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Accurate evaluation of multiple-excitation cross sections from one-electron amplitudes
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We show that a theory that neglects dynamic correlation in ion-atom collisions~the frozen correlation
approximation, FCA! is able to provide accurate multiple-excitation cross sections from one-electron ampli-
tudes. Important requirements for the success of the FCA are~i! inclusion of correlation in both the initial and
final states, and~ii ! inclusion of screening effects during the collision. We find an excellent agreement between
fully correlated and FCA results for double excitation of He by bare ions, thus showing that the FCA can be
efficiently used in the evaluation of multiple-excitation cross sections when fully correlated calculations are not
accessible.@S1050-2947~97!02103-3#

PACS number~s!: 34.10.1x, 34.50.Fa
m
ro
lly
ee
e
g
n
ed
n
ro
ak
th

a

ou
n-
e
ne
ita
-
an
th
s

la

n
lle
l
r-

ntil
ita-

to
ith
at,
he

,
ed
le-
d to

at
e
in-

g
or-
that

the
ny-
. It
ond
n in
dy
la-
the
is
te
r to
ted
s-
le
il-
g

I. INTRODUCTION

The study of multiple-excitation processes in ion-ato
collisions raises the question of how the electron-elect
interactionVee can be treated in dynamical problems. Fu
correlated theories are very involved and have only b
applied to two-electron problems. For example, the forc
impulse method @1# and the discretized close-couplin
method@2,3# have been used to study double ionization a
double excitation of He by ion impact, and have provid
cross sections in good agreement with the experimental o
However, it is clear that, for more complex systems, elect
correlation has to be approximated in some way to m
calculations accessible. The simplest solution is given by
independent electron model~IEM! in which electron corre-
lation is neglected in the description of the initial and fin
states as well as in the dynamics~according to the common
Hartree-Fock language and at variance with our previ
works we will call in this paper electron correlation the no
separable part ofVee). The simple picture provided by th
IEM is inadequate when electron correlation cannot be
glected in the initial and/or final states, as for double exc
tion of the target@2#. Therefore, it is of practical and concep
tual interest to go beyond the IEM and include the relev
part of the electron-electron interaction while preserving
simplification that arises when electron correlation play
negligible role in the dynamics.

A first attempt to understand the role of electron corre
tion during the collision was made by McGuire@4#, who
called scattering correlationthe nonseparable two-electro
contributions to the evolution operator. In contrast, he ca
static correlationthat part related exclusively to the initia
and final states. Stolterfoht@5# suggested that dynamic co
relation may be negligible when the collision timetcoll is
much smaller than the correlation timetcorr. All these con-
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cepts being based on physical intuition, it has not been u
very recently that dynamic correlation has been quant
tively evaluated. In a recent work@6,7# we have introduced
the frozen correlation approximation~FCA!, which freezes
electron correlation during the collision, thus allowing one
state the role of dynamical correlation by comparing w
fully correlated results. In that work we have shown th
irrespective of how important correlation is to describe t
initial and final states,Vee does not play a significant role in
the dynamics whentcoll!tcorr. This is very attractive since
in the FCA, many-electron transition amplitudes are obtain
from one-electron amplitudes and therefore multip
excitation cross sections can be obtained when it is har
use fully correlated theories.

Our previous calculations using the FCA were aimed
illustrating the role ofVee in the dynamics and therefor
were performed by freezing the whole electron-electron
teractionVee. However, we have indicated in@7# that a more
general~but equally simple! FCA can be set up by freezin
part ofVee only. For instance, one can account in the unc
related propagator for screening effects in the dynamics
would be neglected if the wholeVee was frozen. By doing
so, the FCA may provide a much better description of
process while keeping its simplicity: the expression of ma
electron amplitudes in terms of one-electron amplitudes
contains the usual IEM as a particular case but goes bey
the latter because the former includes electron correlatio
the initial and final states. Thus it can be applied to the stu
of multiple excitation and ionization where electron corre
tion cannot be neglected in the initial and/or final state. In
present paper we show how this generalization of the FCA
in fact a very efficient and simple way to obtain accura
cross sections for multiple-electron processes. In orde
show its accuracy one has to compare with fully correla
calculations, which are only available for two-electron sy
tems. Our generalization of the FCA is applied to doub
excitation of He for which fully correlated results are ava
able @2,3#. In Sec. II we briefly summarize the FCA, payin
particular attention to the extension proposed in@7#. In Sec.
2004 © 1997 The American Physical Society
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55 2005ACCURATE EVALUATION OF MULTIPLE-EXCITATION . . .
III we compare our results with those obtained from fu
correlated theories.

Atomic units are used throughout unless otherwise sp
fied.

II. THEORY

We work in the framework of the impact paramet
method. We callH0 the Hamiltonian of the isolated targe
and V(t) the interaction between the projectile and targ
electrons. We callc̃n the eigenfunction ofH0 with eigenen-
ergyEn . For the sake of simplicity, we work in the interme
diate picture and any quantity in this picture will be label
with a tilde. We have to solve the time-dependent Sch¨-
dinger equation

S eiH0tV~ t !e2 iH0t2 i
d

dtD C̃i~ t !50 ~1!

with the initial condition

lim
t→2`

C̃i~ t !5c̃ i . ~2!

The exact solution of Eq.~1! can be written as

C̃i~ t !5Ũ~ t,t8!C̃i~ t8!5 lim
t8→2`

Ũ~ t,t8!c̃ i , ~3!

where the evolution operatorŨ(t,t8) satisfies

i
d

dt
Ũ~ t,t8!5eiH0tV~ t !e2 iH0tŨ~ t,t8!. ~4!

Now, we write the electron-electron interaction potent
Vee as the sum of two terms:

Vee5W11W, ~5!

whereW1 is a sum of one-electron operators

W15(
i
v i ~6!

andW is a nonseparable operator. We can defineW1 as an
averaged screening potential whereas the complemenW
corresponds to what we call correlation. In this work we u
for v i an analytical fit of the Hartree-Fock potential corr
sponding to the ground state of the target~see Sec. III!. We
define a new target Hamiltonianh0 in which W ~the non-
separable part of the electron-electron interaction! is ex-
cluded:

h05H02W. ~7!

The corresponding evolution operatorũ(t,t8) satisfies

i
d

dt
ũ~ t,t8!5eih0tV~ t !e2 ih0tũ~ t,t8!. ~8!

The frozen correlation approximation consists in replac
the exact evolution operatorŨ defined in Eq.~4! by ũ:

Ũ~ t,t8!→ũ~ t,t8!. ~9!
i-

t

l

e

g

We have shown that this approximation is valid wh
tcoll /tcorr!1 @7# so that it will be a reasonable approximatio
when the typical time associated with the action of the p
jectile target interaction is much shorter than the time
quired forW to produce an appreciable change in the evo
tion of the system during the collision. The approxima
transition amplitude to a given final statec̃ f is

t i f5 lim
t f→`

lim
t i→2`

^c̃ f uũ~ t f ,t i !uc̃ i&. ~10!

Therefore electron correlation is fully included in the d
scription of the initial and final states, but it does not app
in the evolution of the system. This is equivalent to freezi
correlation during the collision as discussed in@7#.

The operatorũ(t f ,t i) is theexactevolution operator for a
problem in whichW is zero and thus verifiesall properties of
an exact evolution operator. In particular, the transition a
plitude ~10! is invariant under a change in time origin. Th
latter property is demonstrated in the Appendix.

In the FCA, many-electron transition amplitudes can
written in terms of one-electron transition amplitudes. I
deed, the eigenstates ofh0 are products of one-electron o
bitals w j , and the many-electron basis functionsc̃n can be
expressed in terms of these as

c̃n5 (
jk•••s

a jk•••s
n w jwk•••ws . ~11!

Under the action ofũ(t,t i) the previous form is conserve
during the collision becauseũ can be written as a product o
one-electron operators. Therefore, the one-electron orb
evolve in time~because of the interaction with the projectil!
whereas the coefficientsa jk•••s

n are time independent~frozen
correlation!. From Eq.~10! it follows that the transition am-
plitude between initial and final correlated states can be w
ten in terms of one-electron amplitudesajl :

t i f5 (
jk•••s,lm•••t

a jk•••s
i a lm•••t

f ajl akm•••ast . ~12!

Then, in practice, one only needs to perform one-elect
calculations to evaluate the many-electron amplitude.

The first order of perturbation theory forũ yields the
Born-FCA approximation, which is obviously not equivale
to the exact Born approximation obtained from the first ord
of pertubation theory toŨ. This is not a shortcoming of the
FCA theory. As we have clearly stated in our derivation@7#,
the FCA makes no assumption on thestrengthofW but only
on its characteristic timetcorr (tcoll /tcorr!1). The Born ap-
proximation is only valid whenW is weak. Therefore, the
Born FCA is valid if both W is weak andtcoll /tcorr!1. In
other terms, the Born-FCA approximation is the form tak
by the Born approximation whentcoll /tcorr!1.

Reading et al. @8# have correctly remarked that whe
W150 ~i.e., W5Vee) the Born-FCA approximation may
give a transition probability decreasing at large impact
rametersr like 1/r2 ~thus yielding a divergent total cros
section! in strong disagreement with the exact result~includ-
ing correlation in the dynamics!. What this statement mean
is that, whenW5Vee, the conditiontcoll /tcorr!1 may break
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2006 55F. MARTÍN AND A. SALIN
down at large impact parameters. It brings the interes
conclusion thatVeemay not be neglected entirely in the d
namics at large impact parameters~and certainly not that the
FCA suffers from any basic inconsistency!. It does not in-
validate either the FCA as a reference calculation wh
W5Vee since transitions in multiple processes take pla
usually over a limited range of impact parameters. For
ample, we give in Fig. 1 the excitation probability of th
2s2 1Se doubly excited state of He as a function of impa
parameter. In our close-coupling FCA calculations, we w
in a finite space such that the total cross section does
diverge even forW5Vee. Still one can see that the relativ
error in the FCA is much larger at large impact paramet
with no significant consequence on total cross sections s
this large relative difference appears in a range of imp
parameters that contributes negligibly to the total cross s
tion ~only the use of a logarithmic scale in Fig. 1 allows o
to see such a discrepancy at large impact parameters!. A
similar result has been noted by Readinget al. @8# for the
case of double ionization.

A sensible choice ofW1 will ensure that the FCA behave
correctly at large impact parameters. So, for the calcula
of multiple processes, it is clearly advisable to use a nonz
W1 not only to increase the accuracy in the transition pr
ability at finite impact parameters but also to avoid any d
ficulty in the evaluation of total cross sections. In oth
terms, W1 should be chosen so that the conditi
tcoll /tcorr!1 be verified even at large impact paramete
tcorr being associated with the particular correlation poten
W resulting from a given choice ofW1. We will see in the
following section that, in practice, results are not very sen
tive toW1 in the region of short impact parameters, so th
the Hartree-Fock potential of the initial state may be
easiest choice.

FIG. 1. Excitation probability of the1Se(2s2) doubly excited
state of He by 2-MeV protons as a function of impact parame
Full curve, calculations including dynamic correlation; dash
curve, frozen correlation approximation withW5Vee2W1; dotted
curve, frozen correlation approximation withW5Vee.
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III. RESULTS

We apply the above formalism to double excitation of H
We concentrate here on the first singlet resona
1Se(2s2), located around an electron energy of 33 eV. T
fully correlated close-coupling results used for comparison
this work have been reported previously@2# so that they will
not be discussed in detail here. For the present study
enough to recall that electron correlation was included in
initial and final states, as well as in all the intermediate sta
of the basis expansion. Also the exact correlated tw
electron Hamiltonian was used to solve the time-depend
Schrödinger equation. Calculations in the FCA have be
performed in the same subspace as the fully correlated o
in order to get a meaningful comparison~see@9#!. The ex-
plicit analytical form of the one-electron screened poten
used in the definition ofW1 in Eq. ~6! is @10#

v i5
1

r i
2
1

r i
~11ar i !e

2br i, ~13!

wherea51.665 andb53.36. This potential is almost iden
tical to the exact Hartree-Fock one and has the advan
that all matrix elements can be evaluated analytically.

We give in Fig. 1 the transition probability to th
1Se(2s2) doubly excited state by impact of 2 MeV proton
obtained from the FCA withW5Vee2W1. Comparison with
the fully correlated results and those obtained withW5Vee
~i.e., when the whole electron-electron interactionVee is fro-
zen! shows a significant improvement in the region of lar
impact parameters. Similarly, we have found an impro
ment for the1Po(2s2p) and 1De(2p2) resonances. As ex
plained in Sec. II, our approximation consists in allowing f
the effect of screening (W1) in the dynamics but not for a
modification ofW1 caused by the time evolution of the sy
tem. This is consistent with our choice ofW1 as the Hartree-
Fock potential of the initial state. The excellent agreem
between the FCA results obtained withW5Vee2W1 and the
fully correlated ones confirms the validity of this choice.
the case of the1Po(2s2p) and 1De(2p2) resonances, the
agreement with the fully correlated results at large imp
parameters is less remarkable than in the case of
1Se(2s2) resonance, indicating that the evolution in time
the screening plays a more important role. As mention
above this is not important to obtain accurate cross sect
because the contribution of large impact parameters is n
ligible. These results show not only that double excitati
does not require dynamic correlation in the correspond
energy range, in agreement with our previous findings@6,7#,
but also that the FCA is a useful alternative to fully corr
lated calculations.

Experimentally, double excitation shows up as a re
nance effect in the spectrum of electrons ejected from
target. The electron yield as a function of electron ene
shows a characteristic structure above a smooth backgro
that can be fitted for each resonance by

Y~e!5@A~ k̂!e1B~ k̂!#/~11e2!, ~14!

wheree52(Eel2Er)/G r , Er andG r are the resonance pos
tion and width, andEel is the electron energy. The param
etersA and B ~Shore parameters! depend on the electron

r.
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55 2007ACCURATE EVALUATION OF MULTIPLE-EXCITATION . . .
ejection directionk̂ and characterize the shape of the re
nance~in particular, the asymmetry is determined by the
tio A/B). The resonance shape~14! corresponds to an inter
ference pattern involving the effect of electron correlati
over a time much larger thantcoll . In Fig. 2 we show the
Shore parametersA and B corresponding to the1Se(2s2)
resonance of He excited by 150-keV and 2-MeV proto
obtained with the FCA and fully correlated calculations.
can be observed that the agreement at 2 MeV is excellent
remains very good down to 150-keV impact energy. F
comparison, the figure also includes our previous FCA
sults obtained withW5Vee at 2 MeV @6,7#. Notice that
agreement between the latter and the fully correlated res
was already very good and that the small discrepancies in

FIG. 2. Shore parameters for excitation of the1Se(2s2) reso-
nance of He by~a! 150-keV and~b! 2-MeV protons as a function o
electron ejection angle. Full curve, calculations including dynam
correlation; dashed curve, frozen correlation approximation w
W5Vee2W1; dotted curve, frozen correlation approximation wi
W5Vee.
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forward and the backward directions for theB parameter
have practically disappeared in the new FCA results. Cal
lations for 2-MeV projectile ions with charge up toZP59
show the same kind of agreement.

The same conclusions hold for the ionization cross s
tions shown in Fig. 3. The agreement between our new F
results and the fully correlated ones is excellent above 1
keV impact energies. In particular, the new results agree v
well with the fully correlated ones in the forward and bac
ward directions. As shown in Fig. 3~b!, this is not the case of
the FCA results obtained by freezing the whole electro
electron interactionVee. In Ref. @7# the difference between
the latter FCA results and the fully correlated ones in t
forward and backward directions was attributed to a po

c
h

FIG. 3. Ionization cross section for the ejection of a 33-eV ele
tron from He by~a! 150-keV and~b! 2-MeV protons as a function
of electron ejection angle. Full curve: calculations including d
namic correlation; dashed curve: frozen correlation approximat
with W5Vee2W1; dotted curve: frozen correlation approximatio
with W5Vee.
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2008 55F. MARTÍN AND A. SALIN
representation of dynamical screening effects when
whole Vee is frozen, i.e., when bothW andW1 are frozen.
The present results confirm this interpretation, since scre
ing effects contained inW1 are not frozen in the new FCA
calculations.

IV. CONCLUSION

The frozen correlation approximation~FCA! was first in-
troduced in@6,7# to provide a reference calculation in whic
dynamic correlation is neglected and accordingly the wh
electron-electron interactionVee was neglected during th
collision. This led us to the interesting conclusion that d
namic correlation does not play a significant role in multip
excitation processes at high impact energies. In this pape
have gone a step further by incorporating screening eff
during the collision. Since screening effects are usually
produced by a separable average potentialW1, this means
that only the nonseparable potentialW5Vee2W1 is associ-
ated to correlation effects. This definition of correlatio
which is in accordance with the usual one of the Hartr
Fock language, leads to a much better description of
collision process in the region of large impact paramete
Our results for double excitation and ionization of He by i
impact are excellent illustrations of this: transition probab
ties and cross sections obtained by freezingW instead of
Vee are very close to the fully correlated ones. As in t
original FCA @6,7#, the many-electron transition amplitude
obtained in this way can be written as linear combinations
products of one-electron amplitudes. This result is co
pletely general, i.e., it is independent on the particular fo
of the screening potential, provided the latter is written a
sum of one-electron potentials. This is interesting in view
future applications to more complicated systems that are
accessible by current fully correlated theories. The only
formation required to apply the FCA is~i! the configuration-
mixing coefficients for both the initial and final states, a
~ii ! the one-electron transition amplitudes between the co
sponding orbitals@see Eq.~12!#.
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APPENDIX

Here we show that the FCA transition amplitudes are
variant under a change of time origin. Let us define an
eratorT that shifts the origin of time byd:

Tx~ t !5x~ t1d!. ~A1!

Then we write

^c̃ f uũ~ t f ,t i !uc̃ i&5^c̃ f uT†Tũ~ t f ,t i !T
†Tuc̃ i& ~A2!

5^c̃ f uTũ~ t f ,t i !T
†uc̃ i&, ~A3!

where we have usedTT†51 and the fact thatc̃ i , f do not
depend on time, i.e.,Tc̃ i , f[c̃ i , f . Now

Tũ~ t f ,t i !T
†[ũ~ t f1d,t i1d! ~A4!

is the evolution operator corresponding to the new time o
gin. Consequently, Eq.~A3! proves the invariance of the
transition amplitude defined in Eq.~10!. Note that the proof
is straightforward in the intermediate representation beca
time evolution associated toH0 is not included in the asymp
totic states@see Eqs.~1! and ~2!#. Of course, a similar~but
longer! proof can be obtained in the Schro¨dinger representa
tion.

Readinget al. @8# have incorrectly stated that the FCA
not invariant under such a transformation. In fact, they fin
spurious phase factor for any exact evolution operator
cause, when they shift the time origin, they use asympt
states referred to the unshifted time origin@see Eqs.~13! and
~15! of @8##. As a consequence, the initial conditions they u
for two different frames do not correspond to the same pr
lem.
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