h

they would be reduced to the wave functions in coordinate

space +ell(Potik)z=Eq(po)tl/iy (32)
In the following sections, we will present two different
initial conditions to determine the concrete forms of the so- 1 i[poz—Eq(po)tl/fi

lutions and discuss in detail their physical contents. The calfﬂZ(Z’t): (271) 72 B(po) {Le(Po) +A(po)Je
culating processes in the two cases are the same, but their . ,
physical consequences are not totally the same. In the dis- —[&(po) — B(po) e'[Po?~ EalPo)tl/y (33

cussions, one needs to use two important relations, i.e., ) _ )
These are the wave functions of the atom in coordinate

[e(p)—B(P)1e(p)+B(P)]=—70%, (24)  space, where E;(po)=fiwi(po), E1(Po)=%wi(Po),
E2(Ppo) =fiw,(Po), and E5(po) =fiwy(po). Using the ex-
[e(p)—B(P)2+[e(p)+ B(p)1?=4B%(p)— 302, (250  pressions ofw,(py), etc., thenE;(py), etc. may be written

explicitly as
which may be derived from the properties of the roots of an 5
algebraic equation of degree 2. (Pot+Ak)® 1 1
9 a 9 El(po):T+§th_§Aeo
Ill. SOLUTION WHEN THE ATOM IS IN ITS GROUND 1
STATE AT t=0 +§[(Ae0+hAw)2+hZQZ]l’2, (34)
We assume that @t=0 the atom is in its ground state;
i.e., one hagyy)—o=0, |#);—o#0. According to this as- , (Pot+Hk)2 1 1
sumption, one may sek;(p,0)=0 andd,(p,0)=8(p— po). Ei(Po)= ——5 T3 ho—5 Ag
The form of ¢,(p,0) means that,(p,0) is the eigenstate of
the momentum operator and the corresponding eigenvalue is 1 221
Po. Using this initial condition, a simple calculation yields — 5 [(Aep+thAw) ™+ A7 Q7 (35
e(p)+B(p) 2
Ca(p)=——=—— 8(P—Po), 26 Po_1 1
2(p) 25(p) (P~ Po) (26) E

&(p)—B(p)

1
2(p) 2P~ Po), (27) +§[(Aeo+ﬁAw)2+ﬁ292]l’2, (36)

co(p)=—
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, pS 1 1 P+ Po andE_ksé p§/2m, generally, except fot=nmw/B, (n
Ea(Po)=5 -~ 5 hwLt+ 5 Ag =0,1,2...). Atthese times, the atom is always in its ground
state, and thu® = p, andE, .= p3/2m.
1 SettingAP=P—p, and AE, = E,— p2/2m, it gets
— 5 [(Aeo+hAw)?+4%07)"  (37) 9 Po k= EkT Polam, 11 g

02

where AP= i3 hk sirtBot, (43
Bo

o (Pt ik ofs
0T T 5m  om _ 02

2m - 2m A= 27 Ae SRt (44)

We now examine the physical content of the solution. 0

One sees from Eq932) and (33 that both ¢;(z,t) and

¥»(2,1) include two plane waves, in which the momenta of AP and AE, are the average momentum and the average

the atom are the same, but the energies of the atom are dffinetic energy the atom acquires from the electromagnetic

ferent. Explicitly, when the atom is in its ground state, its Wave, respectively. . _
momentum is alwaysp, and its energy isE,(p,) oOr It is clear thatAP=0. Therefore, '|pr'>0, thenP>pg,
E4(po), while when the atom is in its excited state, its mo- and the momentum and., thus, the kinetic energy of the atom

mentum is alwayspy+#k and its energy isE;(py) O increase. Ifp,<0, then|P|<|p,|, and the momentum and,
E1(po). Thus the two levels of the atom are split, the energyth
differenceA E between the split levels being the same for the
two states of the atomAE=E;(py)—E1(po)=E2(po)

us, the kinetic energy of the atom decrease.

The change of the momentum of the atom is due to the
action of the electromagnetic wave on the atom. Using

Ehrenfest’s theorem, the average value of the force exerted

~E2(Po), and on the atom by the electromagnetic wave is obtained as
AE=[(Aey+hiAw)?+H20%]Y2 38
[(Aeo+hidw) ] (39 4 d— omk.
(It is noted thatAe, is in fact a difference of the kinetic F=atP=at AP~ 48, SiNZBot. 49

energies of the atom in its two states.

Although the two states of the atom have definite mo-F ¢can take positive or negative values. The positive values of
menta,po+ 7k andpy, respectively, but the probabilities of £ show that the average momentum of the atom increases
these momenta are generally different and dependent Qgjth t, and the negative values &F show that the average
time. We denote the probabilities of the momepta+%K  momentum of the atom decreases with
andpo by P;=Py(po+7k) and P,=P,(p), respectively. e have shown that whepy,>0, P>p,; when p,<O0,
They are obtained easily from Eq80) and(31) or Eqs.(32)  |p|<|p,|. This shows that the direction of the average mo-

and(33): mentum the atom acquires from the electromagnetic wave is
Q 2 2 the same as the propagating direction of the electromagnetic
P, = [_e—iwl(po)t_i_e—iwi(po)t] = sirtBot wave, the action of the electromagnetic wave on the atom
1714 432 ot ; .
B(po) 0 showing the expelling property.
(39 Now we examine further the significance of the probabili-

ties P, andP,. They have been defined as the probabilities
1 i of the momentep,+#Ak and p, at timet, respectively. Be-
I:)2:2,8(p0) {le(Po)*+B(Po)]e™ 2Polt cause the momenta of the atom at its excited state and
ground state ar@,+7%k and pg, respectively, therefor®,
and P, are also the probabilities that the atom is in its ex-
cited state and ground state at timerespectively. In par-
ticular, because the atom is in its ground state=ad, P, is
(40) also the probability that the atom transits to its excited state
from its ground state at time It is clear that the transition
probability P, is dependent on the frequency of the electro-
where Bo=B(py). It is clear thatP,+ P,=1, which shows magnetic wave. Noting expressiqh6) of B(p), one sees
that the overall probability is conserved. that if the frequency of the electromagnetic wave is modu-
Using P, andP,, the average values of the momenta andlated such that
kinetic energies of the atom are calculated to be

2

—[&(po)— B(pg)]e~w2Polty

2
=1- @g SIrTZﬁOt,

02 Aey+hAw=0, (46)
P:(p0+ﬁk)Pl+ p0P2:p0+_2ﬁk Slnzﬁot, (41)
485 then the transition probabilit{?; would reach its maximum
) ) (for a givent); this case is called “resonance.” If the fre-
—  (pothk)? [0 ps  0? _ quency of the electromagnetic wave is modulated such that
E,k=—7——FP + —— Aeg Sir?Bot.

2m 1 2m P2 om "t a2
(42 |Aeg+iAw|>hQ, (47)
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then the transition probability?;—0; this case is called respectively, and the average value of the force exerted on
“strict detuning.” In the following, we discuss these two the atom by the electromagnetic wave is

cases, respectively. Ok

F=——sinQt. (59
A. Resonance 2
Under the resonance conditiori46), B(po)=</2, Under the resonance condition, the energy and momen-
&(Po) — B(Po) = — /2, and&(po) + B(Po) =(2/2; thus, the  tum transport between the atom and electromagnetic wave
wave functions of the atom have a simpler form would be effectively completed, because whea[(2n
1 +1)7]/Q (n=0,1,2...), theatom must transit to its excited
7t)= — eil(Po+#ik)z—Eq(po)tl/i state from its ground state, and the average momentum the
Vi) 2(27771)12{ atom acquires from electromagnetic wave reaches its maxi-
+ell(po+ik)z— Ei(po)t]/ﬁ}, (48) mum#K.
1 B. Strict detuning
Yo(z,t)= (2T {&/[Poz~Ea(Po)tl/h t ilpoz—Ex(po)tl/it), In the strict detuning casé?), it is easy to show that

(49) Q/B(Po)=0, £(Po) — B(Po) = —2B(po), ande (po) + B(Po)
=0; thus, the wave functions of the atom would be simpli-

where fied in form
2 1 I
Ei(pg) = (pog‘l + % o+ % 20 (50) U1(z,0)=0, ¢(z,t)= W e'lPoz~ Ea(Po)tl/h (60)
m L
where
Erpy— PR L L 51
P =~ 5 hem5 a0, (B Ej(Po)=(p3/2m) - Hiw,
2 4 1 which is just the total energy of the atom before it is irradi-
E,(po)= Po_ 2 hot = hQ, (52)  ated by the electromagnetic wave. Equatit6 are just the
2m 2 2 wave functions of the atom before it is irradiated by the
5 electromagnetic wave, and so we conclude that in the strict
, po 1 1 detuning case, the atom is not influenced by the electromag-
E2(Po)= 5~ 5 hw— 5 4. (33 netic wave.

They are the energies of the split levels. The energy differ- Iv. SOLUTION WHEN THE ATOM IS IN ITS EXCITED
ence between the split levels is STATE AT t=0

AE=40Q). (54) We now change the initial condition, assuming that at
t=0 the atom is in its excited state and its momentum is
Under the resonance condition, the probabilities of thePot 7K (it is the same as the momentum of the atom in its

momentap,+7%k andp, at timet are excited state in Sec. Il ie., one has ¢,(p,0)
=6(p—po—7k) and¢,(p,0)=0. Using the same procedure

.0 Q as that used in Sec. lll, one may obtain the following results.
P, =sir? > b P,=cos > b (55  The solutions forg,(p,t) and ¢,(p,t) are
_— . 1 .
and the average values of the momenta and kinetic energies ¢,(p+#k,t)=—— {—[e(p)—B(p)]e 1Pt
of the atom are 2p(p)
o2 0 +[e(p)+ B(p)Je ™ 1P} 5(p—po),

_ o
P=po+7ik sir? St E=5 - +Ae sir?

2m ARG (61)

- Q . .
The average momentum and the average kinetic energy th t) = _e-ioa(Pty g=i05(Pt] 5(p— 62
atom acquires from the electromagnetic wave are $2(p, ) 48(p) [—e e 2P ]o(p=po). (62

o o) Their transformations in coordinate space are
AP=1k sir? =t (57)
2 ) 1 1
zZ,t)= —
o N0 Gah) ™ 25(py)
Q X{~[&(po) — B(po) €' Po* Iz Ealpo)tiih
AB=Aepsi 7 t, 9 +[5(po) + B(po) el (P10 Expolliny - (63)
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Q A. Resonance

1 _
=———p—{— i[poz—Ea(po)tl/#i
Ya(2.1) (2mh) Y2 48(po) {—efhormeto In the present case, the transition probability that the atom

) transits to its ground state from its excited state at tinie
+ e'lPoz=Ex(po)thiiy (64)  P,. If the frequency of the electromagnetic wave satisfies the
condition (46), i.e., Agy+#aAw=0, then P, reaches its
whereE,(py), etc., are the same as those expressed in Eqsaaximum(for a given timet). In this case8,=/2, and the
(34)—(37). wave functions of the atom have the forms
According to Eqs(61)—(64), when the atom is in its ex-

cited state, its momentum alwayspg+ Ak and its energy is = 1 il (po+ik)Z— Eq(po)tl/h

E1(po) or E1(po); when the atom is in its ground state, its (2= 2(27h) 2 le

momentum always isp, and its energy isE,(pg) or _ )

E5(Po). These relations between the momenta and energies +ell(Potik)z=Ey (po)tliy, (72
are the same as those in Sec. Ill. The probabilities of the

momentap,+#k andp, are a2t = - 1ﬁ)12 {— eilPoz—Ex(po)tl/h 4 gilpoz—Ej(po)tliy,
a

QZ
P1=Pi(po+hik) =1~ 7 Sir? Bot (65) (73)
0 whereE,(py), etc., are the same as those expressed in Egs.
and (50)—(53). The probabilities of the momenfa,+#k andp,
are
QZ
P,=P,(pg) = sir?Bot, (66) Q Q
2= PalPo) = gz ST o Pi=cog -, Pp=si? >t (74)

respectively. The average values of the momenta and kinetic o ,
energies of the atom are The average values of the momenta and kinetic energies of

the atom are

I QZ
P=py+7ik— — fik Si?Bot 6 _ Q
Po 4,3(2) sin”Bo (67) P—pyt fik—7ik SinZEt,
and
—_(p0+ﬁk)2 . Q
E—_(po+ﬁk)2 QZA P . EK_T—AGOSIFIZ?L (75)
K~ " om —4—33 € SIN“Bot, (68)

and the average momentum and average kinetic energy the

respectively. The average momentum and average kinet%tom acquires from the electromagnetic wave are

energy the atom acquires from the electromagnetic wave are

— .0
02 AP=—#k S|n2§t (76)
AP=— — fik sir?Bt (69)
480 and
and L Q
, AE=—Aegg sinzft, (77
— Q
AEk: - 7 Aeo Sinzﬁot, (70)
450 respectively. The average value of the force exerted on the

. . atom by the electromagnetic wave is
respectively. Whempy>0, the momentum and, thus, the ki-

netic energy of the atom decrease. Converselgy# 0, the — Okk
momentum and, thus, the kinetic energy of the atom in- Fz—Tsith. (78
crease. The average value of the force exerted on the atom by

the electromagnetic wave is Under the resonance condition, the energy and momen-

02k tum transport between the atom and the electromagnetic
F=— sin 28,t. (71 wave would be effectively completed as well.

480

Now the direction of the average momentum the atom ac- B. Strict detuning

quires from the electromagnetic wave is converse to the If the frequency of the electromagnetic wave satisfies Eq.
propagating direction of the electromagnetic wave, and47), i.e., |Aey+7iAw|>%AQ, the transition probability
therefore the action of the electromagnetic wave on the ator®,— 0. In this case, the wave functions of the atom have the
shows the trapping property. forms
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1 i hk)z—E" 1% 1
lpl(z,t):m el[(p0+ 1K)z 1(p0)t] , lﬁz(Z,t):O,
(79
where
. (p0+hk)2 1
El(po)=T+§ﬁw, -

which is just the total energy of the atom in its excited state
before it is irradiated by the electromagnetic wave. Equations
(79 are the wave functions of the atom before it is irradiated
by the electromagnetic wave; it shows also that in the strict
detuning case the atom is not influenced by the electromag-

netic wave. 0

V. DISCUSSION

We have used two different initial conditions to obtain
two different solutions and discussed their physical contents
in detail. In this section, we show still the following points.

A. Variation of transition probability with frequency

We have shown that when the ground state of the atom is
taken as the initial state, the transition probability is
P.(pot k), but if the excited state of the atom is taken as
the initial state, the transition probability B,(py). They
have the same form. Now we denote unitedly the transition h
probability by P, , i.e., set

2
P 282(p0)

and make further analysis fd&?,, wheref=Q2%/[48%(py)],
which represents the maximuRy can reach when it varies
with t.

Substituting Eq(16) into f, one has

SiPB(po)t="f siB(po)t (80)

QZ
[(Aeg/h)+Aw]?+ Q%

f= (81

2951

/

/

o
—y
N
w

(b)s=0.85

FIG. 1. This figure plots the variation df with w, in which

f varies withw, . In generalf<1. When conditior(46), i.e.,

w=1,Q2=1,0.8,0.6(from up to down. The units ofw ,» and

Aey+hAw=0, is satisfiedf reaches its maximum 1. When
condition (47), i.e., |Aey+AAw|>Hh(, is satisfied,f tends
to 0.

Substituting further the expression fare, into Eq. (81)
and notingmc®>fiw, for an arbitraryw, , thenf may be
reduced to

92

= o—se?r 07

(82

wheres=1—(py/mc). According to Eq.(82), the condition
that f reaches its maximum also may be written as

w—Sw, =0. (83
In generalmc>pg, s=1, and thusw, =w. If p, is greater,
then there would be some difference betwegnand w. For
example, ifs=0.9, thenw, = w/0.9. On the other hand, if

(w—Ssw )?>02, (84)

Q are 10° sec?.

thenf tends to O.

For the transition probability under the resonance condi-
tion, which is very important, we now give a sumoting
B(po) =Q/2 in this casé

Theorem 1The transition probability?, of the two-level
atom interacting with the electromagnetic wave of circle po-
larization reaches its maximuffor a given timet) under the
resonance conditiom—sw, =0 and

Q
P,=sir? St (85)

The transition probability in the general case is given in
Egs.(80) and(82). In Fig. 1, we plot the variation of with
w, . The curves are dependent on the parametand the
interaction intensity(). The widthAw, of a curve may be
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defined as the distance between the two paoifftand w| at
which f=3, i.e., Aw = w| — o, . From Eq.(82), one easily

obtains 2.75 "_/_El(po)
1 N\

2Q

>
Aa)L=?. (86) o 2.25 E{(po)
[0}
It is clear that the greates, the smaller(}, and then the 0 1.75 1 Ez(po)
narrower the curve.
B. Variations of wave functions and observables with time 1.25 1 E2"(po)

The results in Secs. Il and IV show that the probabilities
P, andP,, a@thweasure_ment values fqr an, observable, FIG. 2. The energies of the split levels, calculated in units
for example,AP, AE,, andF, etc., vary with time. The ;4-18 5
variations appear in an oscillator form, and the oscillating
frequency depends on on)y,. Under the resonance condi- C. Physical consequences and initial conditions

tion, the oscillating frequency depends on ofllythe inter- N h luti btained und i
action intensity, sinceB,=(/2 in this case.[Becausefi() low we compare the solutions obtained under two differ-
ent initial conditions. This is important and interesting.

=2DA, therefore, the oscillating frequency in turn depends In th luti he distribui fth f
on the dipole moment of the atom and the intensity of the, " the two solutions, the distributions of the momenta o

electromagnetic wavglf the interaction intensity is weaker, tEe atom in Its wo s':jates are thﬁ sanr]]e: If the momer;tt;}m of
the oscillator is slower. the atom in its ground state &), then the momentum of the

This feature of observables comes from the feature of th&©°M in its excitgd_ state must Ipg+ k. Thi§ result does not
wave functions. From Eqs€48), (49), (72), and (73), one depend on the initial conditions. In fact, it does not depend

sees that under the resonance condition, the wave functioffd! tuning as well. o .
may be reduced to the forms In the two solutions, the distributions of the energies of

the atom in its two states are also the same: Each level is

split into two levels; the level in the excited state is split into

E1(po) andE;(po), and the level in the ground state is split

into E»(pg) andE5(po). The energy differences between the

1 O . . two split levels are the same for the two states of the atom. In

Po(z,1)= i) €055 te'lPozE2(Ptlh = (88)  particular, under the resonance condition, the energies of the
split levels in the excited state are

Pi(z,)= (qu—lﬁ)m sin % tell(Pot iz Ex(pot - (87)

when the ground state is taken as the initial state, and (po+hik)2 1 1
El(pO): 2 +§ﬁw+§ﬁﬂ, (91)
1 Q , m
Pi(z,t)= W COSE tell(Potfik)z— El(po)t]/h, (89
(27h) , (Po+hk)2 1 1
Ef(Po)= 5+ 5 fiw— 5 AL, (92

i Q . "
Po(2,t) = 1 sin = te'[PozE2(PotlVA = (g _ . _
z (2mh)* 2 and the energies of the split levels in the ground state are

when the excited state is taken as the initial state, where pg 1 1
., (p0+ﬁk)2 1 " 2m 2 2
Ei(po)=—— —+5ho 0?1 .
and Ez(po)zﬁ—zﬁw—z Q). (94)
2 1 These energies are all the algebraic sum of the center-of-
1(Po) = 0 T rw mass kinetic energy, internal energy, and interaction energy;
2m 2 the energy difference between the two split levels in each
S state is
They are all the sum of the center-of-mass kinetic energy and
internal energy. Equatior(87)—(90) show that the center-of- AE=%0). (95)

mass kinetic energy and internal energy influence the phases

of the wave functions, but do not influence the absolute valSince() is dependent on the amplitude of the electric field,

ues of the wave functions. The latter are dependent on onlthe split of the levels in fact represents a kind of ac Stark
the interaction intensit§), and thus the probability densities effect.

p1=|y|* and p,=|i/> and the measurement values of ob-  Figure 2 gives a concrete example, in which a moderately
servables are dependent also on only the interaction intensityassive atom of massi=10" 23 G, transition angular fre-

Q. quencyw=10"°sec?, original velocityv,=20 m sec?, and
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dipole momentD=1.6x10 2° C m, and a circularly polar- tions, which show different properties of the action under
ized electromagnetic wave of amplitudd=1.5x10° different initial conditions. These results mirror sufficiently
VvV m~tand angular frequency)L:w=1016 sec ! are con-  the guantum features of the motion of the center of mass.
sidered. When the atom is irradiated by the electromagnetithey come from the quantum-mechanical treatment for the
wave, the system would reach its resonance state, singfotion of the center of mass. If one séts:0 (which means
Po=2x10* N sec, mc=3x10"** Nsec, mc>py; the  the transition to classical casehen the above quantum fea-
resonance condition i@ =w, which is satisfied. In this {,res would vanish.

case, the nerges of the split . levels  ai,(po) The above result—that the force exerted on a two-level
=2.75x10 J, Ei(Pp0)=2.25<10""° J, E,(pg)=1.75 atom by an electromagnetic wave of circle polarization does
X 10 '8 J, andEj(py)=1.25x 1078 J. The energy differ- not equal 0 generally and is dependent on the initial state of
ence between the two split levelsAE=0.50<10""° J for  the atom—is very important and may be generalized to a
each state of the atom. system interacting with any electromagnetic running wave;

However, in the two solutions, the wave functions of thetherefore, it is fundamental for studying more complicated
atom are not the same, and the momentum and energy transsses.

fers between the atom and the electromagnetic wave are dif- |1 is yseful to compare our work with Ref11], which

ferent as well. In particular, under the resonance condition,cluded that if spontaneous emission is not considered,
the average momentum the atom acquires from the electrQpan the force exerted on a two-level atom by a plane elec-
magnetic wave and the average force exerted on the atom by, agnetic wave equals 0. We have not considered sponta-

the electromagnetic wave are neous emission, but our result clearly is not the same as this
— — ) conclusion. In considering this difference, we recall that Ref.
AP=3hk(1-cosQt), F=3hkQ sinQt,  (96) [11] used the wave function derived for the case that the
kinetic energy term in the Hamiltonian was dropped,; in other
words, there the motion of the center of mass of the atom
was not treated quantum mechanically.
— — _ The quantum feature of the motion of the center of mass
AP=—3fik(1—cosQt), F=—3#k sinQt, (97) is observable. One has already found experimentally that
_ _ . L . when an atomic beam is irradiated by an electromagnetic
if the excited state is taken as the initial state. There is Rtanding wave, it would be split and deflecfdd-3]. This is
difference of a sign between the two results, which meang \inq of momentum diffusion phenomenon. When the mo-
that when the initial state of the atom is its ground state, thjon of the center of mass is treated quantum mechanically,
direction of the average momentum the atom acquires frofis nhenomenon can be explained theoretically. In the prob-
the electromagnetic wave is the same as the propagating dism studied in this paper, the average force exerted on the
rection of the electromagnet!c wave; this shows the expelling,m by the electromagnetic wave is very small, and so the
action of the electromagnetic wave on the atom. When the eraqe momentum the atom acquires from the electromag-
initial state of the atom is its excited state, the direction ofotic wave is also very small. However, if we consider a
the average momentum the atom acquires from the electrQy siem(gas, liquid, or soligwhich consists of many atoms,
magnetic wave is opposite to the propagating direction of thgne 4ction of the electromagnetic wave on the system would

electromagnetic wave; this shows the trapping action of th%enerate an observablenacroscopik effect, provided the
electromagnetic wave on the atom. The property of the acgq.jevel atoms in the system are initially prepared in a defi-

tion of the electromagnetic wave on the atom is dependenjie state—their ground states or their excited states.

on the initial state of the atom. In our work, although the electromagnetic wave is treated
The variations oAP andF with time t depend orf). In  ¢jassically, the momentum exchange between the atom and

the above example, the angular frequencies corresponding {Re field occurs in a definite quantitik. This result, which

E1(po), etc., arew;(po)=2.75x10'° sec !, wi(po)=2.25  comes from the quantum-mechanical treatment for the mo-

X 10 sec ', wy(po)=1.75x 10" sec!, andwj(pe)=1.25  tion of the center of mass, is very interesting.

X 10'® sec’?, respectively, while=0.5x10'"° sec’t. Com-

if the ground state is taken as the initial state, and

paring 1 with w,(po), etc., one sees that the variations of VI. CONCLUSION
AP andF with time are slower than that of the wave func- . . .
tions. We have studied the motion of a two-level atom in an

electromagnetic wave of circle polarization, given a general
solution, and discussed in detail its physical significance.
In studying the force exerted on an atom by an electro-
We have treated the motion of the center of mass quantummagnetic wave, the deflection of an atomic beam in an elec-
mechanically. Now we show the physical consequence ofromagnetic standing wave, and other problems, one usually
this treatment. As in the above description, the momenta o$eparates first high-frequency oscillating factor from the
the atom in its two states are not the same, and there iswave function, then omits the high-frequency oscillating
difference offik between them. For this difference, the av- terms in the result. This approximation meth@chich could
erage momentum of the atom varies with time, and the avpossibly lose some useful informatijohas not been used in
erage force exerted on the atom by the electromagnetic waubis paper, because it is not needed. For this reason, one can
does not equal generally 0. The force is proportionatko think that our solution is exact.
and appears in different signs under different initial condi- At the beginning of this paper, we have assumed that the

D. Quantum feature of the motion of the center of mass
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atom has only two levels. From the previous sections onéevels 3 and 1(for simplicity s here is assumeeg:1), then,

may find the condition in which the two-level approximation the atom, which initially is in level 1, could transit to level 2,
may be used for a many_|eve| atom. For examp|e’ we Conbut Cannot transit to level 3 from level 1. In this case, level 3
sider a three-level atom with the internal levels, E,, and may be ignored, and thus the three-level atom may be treated

E;, and assume that there is dipole transition between itglfa;rl;[/\,\{g-fr:/; Ima;ggw_ ieT/gFZteor?]rguments may be generalized

levels 1 and 2, anq 1 and 3, the corresponding transition 5 plane wave may be formed from two circularly polar-
angular  frequencies are wy=(E;—Ey)/i  and  jzed waves, while an arbitrary wave may be expanded in
w3 =(Ez—E)/h, respectively. Ifwy, ws;, and the laser terms of plane waves. Therefore, in studying generally the
angular  frequency o, satisfy wy;—w; =0 and interaction of atom with electromagnetic waves, one may
(wz— w)?>Q5;, where (), is the induced rate between find that our work would be useful.
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