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Fast intracavity polarization dynamics of an erbium-doped fiber ring laser:
Inclusion of stochastic effects

Q. L. Williams, J. Garcı´a-Ojalvo,* and R. Roy
School of Physics, Georgia Institute of Technology, Atlanta, Georgia 30332-0430

~Received 5 September 1996; revised manuscript received 31 October 1996!

The dynamics of a unidirectional erbium-doped fiber laser is investigated on a time scale short enough to
observe, with good resolution, its behavior for individual round-trips in the laser cavity. With an intracavity
polarization controller, a rich variety of nonlinear phenomena, ranging from self-pulsing to square-wave
antiphase patterns in two orthogonal states of polarization, are observed. These patterns evolve continuously in
time. A stochastic delay-differential equation model is proposed to describe this system. Numerical simulations
show that this model satisfactorily accounts for all types of qualitative behavior and reveal that the inclusion of
spontaneous-emission noise is necessary to reproduce the observed continuous pattern evolution. Two differ-
ent, typical types of nonlinear dynamical states are found both numerically and experimentally: a deterministic,
low-dimensional regime and a noise-driven high-dimensional motion.@S1050-2947~97!01403-0#

PACS number~s!: 42.65.Sf, 42.81.2i
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I. INTRODUCTION

The idea of doping glass to obtain amplifying optical
bers is very attractive from both a technological and a f
damental point of view. Technologically, fiber amplifiers a
very promising useful devices in all-optical telecommunic
tion schemes, through their use to replace repeaters in fi
optic transmission lines, for instance. When these mate
are complemented with a cavity resonator and a pump
scheme, laser emission can be obtained. Such system
used for the generation of ultrashort pulses and solitons.

Besides their evident practical applications, fiber las
are very interesting from a basic physics perspective.
conjunction of the inherent nonlinear character of both
optical fiber and the light amplification process makes t
type of laser specially suited for investigations of nonline
dynamics in optical systems. Furthermore, because of
amorphous character of the glass host, fiber lasers are
ideal counterpart of the more extended and well-kno
doped-crystal solid-state lasers.

Due to the optical-guiding characteristics of their amp
fying medium, fiber lasers can have cavity lengths of
order of tens of meters, orders of magnitude higher than
most other lasers. This fact, along with the broad gain pro
of doped fibers, ensures that a large number of longitud
modes experience gain and coexist inside the cavity, cou
through gain sharing. Hence fiber lasers usually operate
strongly multimode regime. The dynamics of multimode
sers is very rich, including antiphase behavior and s
organized collective oscillations@1#. Previous experiments in
fiber lasers@2,3# have shown this kind of phenomenon in th
dynamics of two orthogonal states of polarization, whi
suggest a description of this system in terms of two sup
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modes associated with two different polarization eigensta
of the field. Another dynamical feature that is usually o
served in experiments is self-pulsing@4#, which has recently
been related to an absorption effect due to interaction
tween dopant ions@5#. All the previous experiments hav
been done in the millisecond to microsecond time sca
which corresponds to the relaxation-oscillation frequency
the laser. But this system, due to its large cavity length a
thus long round-trip time, gives us a unique chance to
serve its dynamics for individual round-trips inside the ca
ity. This work aims at the characterization of this fast pola
ization dynamics in the regimes previously mentioned.

We report experimental observations of the intracav
dynamics of an erbium-doped fiber laser. A polarizatio
controlling device has been included in the cavity and, a
result, a fast polarization-switching effect, on a time scale
the order of nanoseconds, has been observed. This kin
effect is known to occur in semiconductor lasers@6# when a
wave plate is inserted in the laser cavity. Recently, opti
feedback has been found to induce this effect also in N
doped fiber lasers@7#, but on a much slower time scale~on
the order of microseconds!. A model is proposed to explain
the behavior observed. Most models used so far in dop
fiber lasers to account for antiphase@2#, self-pulsing@3#, and
polarization-switching@7# behavior are based on semiclas
cal rate equations for each of the two polarization sup
modes, which are coupled to one another through cross s
ration and gain sharing. In some cases, the need of expli
taking into account the dependence of the system varia
on the propagation direction has been stressed@3#. This con-
sideration, which is, in general, advisable in this system d
to its long cavity, is in our case unavoidable given the tim
scale in which the observations are made. Following Loh a
Tang @8,9# in their modeling of fast polarization self
modulation in semiconductor lasers, we develop a del
differential equation model that accounts for all kinds of fe
tures observed. The inclusion of spontaneous-emission n
is seen to be necessary to obtain a more complete agreem
Indeed, the importance of spontaneous emission in the
namics of guided lasers is a well-established fact@2#. Finally,
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55 2377FAST INTRACAVITY POLARIZATION DYNAMICS OF . . .
in order to simplify the modeling of the system, a ring-cavity
configuration is used. Preliminary results of this investiga
tion have been reported elsewhere@10#.

The outline of the paper is the following. Section II con
tains a description of the experimental apparatus and a rep
of the behavior observed. Section III establishes a theoreti
model that reproduces this behavior, as shown by numeric
simulations. Finally, some conclusions and comments a
made in Sec. IV.

II. EXPERIMENTAL FEATURES

A. Experimental setup

Several wavelengths can be used to optically pump
erbium-doped fiber amplifier in order to obtain laser emis
sion. In our case the pump wavelength is fixed at 514.5 n
and is provided by an Ar1-ion laser. Under these conditions,
the lasing frequency lies in the near infrared, at 1.561mm.
The experimental setup is shown in Fig. 1. The amplifyin
medium is a 6-m-long erbium-doped fiber, with an ion con
centration of approximately 240 ppm~corresponding to
4.9831025 ions/m3). The total cavity length is made to be
20 m long with the addition of 14 m of passive optical fiber
The fiber is closed on itself in order to form a ring cavity. To
ensure unidirectional operation, an optical isolator is place
inside the cavity. The optical isolator is based on the Farad
effect and is polarization insensitive. The pump light comin
from the argon laser is launched into the ring fiber through
wavelength division multiplexer~WDM!, while an output
coupler removes part of the light that circulates inside th
cavity. In both cases, fiber ends were placed in an inde
matching fluid to prevent possible parasitic Fresnel refle
tions, as shown in Fig. 1. Two different output couplers hav
been used, with coupling ratios 90/10~10%! and 97/3~3%!,
respectively. A 53 microscope objective is used to optimize
the coupling of the pump light into the input port of the
WDM. The output emission is passed through a 10% tran
mission neutral density~ND! filter and a half-wave plate to a
polarization beam splitter, which separates the light into i
two orthogonal polarization components. These compone
are measured with two high-speed photodetectors connec
to the two input channels of a fast digital oscilloscope with
1-GHz sampling rate. This setup allows us to measure t
intensity with 100 data points per cavity round-trip.

FIG. 1. Experimental setup.
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In order to modify the polarization state of the light tra
eling inside the fiber, a polarization controller is used. Pol
ization controllers produce a phase shift by introducing
local birefringence into a portion of the fiber. This is accom
plished by winding the fiber around mandrels of the prop
diameter. It is very important to correctly choose both t
diameter of the mandrels and the number of turns of the fi
around them: if the diameter is too small, the bending loss
the device becomes too high; too few turns would unde
ably reduce the phase shift. We found that, for waveleng
of the circulating light, a diameter of 38 mm and three tur
of fiber around each mandrel was a good choice to produ
small loss and a retardation effect similar to that of a ha
wave plate.

B. Characterization of the system

A measurement of the total output power as a function
pumping is the first standard procedure used to characte
this laser system. Such a procedure shows that the la
threshold is;150 mW. When the the output light is sep
rated into its two orthogonal polarization components, o
can see that the two states have slightly different thresh
and very different output vs pump slopes in the lasing
gime. This is a first indication of the well-known two-mode
like behavior of doped-fiber lasers@2,3#. By suitably modi-
fying the state of the polarization controller, it is possible
separate the two main groups of modes that are ampli
inside the cavity. The optical spectra in two orthogonal p
larization directions, as obtained from an optical spectr
analyzer, show that the two mode groups are indeed ortho
nal and linearly polarized, with spectral peaks cente
around;1.560 52 mm and;1.561 05 mm, respectively.

The behavior of output vs pump power in the lasing
gime is observed to be linear, which is a characteristic
most lasers. Nevertheless, at high pump powers, an incr
of output power fluctuations occurs while making the me
surements. In order to quantify this effect, one can meas
the standard deviation of these fluctuations as a function
the mean light intensity and pump power. The results
shown in Fig. 2 for the case of 10% output coupling. For t
sake of clarity, we should remark at this point that the pu
power that appears in this figure is just the recorded outpu
the pump laser; it does not correspond exactly to the ac
power that is being injected into the fiber laser, due to
imperfect launching of pump light into the cavity through th
WDM. In any case, an analysis of this figure reveals a ste
increase of the fluctuations as both pump level and ou
power are raised. This phenomenon is rather unexpecte
most single mode lasers, fluctuations produced by spont
ous emission are independent of pump level once lasing
been achieved. This is so because the spontaneous-emi
rate is proportional to the population inversion in the amp
fying medium, and this is constant beyond threshold, as
be seen from any rate-equation model@11#. In multimode
lasers, these fluctuations may be deterministic and origin
in the nonlinear dynamics of modes coupled through sha
of the population inversion.

We can calculate the number of modes inside the ca
by measuring the optical spectrum of the output light. T
ratio of its full width at half maximum to the free spectr
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2378 55Q. L. WILLIAMS, J. GARCÍA-OJALVO, AND R. ROY
range of the cavity~longitudinal mode spacing! gives us an
estimate of this quantity. We observe a pronounced spe
narrowing and a corresponding sharp decrease in the num
of modes~from ;33105 to ;23103) as the lasing thresh
old is crossed. Note, however, that even in the lasing reg
the number of amplified modes is very large. This fact sho
the strongly multimode character of fiber lasers.

C. Dynamical behavior

1. Self-pulsing

A characteristic time trace of the total output intens
extracted by the output coupler in the higher loss c
(10% coupling! is shown in Fig. 3 for a pump rate we
above threshold. Self-pulsing is observed with a periodic
of ;100 ns. This corresponds to the cavity round-trip time
our system, which is estimated asL/v, whereL520 m is the
cavity length andv5c/n is the speed of light in the fiber
The index of refraction of erbium-doped fiber isn51.46.

FIG. 2. Standard deviation of the output intensity fluctuations
the mean output level and pump power. Two different sample tim
~shown in the legend! have been used. The pump power shown
the lower figure does not correspond to the power that is actu
injected into the fiber.

FIG. 3. Total output intensity time trace showing self-pulsi
with 10% output coupler. The pump power is 400 mW.
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One can now resolve the output in terms of its orthogo
linear polarization components. These components, altho
coupled, may exhibit very different dynamics. Figure 4~a!
shows quasiperiodic behavior in one polarization direct
and random evolution in the other, also for 10% output co
pling. In other experimental situations, one can observe
ferent quasiperiodic evolution in the two modes. Figure 4~b!
corresponds to a case with period-1 behavior in one direc
and period-7 in the other. The 3% output coupler has b
used in this case.

2. Influence of the polarization controller

Another way of establishing the distinct character of t
polarization-resolved intensity time traces compared to th
of the total output intensity is through their power spectru
In the latter case, a typical spectrum shows peaks separ
by the fundamental cavity frequency of 9.8 MHz. Howeve
when the signal used comes from a single polarization dir
tion, sideband peaks appear between the main ones. T
sidebands can be tuned by manipulating the polarization c
troller and eventually can be made to overlap. When t
happens and losses are small enough~i.e., the light intensity
inside the cavity is high enough!, the pulsed behavior disap
pears and square pulses develop in the output intensity o

s
s

ly

FIG. 4. Two different polarization-resolved time traces. Bo
polarization directions are shown in each case.
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55 2379FAST INTRACAVITY POLARIZATION DYNAMICS OF . . .
orthogonal polarization states. This behavior is antiphas
the two states and is periodic at the cavity round-trip time
shown in Fig. 5. The requirement that losses have to be
for this effect to occur is reflected in the fact that squa
pulses are observed when the 3% output coupler is used
not in the 10% case. It is also worth noting that the tim
durations of the plateaus correspond to the lengths of
active and passive part of the fiber. In other words, the 70
upper part of the pulse in they-polarization trace of Fig. 5
corresponds to the 14 m of passive fiber, whereas the 3
lower part is related to the 6 m ofactive erbium-doped fiber
A threshold pump power is typically observed for the on
of square pulsing. For the measurements shown, sq
pulses formed at a pump power;2.2 times above threshold
In addition to square pulses, other antiphase pulse patt
have been observed. One of them is shown in Fig. 6. A fi
remark on this behavior is that the irregular intensity patte
superimposed on the plateaus of the square waves ev
continuously and slowly in time.

FIG. 5. Antiphase square pulsing in the two orthogonal po
ization components of the output light for a given setting of t
polarization controller and a 3% output coupling. The pump pow
is 600 mW.

FIG. 6. Another antiphase pattern observed. Here the pu
power is here 700 mW.
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D. Nonlinear analysis

We have observed so far that this system has a wide
riety of nonlinear attractors: regular or irregular tempo
patterns in which the dynamics are trapped. Which spec
attractor occurs depends on many factors: the state of
polarization controller, the pump power, the output loss
etc. We are now interested in dynamical characteristics
these attractors.

The state space of a dynamical system can be rec
structed from the information obtained through a scalar m
surement~the intensity of one of the polarization eigenstate
for instance! by means of time-delay vectors@12#. If we de-
note as x(n)[x(t01nD) a scalar set of measuremen
sampled at equally spaced time intervalsD, one can con-
structd-dimensional vectors

y~n!5„x~n!,x~n1T!, . . . ,x~n1@d21#T!…. ~1!

The evolution of these time-delayed vectors in state sp
describes an attractor. There exists a minimum value ofd for
this attractor to properly represent the dynamical behavio
the system. This value is called theembedding dimensionof
the system. Both the embedding dimension and the time
T have to be chosen carefully if one wants this state sp
reconstruction to be really useful.

To obtain a reasonable value of the time delayT, one has
to reach a compromise between the high correlation betw
vector components that would arise ifT is chosen too smal
@x(n1 iT) and x„n1( i21)T… would be nearly identical#
and their statistical independence ifT is too large. All these
features are reflected in the so-calledaverage mutual infor-
mation function, which can be interpreted as a nonlinear co
relation function between the time seriesx(n) and
x(n1Dt) as a function of the time lagDt. Its definition is

M ~Dt !5 (
n51

N

P„s~n!,s~n1Dt !…

3 log2F P„s~n!,s~n1Dt !…

P„s~n!…P„s~n1Dt !…G , ~2!

where P„s(n)… is the probability density of the proces
s(n) and P„s(n),s(n1Dt)… is the joint probability of the
two time-shifted series. A high value of this function repr
sents a high correlation between the series and a low v
corresponds to a high degree of independence. A suit
value ofT will be intermediate between these two regime
A reasonable prescription that is frequently used@13# is to
chooseT as the first minimum ofM (Dt).

We can compute the average mutual information funct
~2! for the time series measurements obtained from our
periment. A typical result is shown in Fig. 7, correspondi
to the intensity for a single polarization direction. The beha
ior is roughly the same for the other polarization directi
and for the total output and also for the other different d
namical regimes investigated. The results suggest that an
equate value for the time delay isT53.

Once the time delay has been chosen, one needs to d
mine the embedding dimension. To do so, we use a met
proposed in Ref.@14#. This procedure determines the min
mum useful embedding dimension as that for which the p
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2380 55Q. L. WILLIAMS, J. GARCÍA-OJALVO, AND R. ROY
centage offalse nearest neighbors~FNNs! in the attractor
drops to zero. Two points of the attractor are said to be FN
when they seem to be close only because the attracto
embedded in a dimension that is too low, but they are a
ally separated from one another. They can be identified
measuring the distance between them in two consecutive
mensions. When this distance is very small in the lowe
dimensional space and much larger in the highe
dimensional space, the two points are FNNs. The proced
consists of computing the percentage of FNNs for increas
dimensions. The embedding dimension is then determine
that dimension for which this percentage drops to a v
small number. Figure 8 presents the result of this method
two different time series exhibiting very different dynamic
behaviors. Figure 8~a! corresponds to a quasiperiodic low
dimensional regime with an embedding dimensiondE54.
Figure 8~b!, on the other hand, shows a nonperiodic tim
series whose percentage of FNNs does not go to zero a
embedding dimension increases. This indicates that the
namics in this case is high dimensional and hence n
driven. A similar coexistence of deterministic and stochas
behavior in the same dynamical system has recently b
observed in a Nd:YAG laser~where YAG denotes yttrium
aluminum garnet! exhibiting deterministic chaos@15#.

III. MODELING

A. A delay-differential equation model

To develop a theoretical model that reproduces the ob
vations made so far, several important characteristics of
system have to be taken into account.

~i! Even though many longitudinal modes are being a
plified inside the cavity, the dynamics of the system can
described in terms of two supermodes corresponding to
orthogonal polarization states of the emitted light@2,3,7#.

~ii ! A description in terms of two-level rate equations
not suitable because of the long cavity of fiber lasers@3#.
Variations in the direction of propagation of laser light ha

FIG. 7. Self-pulsing time series for the intensity output in one
the polarization directions and its corresponding average mu
information function. The pulse separation is 2tR and the pump
power is 1000 mW.
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to be taken into account. This requirement is completely
avoidable in our case since we are observing the dynam
within individual cavity round-trips.

~iii ! The polarization controller is acting as an imperfe
half-wave plate that almost completely switches polari
tions once every cavity round-trip.

~iv! Only part of the total cavity length is active medium
Hence this system has two different characteristic leng
which are reflected in the experimental results~see Sec.
II C 2! and must appear also in the theoretical model.

~v! Spontaneous-emission noise is known to have an
portant influence on the behavior of guided lasers such as
one we are dealing with in this experiment@2#. It thus seems
necessary to include it in any realistic model of fiber lase

The first three points in the previous list have alrea
been faced by Loh and Tang@8,9# in their description of
ultrafast polarization self-modulation in semiconductor
sers. In this study, they developed a delay-differential eq
tion model similar in approach to that used by Ikeda a
co-workers@16,17# to analyze instabilities in the absorptio
of light by a passive medium placed inside a ring cavity a

f
al

FIG. 8. Experimental time traces and the corresponding perc
age of false nearest neighbors vs dimension for the~a! quasiperiodic
case and~b! nonperiodic case. The insets in the lower plots show
zoom of the relevant regions of the graph.
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by Otsuka and Iwamura@18# to model the dynamics of sem
conductor laser amplifiers. We will follow the spirit of Lo
and Tang’s study to derive a model for our system.

Let E1(t,z) andE2(t,z) be the complex field envelope
of the two polarization modes of the amplified radiation. T
following set of equations can be derived for their time ev
lution after adiabatically eliminating the polarization of th
medium from the corresponding Maxwell-Bloch equatio
@8#:

]E1~ t,z!

]z
1

1

vg

]E1~ t,z!

]t
5
a1
2

~12 ia1!@N2N0#E1~ t,z!

1m1~ t,z!, ~3!

]E2~ t,z!

]z
1

1

vg

]E2~ t,z!

]t
5
a2
2
t~12 ia2!@N2N0#E2~ t,z!

1m2~ t,z!, ~4!

]N~ t,z!

]t
5P2g uu@N~ t,z!1Nt#2a1@N~ t,z!2N0#

uE1u2

\v1

2a2@N~ t,z!2N0#
uE2u2

\v2
. ~5!

It can be seen that the two modes are coupled thro
N(t,z), the population inversion of the medium.N0 is the
population inversion necessary for transparency~i.e., for zero
gain! and Nt the density of erbium ions in the fiber. Th
quantity Nt has to be taken into account because erbiu
doped fiber, when pumped at 514.5 nm, behaves as a th
level medium with incoherent pumping@11#. a1 anda2 are
gain coefficients,a1 anda2 represent the detuning betwee
the corresponding mode frequencyv i and the resonance fre
quency of the cavityv0 @a i5(v02v i)/g' , whereg' is the
decay rate of the polarization of the medium#, vg is the ve-
locity of light in the medium~assumed equal for the tw
modes!, andP is the pump rate. These parameters have b
defined in Ref.@10#. z is the direction of propagation of th
light inside the cavity.m1(t,z) andm2(t,z) are spatiotempo-
-

h

-
ee-

n

ral Gaussian and white stochastic processes that accoun
spontaneous emission. They have zero mean and correl
given by

^m i~ t,z!m j* ~ t8,z8!&5 2Did i jd~ t2t8!d~z2z8!. ~6!

We are now going to map the spatial dependence of
system into time by making use of the boundary conditio
that have to be fulfilled by the fieldsE1 andE2 inside the
cavity. These boundary conditions are

E1~ t,0!5
1

2
R1e

ik1LFE1S t2 l P
vg
,l AD ~eiw11!

1E2S t2 l P
vg
,l AD ~eiw21!e2 ibG , ~7!

E2~ t,0!5
1

2
R2e

ik2LFE1S t2 l P
vg
,l AD ~eiw21!

1E2S t2 l P
vg
,l AD ~eiw11!e2 ibG . ~8!

Herel A andl P are the lengths of the active and passive pa
of the fiber, respectively, andL5 l A1 l P is the total fiber
length. The reference frame is chosen in such a way
z50 corresponds to one end of the active fiber.R1 andR2
are the return coefficients of the output coupler for each
of the modes. The parameterw represents the phase sh
caused by the polarization controller. In the perfect ha
wave case (w5p) it can be seen that the previous bounda
conditions merely represent an exchange of polarizations
ery round-trip. We shall considerw near, but not equal to, its
perfect half-wave value. Finally, the parameterb represents
the birefringence of the fiber, which causes different ph
shifts in the two polarization modes. These different pha
shifts are produced by the different velocities that the t
modes actually have when traveling through the fiber, wh
can be modeled satisfactorily by including the parameteb
while keepingvg equal in both modes@9#.

The previous boundary conditions can be used in com
nation with an integration of Eqs.~3!–~5! with respect toz to
obtain the difference-differential model@9,19#
c1~ t !5
1

2
R1L1H Fc1~ t2tR!expS G1

2
~12 ia1!@f~ t !21# D1h1~ t !G~eiw11!

3Fc2~ t2tR!expS G2

2
~12 ia2!@f~ t !21# D1h2~ t !G~eiw21!e2 ibJ , ~9!

c2~ t !5
1

2
R2L2H Fc1~ t2tR!expS G1

2
~12 ia1!@f~ t !21# D1h1~ t !G~eiw21!

3Fc2~ t2tR!expS G2

2
~12 ia2!@f~ t !21# D1h2~ t !G~eiw11!e2 ibJ , ~10!

]f

]t
5q2f~ t !2uc1~ t2tR!u2„exp$G1@f~ t !21#%21…2Re@c1~ t2tR!j1~ t !#2uc2~ t2tR!u2„exp$G2@f~ t !21#%21…

2Re@c2~ t2tR!j2~ t !#, ~11!
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where new dimensionless variables have been definedc1
andc2 are related to the electric field envelopes atz50,

c i~ t ![
Ei~ t,0!

A\v l Ag uuN0

~12!

andf is the dimensionless total population inversion in t
active fiber,

f~ t ![
W~ t2tR ,l A!

l AN0
5

1

l AN0
E
0

l A
N~ t2tR ,z!dz. ~13!

Time is now measured in units ofg uu
21. tR is the cavity

round-trip time, also measured in units ofg uu
21

(tR5L/vgg uu). We have defined a dimensionless gain p
rameter and an effective pump rate as

G i5ai l AN0 , q[
P

g uuN0
2
Nt

N0
. ~14!

L1 andL2 are phase-shift coefficients that can be evalua
as @9#

L i[eikiL5expF ia i

G i

2
@f~0!21#G . ~15!

An inspection of the delay-differential model~9!–~11! shows
that the original spontaneous emission noise sou
m i(t,z), i5$1,2%, have given rise to new noise term
h i(t) and j i(t) in all three equations for the electric field
and the population inversion. The stochastic proces
h i(t) come from the formal integration of the spontaneo
emission noise sourcesm i(t,z) over the space variablez,
whereasj i(t) appear through the introduction of the result
this integration into Eq.~5!. It is worth noting that these new
stochastic processes are no longer space dependent; t
true of all the other quantities of the model as well. Note a
that in the population inversion equation the noise terms
multiplicative @19#. They are all Gaussian distributed wit
zero mean, and we will denote their variances byDi

h and
Di

j . We will treat these noise strengths as adjustable par
eters for our studies; they can be related to the physical p
erties of the system as@19#

Di
h5

Di

\v iN0
,

Di
j54 ai

2~NSS2N0!
2l A
2 Di

\v iN0
, ~16!

whereNSS is the steady-state value of the population inv
sion.

In summary, we have obtained a delay-differential eq
tion model that translates the space dependence on the p
gation directionz ~and hence its infinite-dimensional chara
ter! into a dependence on time-delayed quantities. The mo
also includes the influence of intrinsic noise sources.
have performed extensive numerical computations with
model, and the results obtained will be described in the
lowing subsections.
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The simulations are performed as follows. Each cav
round-trip time is divided into equal-size time intervals~or,
equivalently, the cavity is discretized in a number of equ
cells!. The evolution of the fieldsc1 andc2 depends on their
values one round-trip earlier@Eqs.~9! and~10!# and the total
inversionf evolves according to the differential equatio
~11!, which is discretized in the equally spaced time interv
defined above~or in the one-dimensional spatial lattice
which the cavity has been divided!. Since in our case the
cavity round-trip time is much smaller than the populati
inversion decay time, the integration time steps result
from a not very dense cavity subdivision are small enough
ensure numerical stability in the algorithm that integrates
differential equation. We will usually choose a subdivisio
of the cavity in 100 parts and use a Heun algorithm~a sto-
chastic version of a second-order Runge-Kutta scheme! @20#
to simulate that equation. The multiplicative noise terms
treated according to a Stratonovich interpretation.

A distinction has to be made at this point between
active and the passive fiber. Since the polarization contro
is located in the passive part of the cavity and the de
differential model maps time into space, the value of t
phase shiftw will be close top only in the time instants
corresponding to the passive part of the fiber. The rest of
timew will be near zero~not exactly zero because any sma
winding in the active fiber may also have a small pha
shifting effect!. Hence we will takew to be equal towA
~small! in the active region and towP ~close top) in the
passive part.

Several of the parameters of the model will be fixed
physical requirements of the active medium and the exp
mental setup, whereas others will be used as adjustable
rameters. Among the former, we have the gain coefficie
a1 anda2, which will be taken to be coincident and equal
2.03310223 m2. The detuning factorsa1 anda2 will also
be chosen to be the same and equal to 3.5231022. The
population decay rateg uu is 102 s21 and its inverse is the
time unit we use throughout this section. The lengths of
active and passive fibers are the ones used in the experi
(6 m and 14 m, respectively!, with a total cavity length
of L520 m, which gives a round-trip time equal t
tR5nL/cg uu51025 dimensionless time units. The dopa
ion concentration isNt54.9831025 m23 and the transpar-
ency inversion isN0'1020 m23. The return coefficient of
the output coupler will be taken to be, according to the e
perimental setup,R15R250.97, equal for both polarization
modes. The noise strengths are chosen to
D1

h5D2
h5D1

j5D2
j51025. To put these noise source var

ances in perspective, we should remark at this point that
magnitude of the light intensity in the lasing regime is, in o
dimensionless units, of the order of 106. The pump rate will
take several values for the different regimes. The phase s
wA andwP and the birefringence coefficientb will be adjust-
able parameters. A summary of the previous values is sh
in Table I.

B. Characterization of the model

A first comparison between the numerical model that h
just been derived and the experimental observations sh
previously is made by computing how the laser outp
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changes with increasing pump power. A sudden jump
photon number~over nine orders of magnitude! is observed
and represents the transition from a spontaneous emis
~no lasing! to a stimulated emission regime~lasing!. Linear
behavior is observed in the lasing regime. The estima
value of the lasing threshold (;53105 in dimensionless
units! is in qualitative agreement with the experimental
sult.

It has also been found that this model reproduces
striking experimental observation of an increase in inten
fluctuations for higher pumping and output power. The
sults are shown in Fig. 9 and should be compared with th
experimental counterpart presented in Fig. 4. The fact
this behavior persists even in the absence of stochastic t
in the simulations indicates that these intensity fluctuati
are of deterministic origin. They are related to spiking a
pulsing phenomena occurring in the time evolution of t
light intensity and may be caused by the coupling dynam
between the many modes that are undergoing amplificat
as mentioned in Sec. III A.

TABLE I. Parameters used in the delay-differential model.

Parameter Value Units Description

a1,2 2.03310223 m2 gain coefficients
a1,2 3.5231022 detuning factors
g uu 102 s21 population decay rate
l A 6 m length of active fiber
L 20 m total cavity length
tR 1027 s cavity round-trip time
N0 1020 m23 transparency inversion
Nt 4.9831025 m23 dopant ion concentration
R1,2 0.97 output coupler return
D1,2

h 1025 coefficients
electric-field noise

D1,2
j 1025 strength

population inversion noise
strength

FIG. 9. Standard deviation of the total intensity output vs to
output powerI 11I 2 and pump rateq.
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C. Dynamical behavior

1. Self-pulsing

Typical time traces of the output intensityI i5uc i u2, as
obtained from our delay-differential model, are shown
Figs. 10 and 11. Self-pulsing behavior is clearly observ
with different overall characteristics depending on the valu
of the parameters. Figure 10 presents antiphase quasiper
self-pulses at a periodicity of one cavity round-trip time. Fi
ure 11 shows period-2 behavior. The difference betwe
both cases lies only in the value of the birefringence fac
equal to 0.0015 in the first case and taken to be exactly z
in the second. The values chosen for the phase shifts
0.027 in the active fiber andp20.175 in the passive fiber
All the other parameters are those of Table I. It is wo
noting that in all cases we obtain antiphase motion for
two polarization modes. The structures immersed in this s
pulsing behavior are observed to drift slowly as tim

FIG. 10. Polarization-resolved quasiperiodic self-pulsing tim
traces. A periodicity equal to one cavity round-trip time is observ
The pump rate isq523106 dimensionless units, roughly 5 time
above threshold.

l
FIG. 11. Polarization-resolved quasiperiodic self-pulsing tim

traces with a period equal to 2tR . The pump rate is the same as
Fig. 10.
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evolves, as observed in the experiments~see Fig. 12!. This
pattern evolution does not occur if the noise sources are
glected in the model, which indicates the importance
spontaneous emission in this system.

2. Influence of the phase shifts

The value ofwP used in the previous simulations corr
sponds to an imperfect half-wave plate. By taking a value
this phase shift closer top ~which amounts to properly tun
ing the polarization-controller mandrels in the experimen!,
we can reproduce the square-wave behavior observed in
real system. Figure 13 is the result of makin
wP5p20.015 andb50.020. As in the experimental outpu
these square waves are antiphase in both polarization c
ponents, with a period equal to the cavity round-trip tim
and a relation between the lengths of the upper and lo
plateau equal to that between the lengths of the active
passive part of the cavity. Also, as in the experiment,

FIG. 12. Three snapshots of the self-pulsing behavior of
polarization mode, showing the slow drift of temporal patterns d
to the effect of stochastic noise sources. These snapshots are
rated in time by several hundred round-trips.~a! Numerical simula-
tion ~parameters are the same as in the previous figures! and ~b!
experimental behavior~in this case the cavity round-trip time i
;130 ns!.
e-
f

f

the

m-
,
er
nd
e

patterns on top of the square pulses change continuously
slowly with time, as shown in Fig. 14, where three series
ten cavity round-trip times occurring at different instants
the same dynamical evolution are compared. Again, this
havior is not obtained if the spontaneous-emission nois
not taken into account.

D. Nonlinear analysis

To complete our comparison between the results given
the delay-differential model that has been derived in this s
tion and the results obtained from the experimental syst
we will analyze the numerical time traces from a nonline
dynamics point of view. We can compute the average mu
information function of a polarization-resolved output tim
trace. Figure 15 shows the typical behavior of this functi
@which in this case corresponds specifically to the time tr
shown in Fig. 16~a!#. We conclude that a reasonable val

e
e
pa-

FIG. 13. Antiphase square pulses generated by the de
differential model by properly tuning the value ofwP . The pump
rate is the same as in the previous figures.

FIG. 14. Three snapshots of the numerically simulated beha
of one polarization mode, showing that the detailed structure of
square-wave patterns evolves slowly in time. The parameters
the same as in the previous figures.
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for the time lag to be used in phase-space reconstructio
Dt51027 dimensionless units, which corresponds to o
time interval in the cavity subdivision we have chos
throughout this work. We now compute the percentage
false nearest neighbors for different dimensions in two d
ferent regimes. Figure 16~a! shows a time trace exhibiting
high degree of periodicity and its corresponding fals
nearest-neighbor percentage vs embedding dimension.
result shows that the behavior of the system in this regim
low-dimensional and deterministic, with an embedding
mensiondE54. Figure 16~b!, on the other hand, shows
nonperiodic time trace and a false-nearest-neighbor perc
age that doesnotgo to zero for increasing dimension, imply
ing that the behavior in this case is high dimensional a
noise driven. We remind the reader that these two differ
regimes have also been obtained experimentally~Fig. 8!. We
regard this agreement as a significant indication of the s
cess of our model in capturing the dynamical behavior of
laser system.

IV. CONCLUSION

We have analyzed the fast, intracavity dynamics of
erbium-doped fiber laser in a ring cavity. Since it is w
known that this kind of system presents interesting polar
tion dynamics, we have introduced a polarization contro
inside the laser cavity. Self-pulsing has been observed
very broad range of system configurations, both in the to
output intensity of the laser and in the polarization-resolv
dynamics, in periods of the order of the cavity round-t
time. In this regime the two different polarization modes c
behave independently, i.e., one may show quasiperiodic
namics and the other chaotic behavior, for instance. Du
the long cavity and fast detection devices, we have been
to sample the behavior inside a cavity round-trip. By ca
fully tuning the polarization controller, the self-pulsing b
havior can be transformed into square-wave dynamics
this case, the behavior of the two polarization modes is u
ally antiphase, as predicted for lasers with a strong mu
mode character. All these features can be reproduced
stochastic delay-differential equation model, which tak
into account the fact that a mean-field approximation in
propagation direction is misleading in this kind of lon
cavity laser. Spontaneous emission is introduced via a n
term in the original Maxwell-Bloch equations and leads to
nontrivial stochastic contribution to the delay-different
model. This model is able to reproduce both the self-puls

FIG. 15. Typical example of the average mutual informati
function obtained numerically. The actual time trace from wh
this function has been derived is shown in Fig. 16~a!.
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and the square-wave behavior. Spontaneous-emission n
is necessary to obtain the observed slow time drift of
patterns underlying the square-pulse structure. Howe
even though spontaneous emission~and hence the noise
sources in the model! is always present in the laser operatio
we observe, numerically and experimentally, both a de
ministic and a noise-driven regime for slightly different va
ues of the system parameters. The first situation correspo
to a quasiperiodic, low-dimensional motion and the seco
to a random, high-dimensional behavior. The coexistence
these two types of behavior in the same nonlinear dynam
system is a remarkable feature that deserves further stu

FIG. 16. Quasiperiodic time trace and its percentage of fa
nearest neighbors vs dimension. Full circles represent the nume
result, which corresponds to a pump rate ofq563105 dimension-
less units,;1.1 times above threshold. Empty circles are the
perimental result of Fig. 8~a!. ~b! Nonperiodic time trace and its
percentage of false nearest neighbors vs dimension, which disp
a residual percentage of FNNs, implying random dynamics. F
circles represent the numerical result, which corresponds to a p
rate ofq513106 dimensionless units,;2 times above threshold
In this case, the noise source strengths have been increased
value of 1.231024 dimensionless units to obtain better agreem
with the experiments, which are represented by empty circles@from
Fig. 8~b!#.
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