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The basic properties of the ground states in the four-body muon moleculesppmm, pdmm, ptmm, ddmm,
dtmm, andttmm are calculated. It is found that the nuclear reaction rates (Rf) in such four-body molecules are
significantly larger than for the corresponding three-body ions with the same nuclei:ppm, pdm, ptm,
ddm, dtm, andttm. In particular, for thedtmm systemRf(dt)'331013–631013 sec21, which is'40 times
greater than the respectiveRdt(dtm) value.@S1050-2947~97!00403-4#

PACS number~s!: 36.10.Dr
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In the present Brief Report we give the results of exte
sive variational calculations for the bound ground states
the four-body muon moleculesppmm, pdmm, ptmm,
ddmm, dtmm, and ttmm. The boundedness of the groun
S(L50) states in such systems was established long ago@1#.
Actually, for the symmetrical systems such asX1X1Y2Y2

this follows from the stability of the ground states in th
Ps2 and H2 molecules. Recently we have studied@2# the
symmetrical systemsppmm, ddmm, and ttmm. Now, we
extend our approach to the case of nonsymmetrical syste

Our initial goal was to compute the so-called basic pro
erties, i.e., energetic and geometric parameters for the f
body muonic molecules:ppmm, pdmm, ptmm, ddmm,
dtmm, and ttmm. Below we shall designate these neut
systems as muon molecules, in contrast with the rela
three-body systemsppm, pdm, ptm, ddm, dtm, and ttm,
where the description ‘‘muon-molecular ions’’ or eve
‘‘ions’’ would be appropriate, since in each case one mu
has been removed from the neutral~four-body! molecule.
Already after the first few calculations we found a rema
able difference in properties between the three-body ions
the four-body molecules. Namely, the expectation values
the (11) d functions ~i.e., ^d11&) in the four-body case
are significantly larger~by 10–50 times! than those values
for the three-body systems with the same nuclei. Furt
analysis showed that such a large difference produces a
portional deviation in the nuclear reaction rates for the
propriate three- and four-body systems. For instance,
nucleardt-fusion reaction in thedtmm molecule is'50
times faster than in thedtm ion.

Let us compare the nuclear reaction rates~or fusion rates
Rf , for short!, e.g., for thedtmm molecule anddtm ion. The
appropriate expressions are~see, e.g.,@3–5#!

Rf~dtm!5Ks,3̂ d11~dtm!&5S lim
v→0

s f~v !v
f ~v ! D ^d11~dtm!&

~1!
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for thedtm ion, and

Rf~dtmm!5Ks,4̂ d11~dtmm!&5S lim
v→0

s f~v !v
f ~v ! D

3^d11~dtmm!& ~2!

for the dtmm molecule. In these equationŝd11&
[^ddt&, v is the relative velocity of thed and t nuclei,
s f(v) is the appropriatedt-fusion cross section, and the un
versal functionf (v) takes the form

f ~v !5
2p

v FexpS 2p

v D21G21

. ~3!

Now Ks,45Ks,3 , since the expressions for both of the
values are identical, and they depend only on certain nuc
parameters for thed and t nuclei, which are the same fo
both dtmm and dtm systems. Therefore from the first tw
equations we find

Rf~dtmm!

Rf~dtm!
5

^d11~dtmm!&

^d11~dtm!&
, ~4!

i.e., the ratio of fusion rates for the appropriate four- a
three-body systems equals the ratio of their pair~11! d
functions. Analogous formulas can be written for all of th
other four- and three-body muonic systems mention
above. This means that in order to compare the nuclear
action rates we need to compute the respective~11! d func-
tion expectation values.

In general, the accurate values of~11! d -function ex-
pectation values for three- and four-body systems can
found only from the results of numerical calculations.A pri-
ori for the pair of systemsabmm andabm, we would expect
that the positively charged particlesa and b are closer to-
gether inabmm than inabm, and hence thed-function ex-
2435 © 1997 The American Physical Society
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TABLE I. The total energiesE,^r11&, and^d11& expectation values~in muon atomic units! for a number of four-body (abmm) and
three-body (abm) systems.

abmm E ^r11& ^d11& ^d11& ^r11& E abm
ppmm 20.9654742 2.34202 3.80131024 3.937231025 3.299486184 20.494386820249 ppm
pdmm 20.9995455 2.17506 2.28331024 1.461731025 3.100710404 20.512711796501 pdm
ptmm 21.0123990 2.11527 1.50631024 8.975031026 3.036524321 20.519880089782 ptm
ddmm 21.0365953 2.00237 6.61031025 2.439531026 2.834451766 20.531111135402 ddm
dtmm 21.0509269 1.93798 3.18331025 8.87131027 2.747914133 20.538594975058 dtm
ttmm 21.0661515 1.87102 1.01531025 2.18731027 2.652824760 20.546374225598 ttm
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pectation value for theabmm system should be larger tha
for abm @6#. For instance, in thedtmm and dtm systems
^d11(dtmm)& should be larger than̂d11(dtm)&. This
means that for fusion rates calculated by means of Eq.~4! we
would expect thatRf(dtmm).Rf(dtm).

The correctness of this prediction can be tested only
extensive numerical calculations. To compute the bou
states in the three-body systems we used the so-called e
nential variational expansion~for more details see, e.g.,@7#!.
For the four-body systems the so-called six-dimensio
Gaussoid variational expansion~proposed in@8#! has been
applied. This expansion has the form

CL505(
i51

N

Ciexp~2a12
i r 12

2 2a13
i r 13

2 2a23
i r 23

2 2a14
i r 14

2

2a24
i r 24

2 2a34
i r 34

2 !, ~5!

whereN is the total number of basis functions,Ci are the
linear~variational! parameters, while theakl

i are the 6N non-
linear parameters.

The results of our calculations are given in Table I.
Table I the so-called muon-atomic units are used. In th
units mm51, \51, and ueu51. To evaluate the corres
ponding binding energies in electron volts~eV! the conver-
sion factormm327.211 396 1 must be used. The lowe
decay channel for these four-body systems is the diss
ation into two neutral muonic atoms, e.g.,dtmm→dm1tm.
For the three-body systems the lowest channel is diss
ation into the heavier muonic atom and the lightest nucl
ion, e.g., dtm→tm1d1 ~instead of dtm→dm1t1).
In our present calculations we used the following valu
of the masses:mm5206.768 262me , mp51836.152 701me ,
md53670.483 014me , andmt55496.521 58me @9#.

In Table I the total energies,^r11&, and^d11& expecta-
tion values are given for the ground bound states in the fo
body muon moleculesppmm, pdmm, ptmm, ddmm,
dtmm, and ttmm, and in the three-body muon ion
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ppm, pdm, ptm, ddm, dtm, and ttm. It follows from
Table I that the nuclear reaction rates in these four-bo
systems would be expected to be'10–50 times larger than
those values for the corresponding three-body systems.
most interesting case is thedtmm system, where the time fo
a nucleardt reaction is'40 times shorter than in thedtm
ion. In terms of recent experimental results forRdt(dtm)
@10# we can estimate the numerical value ofRdt(dtmm) as
'331013–631013 sec21.

Such a large value ofRdt(dtmm) and similar fusion rates
for other four-body systems suggest that these four-body
tems should be of interest for applications related with lo
temperature plasma ignition. Indeed, an intense muon b
can be used together with laser or electron beams to form
thermonuclear burn wave in the initially low-temperatu
(Tin<50 eV! DT target. This will require further investiga
tion, however, at the present time it is clear only that t
presence of the muon beams would make easier l
temperature ignition in a DT plasma. Actually, this opens
new avenue for initiating micro and supermicro DT expl
sions: the total mass of fuel can be as low
'4310215–131027 g, and the total energy releas
'2.531024–6.53104 J. Such small explosions cannot b
produced in terms of the traditional technique~see, e.g.,
@11#!.

It should be noted that the realization of nuclear fusion
the four-body, bi-muon systems differs significantly from t
traditional muon-catalyzed fusion~see, e.g.,@5# or @12#!. In
particular, such bi-muonic systems cannot be produced
peatedly inside of the small DT target. At the same time
helium-muonic sticking coefficient probably has a quite lar
value ~as well as for the traditional muon-catalyzed fusi
@13#!. However, the nuclear fusion in the four-body, bi-muo
systems has a great advantage, since the nuclear rea
proceeds significantly faster. This could be very importan
practice.

We are grateful to the Natural Sciences and Enginee
Research Council of Canada for financial support.
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