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Theory of hyperfine interactions in potassium and Sc21 ion:
Trends in systems isoelectronic with potassium
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A first-principles relativistic many-body investigation of magnetic hyperfine fields has been carried out for
the ground states 42S1/2 of the alkali atom K and doubly charged ion Sc21 completing the investigation over
the three members of the isoelectronic series K, Ca1, and Sc21 with a single valence electron in the 4s state,
since Ca1 had been investigated by us previously. This allows one to study both the nature of agreement with
experiment over this series as the charge increases and the trends in the contributions from the major mecha-
nisms responsible for the hyperfine fields in these systems. The calculated magnetic hyperfine fields in tesla for
K, Ca1, and Sc21 are 56.81, 135.90, and 239.29, respectively. These agree very well with the measured values
of 58.02 T for K and 140.30 T for Ca1. No experimental data are available for the Sc21 system. The exchange
core polarization~ECP! and correlation contributions, as fractions of the valence contribution, are found to
decrease rapidly as one goes to systems with higher ionic charges, the decrease being more drastic for
correlation effects. The trend of the ratios of ECP and correlation contributions to the valence contribution for
both K and Sc21 were compared with those calculated for the neighboring alkali-metal systems, sodium and
rubidium. The physical explanations for the results and the observed trends in the contributions from the
different mechanisms are discussed.@S1050-2947~97!04603-9#

PACS number~s!: 31.10.1z, 31.25.Eb, 31.30.Gs, 31.30.Jv
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I. INTRODUCTION

The relativistic linked-cluster many-body perturbatio
theory ~RLCMBPT! @1# procedure has been extensively a
successfully used to study hyperfine properties of ato
systems@2#. The first-principles investigation of the contr
butions to the hyperfine interactions in alkali-metal atoms@3#
by RLCMBPT was central to the understanding of t
theory. This is due to the fact that these systems are r
tively simple and the contributions of the different physic
effects, such as valence, exchange core polarization,
many-body effects, could be studied in considerable de
and accurately. These studies have also helped provid
understanding of the trends followed by the contributions
the hyperfine fields at the nuclei from different physic
mechanisms over the alkali-metal atom series. Correspo
ing trends in other related systems@4#, namely, the alkaline-
earth series, the noble-metal atoms, and their partner iso
tronic singly charged Zn1, Cd1, and Ag1 ions and in a series
of lithiumlike systems@5#, have also been investigated usin
this procedure. The trends of exchange core polariza
~ECP! and correlation effects among and within these se
studied provide a better physical understanding of the hy
fine interaction. The present work is concerned with the
perfine interaction in K, Ca1, and Sc21 ions, all with a va-
lence 4s electron, as part of our continuing study
understand the importance of the various contribut
mechanisms, the series in this case starting with the ne
alkali atom, potassium, and involving the adjacent isoel
tronic ions Ca1 and Sc21 with increasing charges. In th
neutral scandium atom, as in general for elements in thed
transition-metal series and the neighboring noble-metal a
551050-2947/97/55~4!/2644~7!/$10.00
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copper, the 3d and the 4s levels are close in energy. Corre
spondingly in the case of Sc21 ion, the 3d and the 4s levels
are expected to be also close in energy with either the 3d or
4s levels occupied. We are concentrating in this work on
Sc21 state with 4s as the valence orbital because the ser
involving this ion and K and Ca1 involves trends over iso-
electronic ions with different charges, which provide a d
ferent perspective from the trends in series involving sim
charges, as in the case of neutral alkali-metal atoms@3,4# or
the singly charged isoelectronic alkaline-earth atoms@4#. It
also allows a comparison with the trends in the rather li
lithiumlike series@5# with a single core (1s) as one goes to
increasing charges in the series. The availability of accu
experimental values for K and Ca1 @6,7# provides a further
check on the accuracy of the method used. At the momen
experimental value for the hyperfine field for Sc21 ion is
available to our knowledge. We hope the result of our inv
tigation on Sc21 will stimulate an experimental study for thi
ion, and also that calculations of the hyperfine interaction
these ions might be carried out in the future using differ
procedures@8–10#, since we believe that a comparison wi
experiment and between the results of different procedu
leads to a better understanding of the features of all the
cedures.

In Sec. II we present a brief summary of the RLCMBP
procedure. Section III presents the results of our investi
tion of the magnetic hyperfine fields in K and Sc21 and a
discussion and comparison with the results from experim
The conclusions from our work are listed in Sec. IV.

II. PROCEDURE

The RLCMBPT procedure, and its application both to t
hyperfine field problem as well as to other properties of
2644 © 1997 The American Physical Society
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55 2645THEORY OF HYPERFINE INTERACTIONS IN . . .
oms, has been described in previous papers@1–5#. We will
therefore only give a brief summary of those points relev
to our present work for the sake of completeness. Thus
predict various physical properties of atomic systems,
needs a complete knowledge of the electronic wave fu
tions of the system. This can be obtained by solving
equation

HC05EC0 , ~1!

whereH is the relativistic Hamiltonian of the system,E is
the total energy, andC0 the many-electron wave function o
the system involved. The relativistic many-electron Ham
tonian for an atomic system with nuclear chargeze andN
electrons is given by

H5(
i51

N

~cai•pi1b imc2!2(
i51

N
ze2

r i
1(

i. j

e2

r i j
, ~2!

whereai andbi are the Dirac matrices for thei th electron,pi
is its momentum operator,r i is its radius vector with respec
to the nucleus, andr i j is the distance between thei and j
electrons. The Hamiltonian we use does not include the
fect of the Breit interaction and other radiative effects, sin
it has been shown in previous work@1–5# that these interac
tions are not very important in effect on the hyperfine int
action in the type of systems we would be consideri
which have a singles electron orbiting outside a system o
closed shells. The exact solution for the wave functionC0 in
Eq. ~1! for this Hamiltonian is difficult to obtain because o
the Coulomb 1/r i j interaction between the electrons@11–13#.
With the RLCMBPT procedure, a perturbation approach
used to solve this problem by separatingH into two parts,
namely,

H5H01H8, ~3!

whereH0 refers to the zero-order approximation forH, the
eigenfunction of which can be solved accurately a
H85H2H0 is a perturbation Hamiltonian.

The zero-order HamiltonianH0 is given by

H05(
i51

N

~cai•pi1b imc2!2(
i

ze2

r i
1(

i
V~r i ! ~4!

in which V(r i) is a one-electron potential, for which th
eigenfunctionF0 is given by

H0F05E0F0 , ~5!

and can be solved precisely. As explained in earlier literat
@1,14#, it has been the usual practice to choose forV(r i), a
VN21 potential defined by the relation

^auVN21ub&5 (
n51

N21 F K anU e2r 12 UbnL 2 K anU e2r 12 UnbL G
~6!
t
to
e
c-
e

-

f-
e

-
,
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with n representing occupied states of the atom. The per
bation HamiltonianH8 defined in Eq.~3! is then written as

H85H2H05(
i. j

e2

r i j
2(

i
Vi
N21. ~7!

The exact eigenfunctionC0 of the many-particle Hamil-
tonianH can now be expressed by the linked-cluster exp
sion @1,15,16# in terms of the eigenfunctionF0 ~energy ei-
genvalueE0! of H0, namely,

C05(
n

L F H8

E02H0
GnF0 . ~8!

Once C0 is determined, the hyperfine properties of t
atomic system can then be calculated as the expecta
value of the hyperfine interaction HamiltonianHhyp8 overC0.

For a relativistic treatment of the magnetic hyperfine
teraction, the electron-nuclear hyperfine interaction Ham
tonian is given by@1,13#

Hhyp8 5(
i
ecai •

mI3r i
r i
3 , ~9!

wheremI is the magnetic moment of the nucleus. In terms
Hhyp8 , the theoretical expression for the experimentally m
sured hyperfine constant in the spin-Hamiltonian termAI•J
is given by@1#

AJ5
1

IJ
^C0uHhyp8 uC0&

5(
m,n

L K F0UF H8

E02H0
GmHhyp8 F H8

E02H0
GnUF0L . ~10!

The vectorsI andJ refer to the nuclear spin and total angul
momentum, respectively. The quantitiesI andJ characterize
the eigenvaluesI (I11) andJ(J11) of I2 andJ2. The vari-
ous terms in Eq.~10! corresponding to differentm and n
values are referred to as (m,n)-order terms. The value (m
1n) for each term represents the order of the perturbatio
H8, each (m,n) term being expressible as a diagram rep
senting a specific mechanism, through the use of rules g
in earlier work @1,2#. The zeroth-order perturbation term
~0,0! is referred to as direct or valence contribution to t
hyperfine constant. The first-order contributions~1,0! or
~0,1! terms represent the ECP effect, and the second-o
perturbation ~1,1! and ~2,0! or ~0,2! terms represent the
many-body correlation effect.

The major diagrams evaluated in this work are given
Figs. 1–5. Figure 1 is the diagrammatic representation of
zero-order~valence or direct contribution! Hartree-Fock re-
sult, only the unpaired valence electron contributing to
direct effect. The ECP effect is represented by Fig. 2~a!, and
Fig. 2~b! represents a phase-space diagram associated
the ECP effect. This phase-space effect arises becaus
valences shell is only half filled and it is therefore possib
for a core electron with spin antiparallel to the valence el
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2646 55ALFRED OWUSUet al.
tron to be excited into the available empty state in the
lence s shell. The effects of such an excitation cannot
canceled out between antiparallel spin core electrons bec
a similar excitation into the already occupied state with s
parallel to the valence state cannot occur. Figures 3~a! and
3~b! are typical exclusion principle violation~EPV! diagrams
@1,4# and Figs. 3~c! and 3~d! are consistency diagrams@1#.
Figures 4~a! and 4~b! show the~0,2! correlation diagrams
while Figs. 5~a! and 5~b! show the ~1,1! correlation dia-
grams. The diagrams in Figs. 4 and 5 represent the contr
tion to the hyperfine interaction from simultaneous exci
tions of two electrons due to the Coulomb interacti
between them, representing true many-body effects. The
grams in Fig. 3 are essentially one-electron diagrams, wh
correct for the use of a restricted Hartree-Fock potentia
H0. The rules for the mathematical expressions represe
by these diagrams, which one needs to evaluate to ob
their contributions to the hyperfine constant, have been gi
in the literature@1,2#. The contributions from perturbatio
terms higher than second order to the hyperfine interac
are in general found to be quite small in most atoms stud
so far @1–4#.

Often the experimental results for hyperfine interactio
in atoms are quoted in terms of hyperfine fieldsHhyp at the
nuclei, the latter being the more pertinent quantities to c
sider in discussing the trends between different atomic s
tems since they are purely electronic in origin and do
involve nuclear magnetic moments. The relationship
tweenHhyp and the hyperfine constantA is given by@4#

Hhyp5F2p

g I
GAJ, ~11!

FIG. 1. Diagrammatic representation of the zero-order~0,0!, va-
lence contribution to the hyperfine field.
-
e
se
n

u-
-

ia-
h
n
ed
in
n

n
d

s

-
s-
t
-

whereg I5m I /I\ is the magnetogyric ratio of the nucleu
involved, mI is the nuclear moment, andJ is the net elec-
tronic angular momentum. Using the relatio
gI5g I\/mN5(1/I )(m I /mN), mN being the nuclear magne
ton, it is convenient to expressHhyp in the form

Hhyp5Fp\

mN
GF AgI G5~6.559355!F AgI G31022 T. ~12!

The numerical constant in Eq.~12! was obtained using
mN55.050786310227 J/T,\51.05457266310234 J sec@17#,
andA in units of MHz.

III. RESULTS AND DISCUSSIONS

The calculated contributions to the hyperfine field arisi
from the main mechanisms, namely, valence ECP and co
lation effects, as well as the net hyperfine fields for the s
tems of interest in the present work are listed in Tables I a
II for the isoelectronic K, Ca1, and Sc21 systems~all with a
single 4s valence electron! and Na, K, and Rb systems~with
valence electron in 3s, 4s, and 5s states!, respectively. Also
presented in these tables are the corresponding total hy
fine fields from experimental measurement. Table III sho
a more detailed summary of the calculated contributio
from individual mechanisms, which are grouped together
der ECP and correlation in Table I for K, Ca1, and Sc21.
Considering Table I first, the second column in Table I giv
the valence electron contribution, which is the leading co
tributor in relativistic theory. These contributions expla
only a part, although a major one, of the experimental res
amounting to about 66% of the experimental value@6# in K
and about 76% of the experimental value@7# in Ca1. There
was therefore the need to go beyond the basic restri
Hartree-Fock procedure.

The results in the third column of Table I come from th
first-order ~0,1! diagrams in Figs. 2 and 3. The ECP, EP
consistency, and phase-space contributions are groupe
gether~and referred to as ECP in Table I! because they rep
resent one-electron effects beyond zeroth-order valence
tributions. As a group, they give the net contribution arisi
from the polarization of the core orbitals. It was assum
when the basis sets are generated, that all electrons with
real quantum numbersn and j possessed identical radia
wave functions. This means that the core states cannot
tribute to the hyperfine interactions in the zeroth-order
g
-

FIG. 2. Diagrams representin
the ~a! ECP,~b! phase-space con
tributions to the hyperfine field.
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FIG. 3. Diagrams representin
~a! EPV ~direct!, ~b! EPV ~ex-
change!, ~c! and~d! ~0,2! types of
consistency effects. The indexv
refers to the occupied valences
state, the indicesn,n8 represent
core states, andi , j represent ex-
cited states.
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proximation because the contributions of those electrons
given shell with opposing spins cancel one another exac
This assumption is not correct, since not all the electrons
given core shell will experience exchange interactions w
the single valence electron, the core electrons with spin
allel to that of the valence electron being the ones that
subject to the exchange interactions while the antipara
spin core states are not. Consequently, the parallel and
parallel spin core states in each shell will have different
dial wave functions. The result is that the core electrons
make a nonvanishing contribution to the hyperfine field. T
ECP diagrams@Fig. 2~a!# @4# represent a first-order correc
tion due to this effect. The other diagrams@Figs. 2~b! and 3#,
grouped under the umbrella of net ECP contributions, rep
sent additional first- and second-order contributions, wh
a
y.
a
h
r-
re
el
ti-
-
n
e

e-
h

are less important than the diagram in Fig. 2~a! and make
fewer contributions but are all associated with different
teractions@2,4# between the valence electron and core el
trons with spins parallel and antiparallel to the valence sp

The fifth column of Table I represents the net contrib
tions from the~0,2! correlation diagram in Fig. 4 and th
~1,1! correlation diagram in Fig. 5. These diagrams all
volve two simultaneously excited electrons and this leads
true many-body contributions to the field. Our total calc
lated hyperfine fields are listed in the seventh column
Table I and are seen to be in excellent agreement with
perimental results, differing by only about 2% in the case
K and about 3% in the case of Ca1. This is essentially in
complete agreement when we take into account experime
and computational errors.
r

s

FIG. 4. Typical second-orde
~0,2! correlation diagrams. They
represent~a! direct and ~b! ex-
change correlation contribution
to the hyperfine field.
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TABLE I. Contributions from direct, ECP, and correlation mechanisms to the hyperfine fields~Tesla! in
the isoelectronic systems K, Ca1, and Sc21 with 4s valence electron.

System Hval HECP HECP/Hval Hcorr Hcorr/Hval H total HExpt

K 37.60 7.03 0.19 12.18 0.32 56.81 58.02a

Ca1 103.40 17.20 0.17 15.30 0.15 135.30b 140.3c

Sc21 191.19 26.23 0.14 21.87 0.11 239.29

aSee Ref.@6#.
bSee Ref.@4#.
cSee Ref.@7#.
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We will now consider the trends in the ECP and corre
tion contributions to the hyperfine fields in both the alk
series~Na,K,Rb! and the alkalilike series~K,Ca1,Sc21! and
compare the two. The ratioHECP/Hval andHcorr/Hval for both
series can be found in columns 4 and 6, respectively
Tables I and II. Unfortunately, the individual contributions
the hyperfine field~direct, ECP, and correlation! cannot be
measured. However, there is strong indirect support for
accuracy of the theoretical values for them in view of t
very good agreement between the calculated@4# and experi-
mental values@6,7,18,19# of the total fields. Hence one coul
consider the trends inHECP/Hval andHcorr/Hval as also being
quite accurate. It has been the practice in considering tre
to examine the latter ratios, rather than the absolute value
HECPandHcorr. The main reason for this is that sinceHval is
the largest contributor and varies substantially in going fr
one system to another, it is more convenient to look at
‘‘normalized’’ ratio, which is now a dimensionless fractio
Additionally, since one could expect the behavior of the h
perfine vertices in the ECP and major correlation diagram
vary in a reasonably similar manner as the hyperfine ve
involving only the valence state as in the diagram in Fig
for the zero-order valence contribution, the ratio would
expected to be primarily representative of the influence
electron-electron interactions of the one-electron and mu
electron types for the ECP and correlation effects.

In the alkalilike series~K,Ca1,Sc21!, the ratioHECP/Hval
decreases continuously in going from K to Sc21. The de-
crease inHECP/Hval from K to Ca1 is more rapid than from
Ca1 to Sc21. For the alkali series on the other hand, t
decrease of this ratio as one goes from Na to Rb is slow
the values for K and Rb being nearly the same. The tren
-
i

in

e

ds
of

e

-
to
x
1
e
f
i-

r,
of

a decrease of this ratio in both series~Na, K, and Rb! and
~K,Ca1,Sc21! can be understood using the fact that both s
tems are rather similar. Each atom in the series has a sings
valence electron andp outermost cores. The rapid decrea
of the ratio from K to Ca1 through to Sc21 is expected to be
due to the tighter binding of the core shell electrons in
ions as compared to the neutral atom K. This makes the c
electrons less deformable than those for the neutral al
atoms under the influence of the exchange perturbation
tential due to the valence electrons. For the series Na to
where the number of cores steadily increases, there is a
tightening of the core electrons because they experienc
more attractive potential as the nuclear charge increases
to more incomplete shielding of the core electrons by e
other, and the valence electron, as one adds extra nu
charges and electrons. This effect is, however, not expe
to be as pronounced as when one removes an entire ele
from a neighboring atom in the period, for instance, in goi
from K to Ca1 and Ca1 to Sc21, leading to the more rapid
decrease forHECP/Hval over this series than over the alkal
atom series Na, K, and Rb.

The ratio of correlation contribution to direct is shown
column 6 in Table I for K, Ca1, and Sc21 systems and in
Table II also in column 6 for Na, K, and Rb. There is a
interesting difference in trend between the two series. For
alkalilike series, K, Ca1, and Sc21 the ratioHcorr/Hval de-
creases steadily in going from K to Sc21 ranging from 0.32
for K to 0.11 for Sc21. There is also a sharp drop i
Hcorr/Hval from K to Ca1, while there is a slower decreas
from Ca1 to Sc21. For the alkali series~Na,K,Rb!, on the
other hand, the ratio increases as we move down the se
from Na to Rb. This trend is opposite to the trend observ
e

FIG. 5. Second-order~1,1!-
type correlation diagrams.~a! and
~b! are the direct and exchang
types of diagrams, respectively.
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TABLE II. Contributions from direct, ECP, and correlation mechanisms to the hyperfine fields~tesla! in
the alkali-metal atoms Na, K, and Rb.

Atoms Hval HECP HECP/Hval Hcorr Hcorr/Hval H total HExpt

Na 27.9 6.10 0.22 4.2 0.15 38.50a 39.30b

K 37.6 7.03 0.19 12.18 0.32 56.81 58.02c

Rb 80.7 16.10 0.20 26.6 0.33 123.2a 122.2d

aSee Ref.@4#.
bSee Refs.@18#, @19#.
cSee Ref.@6#.
dSee Ref.@19#.
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in theHECP/Hval ratio where there is a continuous decline
going from Na to Rb. Also, it is opposite to that found f
Hcorr/Hval in the alkalilike series. There is a sharp increase
the ratioHcorr/Hval from Na ~0.15! to K ~0.32! but a some-
what more gradual increase from K~0.32! to Rb ~0.33!.

In attempting to understand the physical reasons for
trends just described inHcorr/Hval , we shall first consider the
alkali series. The observed increase inHcorr/Hval can be ex-
plained by noting that the major correlation diagram in Fig
can be viewed as representing a van der Waals type of in
action between the outermost core electron and valence
tron involving their mutual polarization by the Coulomb in
teraction between them. This van der Waals type of effec
expected to depend on two factors. These are the defo
abilities of the core and valence electrons and the ave
distances between these electrons. The two factors ca
seen to compete with each other since increased separ
causes a decrease in the correlation effect while an incr
in the deformabilities leads to an increase in the correla
effect. An increase in theHcorr/Hval ratio in the alkali series
in going from Na to Rb suggests that the deformabilit
constitute the dominant factor over separation as we go d

TABLE III. Detailed list of contributions from different mecha
nisms to the hyperfine field~tesla! in K, Ca1, and Sc21.

Mechanism K Ca1 Sc21

Valence 37.6 103.4 191.19
ECP 6.6 17.2 27.01
Phase space 1.03 1.6 1.67
EPV 20.7 21.9 22.9
Consistency 0.1 0.3 0.45
Net ECP 7.03 17.2 26.23
~0,2! correlation 11.49 14.7 20.97
~1,1! correlation 20.11 20.4 20.60
Total second-order
correlation 11.38 14.3 20.37

Third order 0.8 1.0 1.5
Total 56.81 135.9 239.29
Experimental 58.02a 139.99b

140.30c

142.39d

aSee Ref.@6#.
bSee Ref.@7~a!#.
cSee Ref.@7~b!#.
dSee Ref.@7~c!#.
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e

r-
ec-
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be
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n

s
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the series, this factor being relatively more dominant b
tween Na and K than between K and Rb. The greater
formability of the valence electron is a result of the fact th
it tends to get more loosely bound as a consequence of
tighter binding of the core electrons in going to larger alk
atoms and the consequent greater screening of the nu
charge by them, making the valence electron experienc
weaker attractive potential. The more loosely bound vale
electron also leads to a larger separation between the
and valence electrons but, as just remarked, it appears
the opposing effect of this factor in going from Na to K
Rb seems to be more than counterbalanced by the increa
deformability of the valence electrons. The opposite tre
observed for the alkalilike systems K, Ca1, and Sc21 for
Hcorr/Hval as compared to that for the alkali-atom series N
K, and Rb is expected physically because in going to posi
ions from an isoelectronic neutral atom, both the core a
valence electrons get more tightly bound and therefore
deformable with respect to the perturbation due to the co
lation effect. It is intriguing to try to explain physically th
lower decrease from Ca1 to Sc21 for Hcorr/Hval as compared
to that from K to Ca1. It could partly be due to the influenc
of a possible increase in the core-valence separation du
greater contraction of the core electron shells as compare
valence. IV. CONCLUSION

The net results obtained in the present work for the
perfine fields in K and Ca1 by the RLCMBPT procedure are
found to be in excellent agreement with experimental res
for these systems. There are no experimental data for S21

system currently available and therefore no comparison w
theory is possible. It is interesting to note just as for t
alkali series, there are interesting trends in the ECP and
relation contributions to the total hyperfine fields in the alk
lilike series~K,Ca1,Sc21!. The trends produced in both thes
series can be analyzed in terms of the features of the core
valence electron distributions. The factors influencing the
havior of ECP and correlation effects within each of the
series are the deformabilities of the valence shell, the ef
tive nuclear charges of the system, and the average dist
between core and valence electrons. We hope that the pre
work will encourage experimental determination of the h
perfine field in the Sc21 to allow comparison with our theo
retical results. We also hope that other investigators w
make similar calculations using other methods for the al
lilike systems so as to allow a comparison of the results w
those of the relativistic many-body perturbation theory te
nique used here.
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