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Interaction of ion clusters with fusion plasmas: Scaling laws

N. R. Arista and E. M. Bringa
División Colisiones Ato´micas, Centro Ato´mico Bariloche, Instituto Balseiro, 8400 Bariloche, Argentina

~Received 3 June 1996; revised manuscript received 5 November 1996!

The interaction between large ion clusters or very intense ion beams with fusion plasma is studied using the
dielectric function formalism with appropriate quantum corrections. The contributions from individual and
collective modes to the energy loss are calculated. The general properties of the interference effects are
characterized in terms of the relevant parameters, and simple scaling laws are obtained. In particular, the
conditions for a maximum enhancement in the energy deposition are derived. The study provides a unified
view and a general formulation of collective effects in the energy loss for low and high velocities of the beam
particles.@S1050-2947~97!02104-5#

PACS number~s!: 34.50.Bw, 52.40.Mj
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I. INTRODUCTION

The interaction of energetic ion beams with dense a
dilute plasmas is one of the fundamental processes in pla
physics and fusion studies. The research in this area inclu
relevant applications to magnetically confined~MCF! and
inertially confined~ICF! fusion.

In particular, the use of intense atomic beams provide
very effective method to reach the high temperatures
quired to approach break-even conditions in tokamak s
tems@1,2#. Recently, interest has focused also on the ap
cation of pulsed beams of ions or atomic clusters in I
studies@3–6#, after the main advantages of this method we
demon

strated, in particular with regards to an efficient bea
target coupling, with the possibility of adjusting the ener
deposition profiles to obtain high energy concentrations
fast repetition rates@3–6#.

On the other hand, the existence of interference effect
the interaction of swift clusters of ions with matter has be
known for some time, for the case of both solid@7–10# and
plasma targets@11–13#. According to recent estimates@14–
16#, consideration of collective effects arising from the
multaneous interaction of various ions with the plasma e
trons may be relevant to account for the energy loss of v
intense ion beams or clusters with plasmas. In a previ
paper@17# we have studied the way in which collective in
teractions can modify the energy deposition in the mediu
including several cases dealing with dense and dilute p
mas. We have found that under appropriate conditions
coherent interaction of large clusters with the plasma
produce a significant enhancement of the energy loss.

The purpose of this paper is to provide a more gene
approach to this problem, using a theoretical framework t
applies to nearly all the cases of experimental interest.
developments are based on the classical dielectric func
formalism with appropriate quantum corrections. Useful a
proximations will be made in order to integrate the interf
ence effects for large clusters of particles. The results will
described in terms of a few scaling functions which depe
on the main parameters of the beam and the system.

The formulation is described in Sec. II and Sec. III co
tains calculations for several illustrative cases. The gen
551050-2947/97/55~4!/2873~9!/$10.00
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properties and scaling relations are studied in Sec. IV,
the main conclusions are summarized in Sec. V.

II. FORMULATION

A. Main parameters

The main parameters in the problem of particle-plas
interaction are the particle chargeZ, its velocity v, the
plasma densitynp , and temperatureT. In addition, for cor-
related ions one should include the internuclear distan
r i j in order to describe interference effects.

Other quantities of interest are the plasma freque
vp , thermal electron velocityvT , and Debye lengthlD ,
given by ~atomic units will be used throughout this paper!

vp5A4pnp, vT5AkBT, lD5vT /vp5AkBT/4pnp.
~1!

The value oflD is representative of the interaction b
tween slow ions~i.e.,v,vT). The screening in this case ma
be represented by a Yukawa potential with a screening
tancelD , and so the interaction between slow ions will b
significant only for distancesr,lD .

On the other hand, in the case of swift ions (v.vT) the
induced perturbation spreads over a more extended rang
the order of the dynamical screening length,

l~v !5
v

vp
5

lW

2p
, ~2!

related to the so-calledwakelengthlW52pv/vp , which is
the characteristic wavelength of the oscillatory perturbat
produced behind the particle trajectory@18#; this process is
due to collective phenomena induced in the medium~i.e.,
plasma waves or plasmon excitations!, and in this case the
dominant mechanism of energy exchange is given by lo
range interactions~with r;lW) between separated ions.

The characteristics of the interactions between pairs
correlated ions in plasmas have been discussed in detail
previous paper@19#.
2873 © 1997 The American Physical Society
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B. Energy loss of ion clusters

According to the dielectric formulation, the mean ener
loss for a cluster ofN ions with chargesZi and positionsrW i
can be separated as follows@9#:

Scl5 K 2
dE

dx L 5(
i51

N

Zi
2S0~v !1(

iÞ j
ZiZj I ~rW i j ,vW !, ~3!

whereS0(v) is the usual stopping power of single ions, a
I (rW i j ,vW ) denote the interference term for a pair of correla
ions, with internuclear distancerW i j5rW i2rW j . The values of
S0(v) and I (rW i j ,vW ) are given, in terms of the longitudina
dielectric functione(k,v) ~nonrelativistic velocities are con
sidered! by @9#

S0~v !5
1

2p2vE d3kS kW•vW
k2

D ImF 21

e~k,v!
G , ~4!

I ~rW,vW !5
1

2p2vE d3kS kW•vW
k2

D ImF 21

e~k,v!
Gcos~kW•rW !, ~5!

with v5kW•vW .
It should be noted that the present description does

include the energy losses that may arise from the excita
or ionization of bound electrons in the moving ions, and
assume that the ions have reached a state of charge eq
rium with the medium@1,4,14#. We shall assume also that a
the ions move with the same velocityvW .

The obvious limits of Eq.~5! are the following:~i! for
rW i j50:I (rW i j ,vW )5S0, and Scl5(S i51

N Zi)
2S0, and ~ii ! for

rW i j→`:I (rW i j ,vW )→0, and Scl5(S i51
N Zi

2)S0. The first case
corresponds to the limit of united ions, and the second t
collection of uncorrelated ions.

In the case of homonuclear clusters,Zi5Zj5Z, to be
considered here, we can simplify the previous expression
follows:

Scl5NZ2@S0~v !1I cl~vW !#, ~6!

where I cl(vW ) is the averaged interference function for t
whole cluster, defined by

I cl~vW !5
1

N(
iÞ j

I ~rW i j ,vW !. ~7!

C. Cluster model

The case of atomic and molecular clusters interacting w
dense media has been considered in detail by Abrilet al. @20#
taking into account the internal correlations among the p
ticles in the cluster. It was shown that a satisfactory rep
sentation of spherical clusters may be obtained with a ra
simple model, where the internal correlations are rep
sented, in an average way, by introducing a correlation~or
exclusion! volume of radiusr 0 around each ion in the clus
ter. In addition, the effect of the finite size of a cluster
radius r cl may be incorporated in a statistical functio
p(r ), which takes into account, also in average, the decre
d

ot
n
e
lib-

a

as

h

r-
-
er
-

s-

ing effective number of neighbors at larger distancesr within
the cluster@20# @in particular,p(r )50 whenr>2r cl#.

According to this model, thepair correlation function
gcl(r ) for a cluster ofN ions with radiusr cl may be written
in terms of the correlation function for an infinite syste
g0(r ) as follows:

gcl~r !5CNg0~r !pS r

2r cl
D , ~8!

where

p~x!5H 12 3
2x1 1

2x
3, x,1

0, x>1
~9!

andx5r /2r cl .
Following Ref. @20#, the functiong0(r ) will be taken as

constant for distances larger than the correlation-hole ra
r 0, namely,

g0~r !5H 0, r,r 0

1, r.r 0 .
~10!

The value of the constantCN is obtained from the nor-
malization condition:

nclE d3r gcl~r !5N21, ~11!

wherencl is the density of particles in the cluster.
From Eqs.~8!–~11! one finds

CN~x0!5SN21

N D S 1

128x0
319x0

422x0
6D ,

with x05S r 0
2r cl

D . ~12!

In addition, the values ofr 0 and r cl are related to the
densityncl by

4p

3
r 0
3ncl51,

4p

3
r cl
3ncl5N, ~13!

and therefore (r cl /r 0)
35N.

In particular, forN@1, we getCN→1, as should be ex-
pected.

D. Cluster integration

We can now express the value ofI cl by transforming the
sum in Eq.~7! into an integral, taking into account the co
relation effects described bygcl(r ), as follows:

I cl5nclE d3r gcl~r !I ~r ,v !, ~14!

where the interference termI (r ,v) may be written, after per-
forming the angular average in Eq.~5!, in the form@9#
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I ~r ,v !5
2

pv2E dk

k E0
kv

v dv ImF 21

e~k,v!Gsin~kr !kr
,

~15!

and a similar expression is obtained forS0(v), with
sin(kr)/(kr) replaced by 1. The stopping power for the who
cluster is given by Eq.~6!.

From Eqs.~14! and ~15! we can also write

I cl5
2

pv2E dk

k
Fcl~k!E

0

kv
v dv ImF 21

e~k,v!G , ~16!

whereFcl(k) is given by

Fcl~k!5nclE d3r gcl~r !
sin~kr !

kr
. ~17!

Using now the model of Eqs.~8!–~12! for the pair corre-
lation function, we get

I cl54pncl~2r cl!
3CNE

r0

2r cl dr

2r cl
P~r /2r cl!I ~r ,v !, ~18!

where

P~x!5x2p~x!, ~19!

in terms of the functionp(x) of Eq. ~9!, with x5r /2r cl .
We show in Fig. 1 the function of interest for the integr

tion of I cl in Eq. ~18!, namely,P(x)I (r ,v), for two typical
cases of low@Fig. 1~a!# and high@Fig. 1~b!# velocities. We
show the behavior of this function in case~a! for r cl52lD
and r cl510lD , and in case ~b! for r cl52v/vP and
r cl510v/vP . We notice an oscillatory behavior in the ca
of high velocities which is due to the functionI (r ,v). As
mentioned before, an important difference between the l
and the high-velocity cases arises from the different forms
the interaction between pairs of ions, produced, respectiv
by the adiabatic and the dynamic response of the pla
electrons.

The integrations of the stopping and interference ter
S0(v) andI (r ,v), were performed as discussed in detail e
lier @19#, for the case of single and pairs of ions. The diele
tric function for a classical~nondegenerate! plasma was pa-
rametrized as follows:

e~k,v!511S 1

klD
D 2C~z!, ~20!

whereC(z)[X(z)1 iY(z) is the plasma dispersion functio
@21# andz5v/kvT .

The integrals overk in Eqs.~4! and ~5! are restricted by
an upper limit kmax, given by the minimum between th
quantum and the classical cutoff values~in a.u.!:

kmax
q 52~v1vT!, kmax

cl 5~v21vT
2!/Z. ~21!

For light ions,Z;1, one usually finds thatkmax
q ,kmax

cl ; in
this case the integration is independent of the ion charge
one can identify the value ofS0 with the proton stopping
powerSp . For highly charged ions, the classical Bloch co
-
f
ly,
a

s,
-
-

nd

rection introduced bykmax
cl produces a decrease of the sto

ping integral, so thatS0,Sp ~cf. @19,22#!.
The separation of individual and collective excitations

the energy loss integrals has been discussed in Ref.@19#,
based on a detailed study of the plasma resonance freq
cies in the complex plane. It is found that a simple way
separate both contributions is to consider the integration
the ranges 0,k,kD ~collective modes! and kD,k,kmax
~individual modes!, wherekD51/lD .

III. CALCULATIONS

In order to demonstrate the main features of the vicina
and collective effects in the energy loss we studied the
pendence of the interference term on velocityv, cluster ra-
diusr cl , and correlation distance~or exclusion radius! r 0, for
various plasma parameters in the range of interest for b
ICF and MCF plasmas. Due to space limitations we w
include here a few illustrative examples.

In Fig. 2, we show the velocity dependence ofI cl for a
wide range of velocities. The results in this case depend v
much on the exclusion radius~for r 0 in the range 200–500
a.u.! but not on cluster radius~for r cl5103,105, and 106 a.u.!.
This is due to the value of the main integration parame
rvP /v, which becomes very large forr;r cl .

A different situation is shown in Fig. 3. In this case th

FIG. 1. FunctionP(r /2r cl)I (r ,v) in the integral of Eq.~18!,
which determines the interference term for the whole cluster. In~a!
we show two examples~with r cl52lD andr cl510lD) correspond-
ing to the low-velocity range, and in~b! we show two cases
(r cl52v/vP and r cl510v/vP) in the high-velocity range.
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2876 55N. R. ARISTA AND E. M. BRINGA
interference term increases strongly with velocity, reachin
maximum atv;30 a.u. Moreover, at large velocities~when
r 0vP /v!1) the results become independent of the value
r 0.

A simple analysis helps to understand the difference
tween both behaviors. Thus, for example, for an intermed
velocity v;30 a.u.~in the interval studied here! we find that
the interaction range is of the order ofl[v/vP;130 a.u.
for the case of Fig. 2~i.e., similar to ther 0 values!, whereas
in the case of Fig. 3 we getl;23104 a.u. ~similar to the
r cl value!.

Therefore the oscillatory behavior in Fig. 2 is due to i
terferences arising from the interaction between close
ticles, with r;r 0;l; this is the so-calledvicinage effect.
Instead, the maximum in Fig. 3 arises from a coherent in
action among many particles in the cluster, a process
becomes dominant when the dynamical interaction lengtl
is comparable to the cluster radiusr cl ; this is then thecol-
lective effect, to be discussed in detail here.

Another question of interest is to show the relative co
tribution to the interference termI cl of both the collective
(0,k,kD) and individual (kD,k,kmax) modes contained
in the plasma response function@21#.

To illustrate this point we show in Fig. 4 results obtain

FIG. 2. Calculations of the interference termI cl in Eq. ~18!
versus cluster velocityv for a dense plasma and for various clus
parametersr 0 and r cl ~in a.u.!, as indicated in the inset.

FIG. 3. Same as in Fig. 2, forr cl533104 and various values o
r 0 ~in a.u.!.
a
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te
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using the correlation radiusr 0 as a free parameter~actually
r 0 would be linked to the density of particles in the clust
ncl), for the cases~a! r 0510 a.u.,~b! r 05150 a.u., and~c!
r 051000 a.u.

We find that for small values ofr 0 @case~a!# the excita-
tions of collective and individual modes are nearly equa
important, but with increasing values ofr 0 @cases~b! and~c!#
the collective modes completely dominate the interferenc
The first case (r 0510) may be important for compact clus
ters incident on dense~ICF! plasmas, whereas the other cas
(r 0; 100–1000! may apply to ionized clusters explodin
while penetrating dilute~MCF! plasmas. We also notice tha
the oscillations in the velocity dependence ofI cl become
very important whenr 0 matches the characteristic plasmo
wavelength parameterlW .

IV. GENERAL PROPERTIES AND SCALING FUNCTIONS

Many of the results derived from this description can
analyzed in terms of the parameters introduced befo
Therefore it seems worthwhile trying to express the m
quantities in terms of a few scaling functions. This is t
question that we will consider now.

Using the expression for the cluster stopping power, E
~6! and ~14!, we can write

Scl5NZ2FS0~v !1nclE d3r gcl~r !I ~r ,v !G , ~22!

FIG. 4. Contributions to the interference termI cl due to excita-
tions of collective and individual modes in the plasma, for thr
values of the correlation radiusr 0. The figure illustrates how col-
lective modes become dominant for larger values ofr 0 and for large
velocities.
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55 2877INTERACTION OF ION CLUSTERS WITH FUSION . . .
and using Eq.~15! for I (r ,v) we can transform this as fol
lows:

Scl5NZ2
2

pv2E0
`dk

k
@11Fcl~k!#E

0

kv
v dv Im F 21

e~k,v!G ,
~23!

whereFcl(k) is given by Eq.~17!.
Moreover, using Eqs.~8!–~12! for gcl(r ) we get

Fcl~k!5CN ncl~2r cl!
3f cl~kr0 ,2krcl!

5
6

p
NCNf cl~kr0 ,2krcl!, ~24!

where we have replacedncl(2r cl)
35(6/p)N, from Eq. ~13!.

The functionf cl(p,q) ~wherep5kr0, q52krcl) is given
by

f cl~p,q!5E
p/q

1

4px2dx
sin~qx!

qx S 12
3

2
x1

1

2
x3D , ~25!

and can be calculated analytically, with the result

S 1

4p D f cl~p,q!5@ 1
2p

42 3
2p

2~q214!1pq313q2112#q26

3cos~p!2@2p323p~q214!1q3#q26

3sin~p!13~q224!q26cos~q!

212q25sin~q!. ~26!

Then, we can write the cluster stopping power as in
~6!: Scl5NZ2@S0(v)1I cl(v)#, with

S0~v !5
2

pv2E0
`dk

k E0
kv

v dv ImF 21

e~k,v!G , ~27!

and

I cl~v !5S 6p NCND 2

pv2E0
`dk

k
f cl~kr0 ,2krcl!

3E
0

kv
v dv ImF 21

e~k,v!G . ~28!

We will now derive the scaling laws for the cases of lo
and high velocities.

A. Low velocities

We can approximate the dielectric function by the lo
frequency limit@21#, namely,

ImF 21

e~k,v!G>S 2p

kBT
D 3/2 nPkv

~k21kD
2 !2

, ~29!

with kD51/lD5vP /vT . Then from Eq.~28! we get

I cl>
2nPv
3p S 2p

kBT
D 3/2E

0

`

dk
k3Fcl~k!

~k21kD
2 !2

. ~30!
.

A similar expression is obtained forS0, with Fcl(k) re-
placed by 1, which by integration yields

S0>
2nPv
3p S 2p

kBT
D 3/2lnL1 , ~31!

where lnL1 is given in this case by

lnL15E
0

kmax k3dk

~k21kD
2 !2

5
1

2 F ln~11X!2
X

~11X!G , ~32!

with X5(kmax/kD)
2.

The value ofkmax is given by @22# kmax5min$2mvT /\,
kBT/Ze

2%.
From Eq. ~28! and using the same approximation, E

~29!, we find the relation between the interference and
individual stopping terms:

I cl
S0

5
6

p
NCN

F1~a,b!

lnL1
5CNncllD

3 b
3F1~a,b!

lnL1
, ~33!

where

a5kDr 05r 0vP /vT ,
~34!

b52kDr cl52r clvP /vT ,

andF1(a,b) is the low-velocity scaling function, given by

F1~a,b!5E
0

` x3dx

~x211!2
f cl~xa,xb!. ~35!

The form of the functionb3F1(a,b) is shown in Fig. 5.

FIG. 5. Low-velocity scaling functionb3F1(a,b), in Eqs.~33!
and ~35!, for a50, 1, 5, and 10, versus the variableb.
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2878 55N. R. ARISTA AND E. M. BRINGA
We observe that for small values ofa there exists a maxi-
mum atb>8.5 ~i.e., r cl;4lD). Going back to Fig. 1~a! we
find that this maximum corresponds to conditions such t
most of the particles in the cluster interfere in a positive w
For larger values ofb the situation is similar to the cas
r cl510lD in Fig. 1~a!, where positive and negative contribu
tions to the integral cancel partially, and the value ofb3F1
decreases. Figure 1~a! also serves to explain why the value
of F1(a,b) become negative with increasing values ofa,
due to a larger contribution from the negative part of t
integrating function displayed in that figure.

The existence of an absolute maximum fora50 in Fig. 5
is an important effect which will give place to a maximum
the energy loss of the whole cluster. The values correspo
ing to this maximum are the following:

bmax>8.5,
~36!

@b3F1~a,b!#max>4.83.

B. High velocities

We can use in this case the so-called plasmon-pole
proximation@18#:

ImF 21

e~k,v!G>
p

2
vPd~v2vP!. ~37!

Then, from Eqs.~27! and ~28! we get

S0~v !>S vP

v D 2E
vP /v

kmaxdk

k
5S vP

v D 2lnL2 ~38!

and

I cl~v !>
6

p
NCNS vP

v D 2E
vP /v

` dk

k
f cl~kr0 ,2krcl!, ~39!

with ln L25ln (kmaxv/vP), and the value ofkmax is given in
this case by@22# kmax5min $2mv/\, mv2/Ze2%.

Therefore theI /S ratio now becomes

I cl
S0

5
6

p
NCN

F2~a,b!

lnL2
5CNncll

3
b3F2~a,b!

lnL2
, ~40!

where now

a5r 0 /l5r 0vP /v,

b52r cl /l52r clvP /v, ~41!

lnL25 lnS kmaxvvP
D ,

andl5v/vP .
The high-velocity scaling functionF2(a,b) is given by

F2~a,b!5E
1

`dx

x
f cl~xa,xb!. ~42!

It should be noted that the integration limits in theF1 and
F2 functions, Eqs.~35! and ~42!, have been extended t
t
.

d-

p-

infinity @as well as in Eqs.~30! and ~39!#. This is usually a
good approximation in as much askmaxr@1 for all the par-
ticles in the cluster. Otherwise, the upper limits of integrati
in Eqs. ~35! and ~42! would be given bykmaxvT /vP and
kmaxv/vP , respectively.

The form of the functionb3F2(a,b) is shown in Fig. 6,
which for clarity is split in two parts. The analysis of th
figure is similar to the one given for Fig. 5.

The main maximum fora50 in Fig. 6 is characterized by
the values

bmax>3.6,
~43!

@b3F2~a,b!#max>4.28.

The oscillatory effects observed now~nonexistent in the
previous case of Fig. 5! are typical of the high-velocity re-
gime, and arise from the oscillatory behavior of the diclus
functionI (r ,v) in Fig. 1~b!. The origin of this behavior is the
wakelike characteristics of the induced potential arising fr
the excitation of collective modes~plasma waves! by fast
particles (v.vT).

Moreover, the results fora53, 5, 8, and 10 in Fig. 6~b!
show the importance of these oscillations even in the limit
very large clusters (b→`). This limit will be discussed in
the next section.

C. Infinite-cluster limit

Let us now consider the form of the scaling functions
the limit of very large clusters, namely,b@1 ~i.e.,
r cl@vT /vP andv/vP , respectively!.

Taking the limitq→` in Eq. ~26! we get

f cl~p,q!>S 4p

q3 D @p cos~p!2 sin~p!#. ~44!

Using this in Eqs.~35! and ~42! we find the corresponding
limits:

F1~a,`!5S 4p

3 D S abD
3

w1~a!, ~45!

F2~a,`!5S 4p

3 D S abD
3

w2~a!, ~46!

where

w1~a!5
3

a3E0
` dx

~x211!2
@ax cos~ax!2 sin~ax!#, ~47!

and

w2~a!5
3

a3E1
`dx

x4
@ax cos~ax!2 sin~ax!#. ~48!

The latter integral can be calculated analytically, yielding

w2~a!5Ci~a!1
cos~a!

a2
2S 1a3 1

1

aD sin~a!, ~49!

in terms of the cosine integral function Ci(x).



ge
e
er-
-

h

r

rs,

55 2879INTERACTION OF ION CLUSTERS WITH FUSION . . .
Finally, using Eqs.~33!, ~40!, ~45!, and~46!, and replac-
ing (4p/3)nclr 0

351, Eq. ~13!, the I /S ratio takes now the
following very simple forms.

1. Low-velocity case:

FIG. 6. High-velocity scaling functionb3F2(a,b), in Eqs.~40!
and~42!, for a50 and 1@in ~a!#, and fora53, 5, 8, and 10@in ~b!#,
as a function of the variableb.
I cl
S0

>
w1~a!

lnL1
, ~50!

with a5r 0 /lD5r 0vP /vT .
2. High-velocity case:

I cl
S0

>
w2~a!

lnL2
, ~51!

with a5r 0 /l5r 0vP /v.
The functionsw1(a) andw2(a) are shown in Fig. 7. Both

functions are negative fora,4. Thus we find a rather unex-
pected result: the averaged interference effects for very lar
clusters are predominantly negative; this indicates that th
positive interferences between closest neighbors are ov
taken by the negative contributions from more distant neigh
bors ~cf. Fig. 1!.

The limit a@1, where bothw1 andw2 functions vanish,
corresponds to the limit of separated ions, interacting wit
the plasma without interfering among them.

We should finally note that the infinite-cluster limit as
derived here requires bothb@1 andab@1. Actually, the
second condition may become more difficult to achieve. Fo
instance, using the values of Eq.~41!, the conditionab@1
implies

2r 0r cl@~v/vP!2.

FIG. 7. Functionsw1(a) and w2(a) in Eqs. ~45!–~48!, which
determine the average interference effect for very large cluste
Eqs.~50! and ~51!.
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For rather dense plasmas, wherevP;0.1–1 a.u., this
condition may be fulfilled for reasonable cluster sizes~e.g.,
r cl.103 a.u.). However, for dilute~MCF! plasmas, where
vP;1025 a.u., much larger clusters should be conside
~e.g., r 0;106 a.u., r cl;109 a.u., v;10 a.u.; then
a;1, b;1000); the latter situation may be achieved if
whole bunch of particles~from a pulsed beam! is considered.

D. Resonant effect in cluster stopping power

Let us further analyze the conditions for a maximum e
hancement of the cluster stopping power due to the collec
interaction.

As shown before, the conditions to reach the maxim
values in the energy loss are given by Eqs.~36! and~43!, for
low and high velocities, respectively. In terms of the physi
parameters, and using Eqs.~34! and ~41!, these conditions
read~i! low-velocity maximum:

r cl
max54.25

vT
vP

[4.25lD ,
~52!

S I clS0Dmax5
4.8

lnL
ncllD

3 ,

~ii ! high-velocity maximum:

r cl
max51.8

v
vP

, ~53!

S I clS0Dmax5
4.3

lnL
nclS v

vP
D 3.

FIG. 8. I /S ratios numerically calculated from Eqs.~16! and
~17! and scaled to the maximum values predicted by Eq.~53! for
the high-velocity case. The data shown here were obtained f
calculations in the following cases~densities given in cm23): ~a!
nP51020, ncl51016, v520 a.u., ~b! nP51020, ncl51.631015,
v535 a.u., ~c! nP51018, ncl51014, v520 a.u., ~d! nP51016,
ncl5109, v560 a.u., ~e! nP51014, ncl5109, v510 a.u., ~f!
nP51012, ncl5107, v520 a.u.
d

-
e

l

In both cases we have setCN>1, which is a very good
approximation for large clusters@N@1, r 0!2r cl , see Eq.
~12!#.

In a previous paper@17# we have numerically approxi
mated the stopping power maximum in the case of high
locities, in the form r cl

max'2v/vP , (I cl /S0)max
'~13)ncl(v/vP)

3. We can now understand the origin of the
approximations in terms of the more general scaling prop
ties derived here. The conditions for the high-velocity ma
mum are given by the more accurate values of Eq.~53!. The
factor 13 previously reported is only a rough approximation
4.3/lnL, with lnL>1262, as can be found for the case
calculated in Ref.@17#.

The calculations reported previously@17#, together with
several new cases, have been rescaled and presented i
8, according to the predictions of Eq.~53!, in order to illus-
trate the applicability of the scaling relations. We note th
the cases presented in this figure cover very wide range
cluster and plasma densities (ncl;107–1016 cm23,
nP;1012–1020 cm23), and they are all contained in th
present formulation.

As a final question we address now the problem of p
sible applications of this effect in plasma heating expe
ments or fusion research. Let us consider for definiteness
conditions required to obtain an enhancement effect
;100% in the energy loss, i.e., (I cl /S0)max;1. Using Eq.
~53! we can determine the values of the cluster parame
corresponding to this case. In Fig. 9 we show the relev

m

FIG. 9. Conditions required to obtain a 100% enhancemen
the cluster energy loss. The figure shows the values of the clu
densityncl ~left scale! and cluster radiusr cl ~right scale!, as given
by Eq.~53! for the case (I cl /S0)51, with plasma densitiesnP rang-
ing from 1012 to 1023 cm23.
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parameters, cluster densityncl ~on the left scale!, and cluster
size r cl ~on the right scale! for a wide range of plasma den
sitiesnP and for velocitiesv510, 30, and 70 a.u.

As may be observed, in the range of interest for tokam
experiments (nP;1012–1014 cm23) the conditions may be
achieved with particle bunches of sizes;0.1 cm and densi-
ties ncl;103–105 cm23 @of course, if higher cluster dens
ties were used the enhancement effect should still be lar
provided that the cluster radius satisfies the resonant c
rion, as predicted by Eq.~53!#. On the other hand, we find
that for applications to ICF experiments (nP;1022–1023

cm23) it would be necessary to use very compact clust
(ncl;1018–1021 cm23, r cl;20–100 Å!; these conditions
may be fulfilled using large molecular-ion clusters, a ca
that is currently being considered and has also been expl
in various recent publications@16,20,23#.

V. SUMMARY AND CONCLUSIONS

The energy loss of large ion clusters in plasmas has b
studied, with particular interest in a theoretical understand
of the general properties, and the derivation of analyti
expressions to describe the results in terms of a few sca
functions.

Different cases have been considered in order to cha
terize the range of parameters where either vicinage eff
~i.e., interactions between close neighbors! or the stronger
collective effects~where all the particles in the cluster inte
act in a coherent way! become dominant.
tt
k
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ed
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The study of the scaling properties was performed for
cases of low and high velocities, through the derivation
appropriate scaling functions,F1(a,b) andF2(a,b), Eqs.
~35! and ~42!, which depend on the main parameters of t
beam and the plasma through the dimensionless variabla
andb @Eqs. ~34! and ~41!#. The ratios between the interfer
ence termI cl and the individual stopping termS0 are given in
similar ways by Eqs.~33! and ~40!, for each case.

A maximum enhancement of the cluster energy loss
obtained in the regime of strong collective effects, both
low and high velocities, when the parameters satisfy the c
ditions for maximum coherent interference for the who
cluster. These conditions can be cast in the form of Eqs.~52!
and ~53!, respectively.

We find that these collective effects can modify the e
ergy loss of ion clusters or very intense ion beams in pl
mas, in cases of interest for MCF and ICF studies as wel
in experiments using pinched or focused plasmas. Sev
examples have been given in a previous paper@17#.

Hence we expect that the general properties and sca
laws derived in this paper will be useful in a wide range
cases or applications pertaining to collective effects in bea
plasma interactions.
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