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Energies, intensities, and polarizations of channeling radiation
in the axial-to-planar channeling transition region
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We have investigated numerically the energies, intensities, and polarizations of channeling radiation~CR!
photons emitted by relativistic electrons traversing Si and Ni crystals in the transition region from axial to
planar channeling. Our work is based on the two-dimensional continuum model commonly used to describe
axial channeling in crystals; it is a detailed numerical study of these CR properties embracing this entire region.
More specifically, we calculated these properties of CR from 4-MeV electrons in Si as they underwent the
transition from axial channeling along the^110& direction to planar channeling by the~100! planes, and in Ni
in the transition from axial channeling along this direction to planar channeling by the~001! planes. The
two-dimensional model correctly reproduces the experimentally observed planar CR photon energies in both
cases, and also correctly predicts that the planar CR is plane polarized. In the transition region, our calculations
predict the occurrence of complicated irregular oscillations of the photon energies corresponding to the stron-
gest radiative transitions, and predict even larger oscillations of the intensities of such transitions. This oscil-
latory behavior could possibly be detected experimentally.@S1050-2947~97!06104-0#

PACS number~s!: 61.85.1p, 41.60.2m, 12.20.Ds
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I. INTRODUCTION

Pure axial and pure planar channeling radiation~CR! from
relativistic electrons traversing crystals is now well und
stood experimentally and theoretically@1–3#. Much less is
known about the CR emitted by such electrons in the ang
region where the transition from axial-to-planar channel
is observed to take place. In the present paper, we will st
theoretically in a comprehensive quantitative manner
emergence of the planar CR regime in two typical cas
Comparisons with experiment will be made and predictio
about this transition that are interesting candidates for
perimental investigation will be pointed out.

Very few investigations of CR have been carried out
the axial-to-planar transition region. The subject was fi
studied experimentally by Andersonet al. @3# using 4-MeV
electrons incident on Ni. In addition, they investigated
theoretically on the basis of a two-dimensional continu
model of the crystal potential, both qualitatively by means
perturbation theory and quantitatively by the ‘‘many-beam
formalism @4#. In spite of the fact that they only used 8
beams to calculate the energies of CR photons from 4-M
electrons in Ni undergoing this transition, the results of th
calculations agree well with experiment. No theoretical
sults on the intensity of CR in this region are presented
Ref. @3#. More recently, the behavior of CR in the transitio
region was investigated experimentally by Diedrichet al. @5#
for 72.5-MeV electrons incident on Si@5# and, in particular,
for 6.8-MeV electrons incident on diamond@6#. The com-
plexity of the 72.5-MeV data entails that its quantitative th
551050-2947/97/55~4!/2888~8!/$10.00
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oretical interpretation will be difficult, but the 6.8-MeV dat
should be readily comparable with the predictions of t
present theory.

It is well known that in calculations of electron channe
ing states and of the accompanying CR it is unnecessar
use the complete three-dimensional crystal potential if
electron of interest is incident on a crystal in a directi
sufficiently close to that of a major axis. Indeed, in travers
a crystal such an electron ‘‘sees’’ an effective crystal pot
tial that is averaged along this axis@7#, and that therefore
only exerts a force on the electron in a plane perpendicula
the axis. This is the two-dimensional periodic potential us
in Ref. @3# and in the present work, and the correspond
continuum crystal model is sometimes called the ‘‘har
model @8#. The strings of the harp are obtained by replaci
the atomic strings parallel to the crystal axis in question
continuous, uniformly charged lines that generate the ab
averaged potential. In the context of this model, one c
accurately represent each electronic state populated by
incident plane-wave electron state by a simple approxim
solution of the Dirac equation. The solution has the form
a product of a plane wave, describing free relativistic mot
in a direction parallel to the crystal axis, and a fou
component spinor, describing nonrelativistic motion in t
plane perpendicular to this direction. The spinor is co
pletely specified by a two-dimensional Bloch functio
which is an eigenstate of a suitable nonrelativistic Ham
tonian @9# ~see Sec. II!. These eigenstates and the corr
sponding energy eigenvalues~transverse eigenstates and e
genvalues! are most accurately determined numerically
the many-beam approach. In the present work, we used
2888 © 1997 The American Physical Society
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55 2889ENERGIES, INTENSITIES, AND POLARIZATIONS OF . . .
sults of such numerical calculations, together with formu
derived by standard methods of quantum electrodynamic
compute the energies, intensities, and polarizations of p
tons emitted in spontaneous transitions between electr
states described by these solutions of Dirac’s equation.
definition, CR is the radiation emitted when such transitio
take place between transversely ‘‘bound’’ electronic sta
i.e., solutions of Dirac’s equation that correspond to Blo
eigenfunctions of the above two-dimensional nonrelativis
Hamiltonian belonging to narrow energy bands~see, e.g.,
Refs.@9–12#!.

More specifically, we used the above many-beam
proach to calculate the three mentioned properties of
photons emitted by electrons traversing Si and Ni crystal
directions that encompass the entire transition region fr
axial to planar channeling. In these calculations, the ene
of the incident electrons was taken to be the same as
used in the experiments on CR from Si@2# and Ni @3# in
order to compare our results with experiment at an elec
energy at which the pertinent CR spectra are fairly simp
thus facilitating their theoretical interpretation. In gener
there is good agreement between our results and the ex
mental findings of Ref.@3#. In addition, our computations
predict the presence of rapid irregular oscillations of pho
energy and intensity in the transition region, as well as
larization phenomena that would be interesting to investig
experimentally.

The organization of this paper is as follows. In Sec. II w
describe the theoretical basis of our approach, while in S
III we present and discuss the results of our numerical
culations of the stated properties of CR in the axial-to-pla
transition region and compare them with experiment. O
conclusions are summarized in Sec. IV.

II. THEORY

Let x,y,z be a right-handed Cartesian coordinate syste
with the z axis parallel to a major axis of the crystal o
interest and with thex,z plane parallel to a major crysta
plane. The crystal is supposed to be a slab whose face
parallel to thex,y plane. An electron with momentump
almost parallel to thez direction is assumed to be incident o
the crystal. The direction ofp with respect to the crystal is
determined by the anglesf and c, wheref is the angle
between thez axis and the orthogonal projection ofp on the
x,z plane andc the angle betweenp and this projection~see
Fig. 1!. For symmetry reasons, we need only~and will only!
consider positive values off and c. If both f and c are
small~say, less than 10 mrad!, then the electron will undergo
axial channeling in thez direction, in which case its wave
function will be concentrated near the atomic strings para
to this direction@13#. If f is large butc remains small, then
the component ofp perpendicular toz is too large to permit
axial channeling. In this case, the electron will ‘‘see’’ a
effective crystal potential that is averaged over thex,z plane,
i.e., a one-dimensional periodic potential depending only
y. One then says that the electron is channeled by the ato
planes parallel to thex,z plane. In this situation, it is possibl
for the electron to be transversely ‘‘bound’’ to these atom
planes, in the sense that its wave function is concentrate
their vicinity @14#. For the examples considered here, o
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calculations demonstrate that the transition from axial to p
nar channeling takes place asf varies from small to large
values withc kept fixed@15#.

As mentioned in Sec. I, the transverse electronic eig
states and eigenvalues needed to calculate the CR emitte
relativistic electrons traversing Si and Ni crystals were de
mined numerically for the harp potential by means of t
many-beam method@4#. We elected to use this approach b
cause it allows one to study the entire transition region w
out making questionable approximations or using pertur
tion theory. The basic physical reason why it does is that
harp potential contains in principle all the informatio
needed to determine the properties of the radiation of inte
for values off corresponding to this region.

We will assume that thez axis is parallel to thê110&
direction in the cases of Si and Ni. In the former~latter! case,
thex,z plane is taken to be parallel to the~110! @~100!# plane
and the incident electron momentum is assumed to be alm
parallel to thez axis. The points at which the harp string
~averaged atomic strings! parallel to ^110& intersect thexy
plane form a rectangular Bravais lattice in both crysta
there being 4 sites per unit cell for Si@Fig. 2~a!# and 2 sites
per unit cell for Ni@Fig. 2~b!#. If we denote the side length o
the unit cell along thex axis bya and that along they axis
by b, thena55.431 and 3.524 Å for Si and Ni, respectivel
andb521/2a in both cases. Note that for the small values
f andc of interest in this paper,px>fp, py>cp.

The electronic wave functionC~r ! of a channeled elec
tron is taken to be a four-component spinor that is a solut
of the Dirac equation appropriate to the pertinent harp-mo
potential. Since the potential used in our calculations is v
small in absolute value in comparison with the energy of
incident electron,C~r ! is well approximated by the follow-
ing expression@9,16,17#:

C~r !5L21/2SEi1m

2Ei
D 1/2S ux

s•pu

Ei1m
xD exp~ ipzz! ~1!

FIG. 1. Channeling geometry.
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2890 55R. W. DOUGHERTY, J. B. LANGWORTHY, AND A. W. SA´ ENZ
inside the crystal, which we assume to be a slab of thickn
L with sides perpendicular to thez axis. Herer5(x,y,z);
Ei5(p z

21m2)1/2, with pz thez component of the momentum
vector of the incident electron andm its rest mass;
s5(sx ,sy ,sz) is a vector whose components are the Pa
spin matrices;p̃5~2i¹' ,pz!, the subscript' denoting a
component of the gradient orthogonal to thez axis; andx is
~0
1! or ~1

0! depending on whether the spin is parallel or an
parallel to this axis. Moreover,u5u(x,y) is the transverse
electronic wave function, which is a two-dimensional Blo
function satisfying the nonrelativistic Schro¨dinger equation

21

2mg S ]2

]x2
1

]2

]y2Du~x,y!1V̄~x,y!u~x,y!5E'u~x,y! ~2!

for a particle with transverse energyE' and relativistic mass
mg instead of the usual electronic rest massm. In Eq. ~2!,
V̄(x,y) is the two-dimensional harp-model potential, o
tained by averaging over thez axis the thermally average
three-dimensional electron-crystal potentialV(x,y,z). We
assume thatV(x,y,z) consists of a sum of thermally ave
aged two-body potentials describing the interaction of
electron with the individual atoms of the crystal of intere
More precisely, each two-body potential is a convolution
a Doyle-Turner potential@18# with a Gaussian whose Fourie
transform is a suitable Deybe-Waller factor@2,3#. The pur-
pose of this thermal averaging is to take account of the th
mal motions of the atoms in a phenomenological manner.
solve Eq.~2!, we expandV̄(x,y) in a Fourier series:

FIG. 2. The dots in parts~a! and ~b! depict the intersection o
the harp strings with thex,y plane for Si and Ni, respectively. Fo
both crystals,zi^110&.
ss

li

-

e
.
f

r-
o

V̄~r'!5 (
GPL

VGexp~ iG•r'!, ~3!

wherer'5(x,y,0) and the setL over which the sum range
consists of all vectorsG5(Gx ,Gy,0) in thex,y plane such
that

Gx5
2pm1

a
, Gy5

2pm2

b
, ~4!

m1 ,m2 being integers. We index the Bloch functionsu in
Eq. ~2! by p'5(px ,py,0), the quasi-momentum in the per
odic zone scheme@19#, and expand them in a Fourier serie

up'
~r'!5 (

GPL
Cp'

~G!exp@ i ~p'1G!•r'#. ~5!

Inserting Eqs.~3! and ~5! into Eq. ~2! and equating the co
efficients of the relevant exponential factors, the latter eq
tion can be expressed as an infinite-dimensio
eigenfunction-eigenvalue problem:

Mp'
Cp'

5E'~p'!Cp'
~GPL!, ~6!

whereMp'
is the infinite matrix

Mp'
5 I 1

2mg Up'1GU2dG,G81VG2G8I ~G,G8PL!

~7a!

andCp'
a column eigenvector:

Cp'
5@Cp'

~G!# ~GPL!. ~7b!

As is well known,Mp'
has a denumerably infinite number o

eigenvalues for eachp' that are generally nondegenerat
We denote them byE'

(n)~p'! ~n51,2,...! and the correspond
ing eigenvectors byCp'

(n)5@Cp'

(n)(G)# @20#. The diagonaliza-

tion of Mp'
can be effected to a high degree of accuracy

using readily available linear algebra computer packag
after a suitable truncation@21#. The Fourier coefficients
Cp'

(n)(G) are normalized in the usual way:

(
GPL

uCp'

~n!~G!u251. ~8!

We also note that the existence of a planar channe
regime forf sufficiently large~but withf,c!1! entails that
the transverse eigenvaluesE'

(n)~p'! are approximately of the
form

1

2mg
p'
21e~n!~py!>

1

2mg
p2f21e~n!~pc! ~9!

at each suchf and c, wherep5upu. Here e(n)(py) is the
eigenvalue of the one-dimensional Hamiltonian@9#

Ĥ5
21

2mg

]2

]y2
1V̂~y!, ~10!



o

-

er

-

a-

th
gy

rs

;
e

,
s in

the

per
ial

dly
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indexed by the quasimomentumpy in the relevant one-
dimensional extended-zone scheme. This Hamiltonian g
erns the motion in they direction of a relativistic electron
with p almost parallel to thez axis, which has been chan
neled by the atomic planes parallel to thex,z plane. In Eq.
~10!, V̂(y) is a one-dimensional potential obtained by av
agingV̄(x,y) over thex axis. Thee(n)(py)’s with the largest
populations are those corresponding to ‘‘bound’’ states ofĤ,
i.e., those in narrow energy bands ofĤ ~and hence depend
ing only weakly onpy!.

Let a photon of momentumk, polarized in the direction of
the unit vectorel ~l51,2!, be emitted in a spontaneous r
diative transition from an initial electronic stateCi~r ! to a
final stateCf~r !. Both of these states are assumed to have
form ~1!, but of course with the transverse ener
Ei5(p z

21m2)1/2 for Ci~r ! replaced byE85(pz8
21m2)1/2 for

Cf~r !, and withu replaced byup'

(n)(r'), up'

(n8)(r'), (nÞn8),

corresponding to the respective initial and final transve

energiesE'
(n)~p'!, E'

(n8)(p'8 ). The initial ~final! total electron
energyE5Ei1E'

(n)~p'! @E85Ei81E'
(n)(p'8 )# and electron

momentum~p' ,pz! @p'8 ,pz8# satisfy the energy-momentum
conservation laws

E5E81k, ~11a!
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e

e

p'5p'8 1k'1K , pz5p81kz . ~11b!

Herek' ,kz denote the components ofk respectively perpen-
dicular and parallel to thez axis;k5uku is the photon energy
andK , a vector inL, is the momentum transferred to th
lattice. For the cases of interest in this paper,k!upzu. For
these cases Eqs.~11!, together with the pertinent definitions
and the periodicity property of the transverse eigenvalue
the present periodic zone scheme@20# entail that the photon
energy emitted in the transition is accurately given by
well-known expression

k5ki→ f~u!5
E'

~n!~p'!2E'
~n8!~p'2k'!

12bz cosu
~12!

in the laboratory frame, whereu is the angle betweenk and
the z axis, andbz5pz/(p z

21m2)1/2 @22#. Assuming that the
incident electron beam is unpolarized, the cross section
unit volume for the production of such a photon, different
with respect tok and the solid angleV specifying the direc-
tion of photon emission, can be calculated straightforwar
by the approach of Ref.@16# and is given by
1

v

d2s i→ f
l

dk dV
5

1

2pbz
S eED 2 ki→ f~u!

12bzcosu
uCp'

~n!~0!u2d„k2ki→ f~u!…U (
GPL

Cp'

~n!~G!Cp'2k'

~n8! ~G!* @~p'1G!•«l
'1pz«l

z #U2, ~13!
we

e
hat
K,

d
us
for
i-

za-
i

truct
ices
of

able
es-
ents
nd

ll be
in whose derivation we have also used a familiar property
the Fourier coefficients@20,23#. HereV is the volume of the
crystal slab,e the electronic charge, and«l

' the component
of el in the x,y plane. We assume that the vectorsk, «1, «2
form a right-handed triad and that«1 lies in thex,z plane,
which is parallel to the atomic planes along which the el
tron is channeled for large enoughf. It follows that for the
small values off andc considered in this paper«2 is almost
orthogonal to the these planes. Note thatuCp'

(n)(0)u2 in Eq.

~13! is the population of the initial transverse Bloch state a
that the cross section~13! depends implicitly onK through
the indicesn,n8 of the initial and final Bloch states.

III. RESULTS AND DISCUSSION

The transition region was scanned by performing calcu
tions of photon energy, intensity, and polarization atf val-
ues ranging from 10 to 125 mrad. The anglec was kept
constant throughout the calculations. Since we were pri
rily interested in studying the transition to planar channel
asf increased, we excluded from our computations the
gular region in which essentially pure axial channeling o
curs.

Denote byJl the coefficient of the delta function in Eq
~13!. ThenJlL is the number of photons of polarization«l

emitted per steradian per incident electron from the crysta
a given directionk̂, where we recall thatL denotes the thick-
f

-

d

-

a-
g
-
-

in

ness of the crystal slab. For each transition considered,
calculated the photon energyk1→ f(0), intensityJ11J2 , and
polarization (J12J2)/(J11J2) for the case wherek was
parallel to thez direction~u50! @23#. It was assumed that th
temperature of the Si and Ni crystals was 300 K and t
their respective Debye temperatures were 543 and 425
respectively. We fixedc51 mrad in the case of Si an
c50.1° in that of Ni. These angles were selected to enable
to compare our results to those found experimentally
these crystals@1–3#. The Si calculations concern the trans
tion from axial channeling in thê110& direction to planar
channeling by the~110! planes; those for Ni refer to the
transition from^110& axial channeling to~001! planar chan-
neling.

The results of our photon energy, intensity, and polari
tion calculations foru50 in the respective cases of Si and N
are depicted in Figs. 3 and 4. The numbers used to cons
these graphs were obtained by inverting truncated matr
Mp'

with 625 rows and columns; i.e., this was the number
Fourier coefficients~beams! in Eq. ~5! included in our cal-
culations. Because of the almost endless results obtain
from the diagonalization of such large matrices, it is nec
sary to impose reasonable restrictions on what one pres
graphically. We elected to depict the energy, intensity, a
polarization of themost intense transitionversusf, after
subjecting them to a Gaussian averaging process that wi
described shortly.
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2892 55R. W. DOUGHERTY, J. B. LANGWORTHY, AND A. W. SA´ ENZ
It proved convenient to distinguish two angular region
~a! 10<f<50 mrad and~b! 50,f<125 mrad. Because o
the rapid variation of the photon intensities withf in region
~a!, our calculations in this region were performed in ste
Df50.5 mrad, while in region~b! in which these intensities
varied much more slowly,Df52 mrad sufficed. The domi
nating factor controlling the intensities are the populations
the initial levels. At eachf considered, we chose the 5–
most populated levels as initial levels for radiative tran
tions. For each of these, the top 8–10 transitions were c
sen, rejecting photon energies above 10 keV. Finally, fr
these transitions the 7–9 most intense ones were selecte
larger number being used whenf,30 mrad, where the rel
evant quantities varied most rapidly withf. Inspection of the
numerical results revealed local details unsuitable for gra
ing. For example, on varyingf by 0.5 mrad, we sometime
observed an emission ‘‘line,’’ which split into two clos
lines, with approximate conservation of the total intens
Thus, an averaging of the energies and intensities of li
assuming a Gaussian line shape of relative standard de
tion ~standard deviation divided by line energy! of 0.085 was
made. This width agrees with the linewidth due to finite cry

FIG. 3. Calculated properties of CR photons vsf for Si in the
axial-to-planar transition region~c51 mrad!: ~a! laboratory-frame
photon energy~keV!, ~b! intensity ~cm21 sr21!, ~c! polarization.
The graphs in~a!–~c! depict the results obtained by averaging t
pertinent numerical data for Si, as described in the text.
:

s

f

-
o-

the

h-

.
s
ia-

-

tal thickness and instrumental resolution used to fit exp
mental data of Ref.@3# with Ni @24#. Our graphical results
are insensitive to 50% reductions of this width.

We now describe the averaging in region~a! in greater
detail, the corresponding averaging in region~b! being the
same except for the larger values ofDf involved. In this
process, we began atf550 mrad and proceeded towar
f510 mrad inDf50.5 mrad steps, thus starting from

FIG. 4. Calculated properties of CR photons vsf for Ni in the
axial-to-planar transition region~c50.1°!: ~a! laboratory-frame
photon energy~keV!, ~b! intensity ~cm21 sr21!, ~c! and ~d! polar-
ization. The full ~dotted! lines in ~a!–~d! pertain to the'4.1-keV
~'1,6-keV! transitions. The graphs in these figures depict the
sults obtained by averaging the pertinent numerical data for Ni
described in the text.
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55 2893ENERGIES, INTENSITIES, AND POLARIZATIONS OF . . .
region of slow intensity variation and ending up in one
rapid variation. Atf550 mrad, the mean-energy parame
k̄0 of the Gaussian was chosen to be the energy of the m
intense line at this angle and a weighted averageĪ 1 of the
intensities of the three most intense lines at that angle
computed. The weight of each line was taken to be prop
tional to the value of the Gaussian at the corresponding p
ton energy. The mean photon energyk̄1 of these three lines
was calculated similarly, which differed fromk̄0 by only a
few percent. At the next angular valuef549.5 mrad consid-
ered, the mean-energy parameter of the Gaussian was t
to be k̄1. All lines with energiesk such that uk2 k̄1u<2
Gaussian half-widths were chosen and the two averag
processes just mentioned were repeated, yielding a m
photon energyk̄2 and mean intensityĪ 2 at this angle. This
process was repeated atf549 mb, 48.5 mb, etc. At a few
low values off in which the energies of the most inten
transitions varied extremely rapidly, no levels were fou
having energies within the corresponding intervals surrou
ing the pertinent mean energies, and this led to the ze
shown in the graphs in Figs. 3 and 4. This can be attribu
to an overly restricted choice of levels at these lowf values
and to the fact that the value ofDf used was too large to
capture this rapid variation. Subsequent remarks about
photon energies and intensities should be understood to
to the respective averaged quantities. On the other hand
polarization values shown in Figs. 3 and 4 are those of
strongest discrete contributions.

Figure 3~a! shows our results for the energies of emitt
photons for Si versusf. These energies exhibit a very fa
increase withf in the region 10<f<15 mrad, except for a
‘‘dip’’ near the end of this interval. They remain constant
within ,10% for 15,f<40 mrad, and are almost flat in th
interval 40,f<125 mrad, approaching a value>1.56 keV.
This value is in good agreement with the measured energ
the photon emitted when an electron channeled by the~110!
planes in Si undergoes a 1→0 transition @14#. Figure 4~a!
shows analogous numerical results for Ni. It depicts t
photon energies at each of thef values considered. Both o
these energies increase very rapidly withf in the region
10<f<15 mrad, except for a ‘‘dip’’ near 15 mrad. Th
larger of these energies oscillates by about 15% in the in
val 15<f<40 mrad and by roughly 3% above 40 mrad, a
approaches an ‘‘asymptotic’’ value>3.96 keV. The lower-
energy branch undergoes even more pronounced oscilla
for 10<f<30 mrad, becoming essentially constant in t
angular regionf.50 mrad, where it approaches a val
>1.55 keV. Photons of approximately the latter two en
gies, emitted by 4-MeV electrons channeled by the~100!
planes of Ni, have been observed@25#. The higher-energy
CR line corresponds to the 1→0 radiative transition.

The calculated intensities of the emitted photons for
respective cases of Si and Ni are graphed as functions off in
Figs. 3~b! and 4~b!. We see from Fig. 3~b! that for
10<f<52 mrad the photon intensity is strongly oscillatin
the amplitude of the oscillations being generally much lar
than those of the photon energies in Fig. 3~a!. It is interesting
that the positions of the minima of the intensities coinc
with the corresponding ones of the photon energies in F
3~a!. In the interval 52,f<125 mrad, the intensity is almos
constant. This fact and the essential constancy of the ph
f
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energies in this interval indicate that the transition to pla
channeling has been basically completed. The calculated
tensities for Ni depicted in Fig. 4~b! show a behavior that is
qualitatively similar to that in Fig. 3~b!. The upper and lower
parts of Fig. 4~b! correspond to the 3.96- and 1.55-keV C
lines in Fig. 4~a!. The experimental data on CR emitted b
6.8-MeV electrons undergoing the axial-to-planar transit
in diamond are in qualitative agreement with the oscillato
behavior of the photon intensities in the transition regi
predicted by the present calculations@26#. It should also be
noted that our predicted ratio of the intensity of the 3.96-k
line to that of the 1.55-keV line is approximately 4:1. Defin
tive experimental results with which to compare this pred
tion do not seem to exist at present@27#.

The question naturally arises as to the origin of the pho
energy and intensity oscillations depicted in Figs. 3 and
An examination of our~unaveraged! numerical data shows
that the populations of the transverse states change very
idly with f in the transition regions considered. Typically,
f increases in such regions, the population of one of th
states increases considerably asf varies by as little as a
milliradian, until it becomes the most populated state, a
then decreases equally rapidly, to be succeeded in the l
ing place by some other level whose population waxes
then wanes just as abruptly, this process being repeated a
and again in a highly irregular manner. This behavior p
duces crossings of the intensities of the transitions origin
ing in states with the largest populations, and leads to
intensity oscillations depicted in Figs. 3 and 4. At sufficien
large values off, a distinguished pair of levels emerges wi
energies and populations that are almost independent of
angle. The intensity of the radiative transition between
latter two levels is much larger than that of the other tran
tions and is essentiallyf independent as well, thus signalin
the passage to the planar channeling regime. A theore
explanation of these phenomena is not known to the auth
They appear to be manifestations of quantum ‘‘chaos’’ of
transverse electron motion and offer an interesting challe
to future experimental and theoretical research~see Ref.@6#!.

The polarizations of the emitted photons are displayed
Fig. 3~c! for Si and in Figs. 4~c! and 4~d! for Ni. The latter
two figures correspond to the'4.0- and'1.6-keV lines in
Ni, respectively. From these figures, one immediately s
that for both crystals these photons are planarly polarize
a high degree in almost the entire angular region inve
gated. In particular, for Si the polarization is at least 97%
15,f<40 mrad and essentially 100% above 40 mrad. F
the'4.0-keV line of Ni it rapidly increases to 100% in th
interval 10<f<20 mrad remaining at this value thereafte
A similar remark can be made about the'1.6-keV line.
These results agree with a long-known theoretical predic
@10# recently confirmed experimentally@28# that CR emitted
in the forward direction by planarly channeled electrons
100% polarized. What is surprising about our polarizati
results is that they predict that almost complete polarizat
is attained at such low angles, before the transition to
planar channeling regima has been completed.

Since the 81-beam calculations of CR photon energies@3#
in the transition region are in relatively good agreement w
experiment, the question arises as to how the intensities
energies computed by using such low-order truncations c
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pare with the more accurate results graphed in Figs. 3 an
To investigate this matter, we performed 81-beam calcu
tions of these observables for 4-MeV electrons undergo
the axial-to-planar transition in a Ni crystal. Whenf.15
mrad, these calculations led to energy values of the m
intense transitions, which differed by a few percent fro
those obtained in the 625-beam calculations, but the co
sponding intensities did not exhibit an oscillatory behav
and forf.50 mrad they approached a plateau value'30%
lower than that attained in the 625-beam calculations. I
not surprising that these 81-beam computations failed to
produce the rapid oscillatory behavior shown in Fig. 4~b!,
considering the relatively small number of beams~Fourier
coefficients! that were used. Qualitatively similar resul
were obtained from 81-beam calculations for 4-MeV ele
trons in Si.

IV. SUMMARY

In Sec. III, we have presented numerical results on
energies, intensities, and polarizations of CR photons em
by 4-MeV electrons incident on Si and Ni crystals in
angular range corresponding to the transition from ax
channeling along thê110& direction to planar channeling b
the ~110! planes in the first case and from axial channel
along this direction to planar channeling by the~001! planes
in the second. These results, obtained by using the h
model and the many-beam formalism, predict a complex
cillatory behavior of these three properties of CR atf values
in the transition region, as well as the emergence of the
e
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nar CR regime at sufficiently large anglesf. Except for the
numerical study of CR intensities in Ref.@3#, previous treat-
ments@29# have computed the properties of planar CR on
basis of one-dimensional continuum models, thus implic
assumingthe occurrence of this transition. We have fou
that thef dependence of the photon intensity of the strong
line of the CR spectrum provides a more sensitive way
study the completion of the transition to the planar chann
ing regime than do the photon energy or polarization valu
In this regime, our results agree with the available conv
tional one-dimensional calculations@2# and experimental ob-
servations@2,3#. We predict that the radiation is almost 100
planarly polarized, not only at anglesf at which the transi-
tion to planar channeling is complete, in accordance w
experiment@28# and calculations based on a simple on
dimensional model@10#, but also at significantly smallerf
values at which planar channeling has not yet been c
pletely achieved. These agreements with observation g
one confidence that the harp model yields quantitatively
liable predictions of properties of the radiation from relati
istic electrons in the axial-to-planar transition region.
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