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éerenkov effect and the Lorentz contraction

Miroslav Pardy
Department of Theoretical Physics and Astrophysics, Masaryk University,fkk#la, 611 37 Brno, Czech Republic
(Received 14 June 1996

The power spectral formula ofeZenkov radiation of the system with two equal charges is derived in the
framework of the source theory. The distance between charges is supposed to be relativistically contracted,
which manifests in the spectral formula. The knowledge of the spectral formula then can be used to verify the
Lorentz contraction of the relativistic length. The radiative corrections to #herkov effect are also consid-
ered. A feasible experiment for the verification of the Lorentz contraction is suggested.
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PACS numbdss): 03.30:+p, 41.60.Bq

[. INTRODUCTION volves the Lorentz contraction which follows immediately
from the Lorentz transformation for coordinates between
A fast moving charged particle in a medium when its systemsS’ andS:
speed is faster than the speed of light in this medium pro-
duces electromagnetic radiation, which is calledréhkov L . 1
radiation. This radiation was first observed experimentally X'=yx—vt), = J1—v?c?’
by Cerenkov[1] and theoretically interpreted by Tamm and
Frank[2] in the framework of classical electrodynamics. A wherex are coordinates in the systefhand x’ are corre-
theoretical description of this effect was given by Schwinger sponding coordinates in the syst&h which is moving with
Tsai, and Erbef3] at the zero-temperature regime and thevelocity v relative to the systerB. If the left and right points
classical spectral formula was generalized to the finiteof the moving rod are;, X, in the systen® andx; andx; in
temperature situation in the framework of the source theorghe systens’, then from Eq.(1) we have
by Pardy[4]. . .,
The question arises: What is the relation of theréhkov Xy = X1 = ¥(X2—Xy), 2
radiation to the relativistic length? The relativistic length can_ , . . :
. .~~ which can be transcribed in the form
be formed by the system of charges of the linear chain or
only by the two charges of the rest distaic&'he problem a=1\V1-02/c2 3
of the radiation of the composed systems of charges is not
new and it was defined in the pioneering work of Ginzburgwherel is the length of the rest rod aradis the length of the
[5]. Later, Frank[6] gave the solution of the problem of moving rod.
Cerenkov radiation of the electrical and magnetical dipoles The formula(3) is well known and since the formulation
oriented parallel and perpendicular to the direction of mo-of the special theory of relativity by Einstein it is generally
tion. While the parallel orientation gives no surprising resultbelieved that the so-called Lorentz contract{@hshould be
the situation with the perpendicular orientation gives a spevisible to the eye. Also Lorentz stated in 1922 that the con-
cial anomaly that has been frequently discussed in the literaraction could be photographed. Similar statements appear in
ture. In 1952 an article was published discussiregegdkov  other references concerning the special theory of relativity.
radiation of the arbitrary electrical and magnetical multipolesHowever, the special theory of relativity predicts that the
[7]. A review of the problems of &enkov radiation of the contraction can be observed by a suitable experiment with
magnetic and electrical multipoles was given by Frg8k  the nuance that there is a distinction between observing and
Extensive work concerning radiation by uniformly moving seeing. The situation was analyzed, for instance, by Terrell
sources is involved in Ref.9]. However, the problem of [10] and Weisskopf11], who proved that the photograph
testing the Lorentz contraction by the@nkov effect is con- obtained by an observer depends only on the place and time
sidered here. . in which the picture was taken and is independent of the
While the original articles on the éZenkov radiation in- relative motion of the observer and object photographed.
volve only determination of spectral formulas, there is inter- In other words, an observation of the shape of a fast mov-
est in the question of the relationship between the spectrahg object involves simultaneous measurement of the posi-
formula and Lorentz contraction of the length of some lineartion of a number of points on the object. If done by means of
object. The specific situation forms the system of two equalight, all quanta should leave the surface simultaneously, as
or opposite charges of the rest distahcdhen we can ex- determined in the observer position at different times. In
pect that the spectral formula of thee@nkov radiation in- such an observation the data received must be corrected for
the finite velocity of light, using measured distances to vari-
ous points of the moving object. In seeing the object, on the
*Electronic address: pamir@physics.muni.cz other hand, or photographing it, all the light quanta arrive
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simultaneously at the eye having departed from the object dtom ImW, it is necessary to know the explicit form of the
various earlier times. In such a way this should make a difphoton propagatob . ,,(Xx—X’).

ference between contracted shape, which is in principle ob- The electromagnetic field is described by the four-
servable, and the actual visual appearance of a fast-movingotentialsA*(#,A) and it is generated by the four-current

object. . J*(cp,J) according to the differential equatigB]
Obviously, Grenkov radiation of the charged two-

particle system involves the Lorentz contraction of their rest ue 92 L 2

distance. We will consider the system of two equal charges ( - ?W) A= 99 2 ﬂ“ﬂ”)JV (7)

e, which have the mutual rest distanceThe Lorentz con-
traction will be involved in the power spectral formula for ith the corresponding Green functi@n, ,,, :
this linear system.

In this paper we evaluate in source theory the power spec- i
tral formula of the @renkov radiation of the two-charge sys- DA”
tem moving with velocityv in the dielectrical medium. Ra-
diative corrections to two-body d&enkov radiation are \ypere 7#=(10), u is the magnetic permeability of the di-
considered too. In conclusion, a feasible experiment is SUGs|actric medium with the dielectric constant ¢ is the ve-

n—
9"t — 7 77“?7”)D+(X—X’), ®)

“c

gested for the verification of the Lorentz contraction. locity of light in vacuum,n is the index of refraction of this
medium, andD, (x—x") was derived by Schwinger, Tsai,
Il. THE SOURCE THEORY FORMULATION and Erber3] in the following form:

OF THE PROBLEM
sin(nw/c)|x—x'|
—e

jw[t—t’|
|x=X'] '

Source theory3,12,13 is the theoretical constructionthat D _(x—x')= I—zf do
uses guantum-mechanical particle language. Initially it was 4mclo
constructed for a description of the particle physics situations ©)
oceurring in high—ene_rg_y physics expe”me”.t? However, it Using formulag5), (6), (8), and(9), we get for the power
was fOL_md that the original .formulat|on §Imp|IerS the.calcu'spectral formula the following expressigal:
lations in the electrodynamics and gravity where the interac-
tions are mediated by the photon or graviton, respectively. ® u

The basic formula in the source theory is the vacuum to  P(w,t)=—— _Zj dxdx’dt’
vacuum amplitudg3] 4m°n

sin(nw/c)|x—x’|
|x=x']
Xco§w(t—t")]

(0,]0_)y=gllMWS), (4) )

n
X Q(x,t)Q(x’,t’)—EZJ(x,t)~J(x’,t’) .

where the minus and plus signs on the vacuum symbol are
causal labels, referring to any time before and after the
space-time region where sources are manipulated. The expo-
B oduceq il 1o 10 e eXstenceof e N, e are prepaed to appy the Ias formul 0 he
) : situations of the two equal charges moving in the dielectric
has a simple consequence that the associated probability an.

plitudes multiply and correspondingV expressions add edium.

(10)

[12,13. )
The electromagnetic field is described by the amplitude lll. C ERENKOV RADIATION
(4) with the action OF THE TWO-CHARGE SYSTEM

1 It is usually assumed thate@enkov radiation in electro-
_ "N e 1y dynamics is produced by uniformly moving charge with con-
W) sz (@) (AXDIEGID 4, (X=X DIX), stant velocity. Here we consider the system of two equal
(5)  chargese with the constant mutual distan@e=|al moving
with velocity v in the dielectric medium. In this situation the
where the dimensionality dV/(J) is the same as the dimen- charge and the current densities for this system are given by
sionality of the Planck constarit J, is the charge and cur- the following equations:
rent densities. The symbdD+W(x—x’) is the photon

propagator and its explicit form will be determined later. e=¢€[ 8(x—vt)+ S(x—a—vt)], (11
It may be easy to show that the probability of the persis-
tence of vacuum is given by the following formula]: J=eV[ 8(x—vt)+ S(x—a—vt)], (12)
2 d P(w,t) wherea is the vector going from the left charge to the right
2__ I — —_
1€0-+]0-)| —exp{ ﬁImW]—exp‘ fdtd“’ ho ] charge with the length aii=|a| in the systensS.
(6) Let us suppose that|a|x. Then, after insertion of Egs.

(11) and (12) into Eg. (10), putting 7=t'—t, and 8=wvl/c,
where we have introduced the so-called power spectral funavherev = |v|, we get instead of the formuld0) the follow-
tion [3] P(w,t). In order to extract this spectral function ing relation:



P(w,t)=2P;(w,t)+ Py(w,t)+P3(w,t), (13
where
1 euw 1
Pi(ot)= g2 —zv|1- n232
*©  SiMwPBT
Xf dr———coswr, (14
1 euw 1
Pa(w,t)= Z v 1- 232
Jw simwplalv + 7| 15
. Twcoswﬂ ( )
1 euw 1
Ps(w,t):m e
= simnwplalv—17]
xf 7T—————Ccoswr. (16)
— lalv — 7|
The formula(14) contains the known integral:
>  SiMnwpfT T, np>1
Ji= J'defCOSwT—[ 0, np<l. a7

Formulas(15) and(16) contain the following integrals:

= simwpglalv+ 7]
J2: - TWcOSwT (18)
and
= sinnwplalv—17]
J3= TWcOSwT. (19)

Using the integral17) we finally get the power spectral
formula P, of the produced photons:

e uw 1
Pi(w, t)= —fv 1- W , np>1 (20
and
Pi(w,t)=0, nB<1. (21
Using transformations
a a
—4+7=T, ——71=T, (22
v v

we get after evaluation of the corresponding integrals

J,,J3, the corresponding spectral formulBs, P5:

2 pw wa 1
Ps(w, t)— —Q—COS 1_W =P3, np>1
and
Ps(w,t)=P3(w,t)=0, nB<1. (29

CERENKOV EFFECT AND THE LORENTZ CONTRACTION

1649

The sum of the partial spectral formulas forms the total
radiation emitted by the €&enkov mechanism of the two-
charge system:

e’ nw 1
P(w,t)=2(P;+P,y)= Cos°-( )477—2—1; 1- FZFZ}
ng>1 (25

and

P(w,t)=0, np<L. (26)

The zero point of the functioRP(w,t) are as follows:

—0 wpad  (2n—1) 123 )
=0, 5 == 5 ™ n=123.... (27
From the last equation follows
(m—n)27v | /1 v2 (29)
a= = - 2
(0om—p) C
or
27v m—n
= (29

V1-v?/c? On— o,

If we know thenth andmth zero points with the corre-
spondingw’s and velocity of the charges we can exactly
determine their rest distance. Then, the rest distance deter-
mined by the formula29) can be compared with the rest
distance of the charges obtained by direct measurement and
in such a way that we can verify the Lorentz contraction.

IV. RADIATIVE CORRECTIONS

We will investigate for the sake of completeness how the
spectrum of the two-chargee@enkov radiation is modified if
we involve the radiation correction in the photon propagator.
According to[13-16, the photon propagator involving the
polarization of the vacuum is given in the momentum repre-
sentation in the form

D(k)=D(k)+ 6D(k) (30)
or
1
D(k) |k|2 2(k0)2_|6
a(M?)
+f I kO T M2 e
(31)

where the last term in Eq31) is derived on the virtual
photon condition

2-2

M
K[2=n2(k%)2=— —

(32
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The weight functiona(M?) has been derived in the fol- w?n? M?2c2\12
lowing form [13,14: =z 7) (39
M2 1 1+ 2m? 1- 4m?\ M2 33  and by the additional mass integral, which involves the ra-
aMI=zo w2 M e Mz - B3 diative corrections to the originalegenkov effect.

The electromagnetic action involving the modified photon
The x representation oBD , (x—x’) in Eq. (30) is as  propagator is now of the form

follows: 1
i1 e W(J)=ﬁf (dx)(dX")I#(X)D 4 (x=x")I*(X),
!y — 2 2
6D (x=x")= ¢ 47TszZdM a(M?) (36)
sin nw?/c?—M2c?/72]Y3x— X! where
Xf w |X_XI| - m n2_ .
| D= | g"'+ " |Di(x=x). (37
x g felt=t'], (34)

Now, if we insert Eq.(36) into Eq. (6), we get after ex-
The function(34) differs from the original functiorD | tracting 6P(w,t) the following general expression for this
especially by the factor spectral function:

Pl Mf e dt Jw dM2a( M2 sin n?w?/c?—M?c?/h2]1Yx—x'|
(0 )== 777 dxdx a2 a(M?) x|
n2
Xcodo(t—t)] e(xhe(x',t") = ZI(x1)- I, t) . (38)
|
Now, let us apply the formulé38) in order to getv(éren- e vou 1 wa| (m2 )
kov radiation with radiative corrections for the system of two ~ 0P = 7—— 5| 1- — B )0052 >y f ,dM?a(M?),
charges. Using the same procedures that we applied to the M1 (41)
case with no radiative corrections, we have &t(w,t)
2 puw 1 wa where
SPt)= s | 1+ g eod 20
M2=4m?, M3=(n’g%-1) 7 (42)
X f ,d M2a(M?)
am By the substitution
% dr N2w?  M2c2]12
XJ —sin =z Tz UT)COS{HT, 4m?3\ 12
e T c t=1- ™Mz ; (43)

(39
and after some elementary integration, we get the radiative

where we have also put=t'—t,f=v/c. In case of contribution to the two-chargedtenkov effect in the follow-

6P(w,t) the evaluation of ther integral is more complex

than in the case with the evaluation of théntegral inP. It ing form:
may be easy to show that B & o 1
fw dr ( nw? c2m2]Y2 ) 5P(w,t)—a4ﬂ_2 c? B n?g*
—sin||————5%| v7T|CcOSwT
-7 « " xcog| 22 ¢ 2 +1I ! ) B>1
coS| =—|| = —3s+sInj——||, n ,
7 OSMP<(ilofCi(ntpi-1) 2vj19 3 31
10, MZ>(h2w?c?)(n?B%-1). (40 (44)
From Eq.(40) it immediately follows thaM?>0 implies ~ Where

the CGerenkov thresholai3>1. From Eqs(39) and(40) we 5 5 o 1o
get that the radiative corrections to the original spectral for- s= ( 1— 4m°c’v ) s=0 (45)
mula of Gerenkov radiation are given by the formula (n’B?—1)h%w?| '
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The conditions=0 in Eq. (45) implies the existence of and the observer in the syste3robserves that the distance of
the radiation corrections to the original Frank-Tamm formulathe electrons is equal fo In the case where acceleration is

for replaced by deceleration, the final result is the same. Or, the
observer in the syster8 finds that the distance of the two
4m?c?y? electrons or bunches does not change during deceleration. In
R2(n?p2—1) the case of application of the laser field the simultaneity is

broken with the differencd/c~10"° s in the system of
Forn=12 andv~c, we get from Eq(46) i o~2md, bunches, for the distande= 1 m. However, such deviation

Jrom the simultaneity is sufficiently small in order not to
influence substantially the result of experiment. It is evident
that in order for the experiment to be meaningful it will be
necessary to respect the law of deceleration motion from
V. A FEASIBLE EXPERIMENT which Eq.(49) follows.
Our situation does not represent the rigid motion consid-

With regard to the situation in laboratories where the . -
great accelerator works, for instance, in Grenoble, DESY®red by Rindler18]. He shows that for the so-called rigid

CERN, and SLAC we can suggest a feasible experiment fonotion at every ingtartt= cor_1$t the two points_ are separa_ted
the verification of the Lorentz contraction. The experiment?y @ coordinate distancéx inversely proportional to their
must be based on the definition of the length. Instead of twg’ factor, and consequently the element bounded by these
electrons we can consider two bunches withCiglectrons in ~ POINts “moves rigidly.” _ _
volume 300 umx40 xumx0.01 m with the rest distance The two bunches impinge mto the detector with the_tlme
=1 m. After acceleration of the considered bunches th&lifferenceAt=1/v¢. This time difference can be determined
distance of the two bunches is the relativistic lengtand it ~ 2Y the scintillation detector with the sufficient time resolu-
can be determined by thee@nkov spectrum derived in our tion. The scintillation detectors or counters consist of scintil-

article. However, during acceleration the motion of particlesting materials, usually a doped plastic, which emit light in

in storage rings is influenced by various kinds of perturba-reSp.onse to mol_ec_ula_r exgitation by the passage qf a charged
rticle. The scintillation light can be detected with photo-

tions. It is necessary to consider phenomena such as tHEarticle X ) S ) :
ground motion, power supply ripple, noise caused by thdnultipliers or photodiodes. The light yield in a plastic scin-

quantum emission of synchrotron radiation, and noise in thdllator is usually sufficiently large. The scintillation counters
radio-frequency(rf) system, and so on. Therefore it is nec- 'aNd€ in size from very small to very large—a few square
essary to include the stochasticity caused by these effects [peters. The important feature of scintillation counters is their
the calculation of the beam dynamics. The stochastic force&P€€d: which is in the nanosecond range. So they can accu-

can change the distance of the bunches. So instead of tjgtely measure the time of arrival of a charged particle and

determination of the rest length at the beginning of the exinerefore the speed of a partigle7,18.
The rest length measured by the scintillation detector

periment, it is more suitable to determipe the rest Iengtt]_ i :
immediately after the determination of the@nkov spec- | = Atvs can be compared with the formu(@9) in order to

trum. verify the Lorentz contraction. For velocity;=10* m, we
We can slow down the velocity of bunches by the simul-have theAt~10 # s with the assumption that the Lorentz

taneous deceleration of every bunch in order to get the fingfontraction corresponding to this velocity can be neglected.
nonrelativistic velocityv ; instead of the relativistic velocity |0 Our knowledge the detectors have better time resolution

v in the spectral formula. It can be performed by switchingth@n the calculatedit. So, the verification of the Lorentz
the electric field or by a sufficiently intensive laser field of formula is in principle possible.
photons moving in the opposite direction of motion of the

which can be interpreted as the condition for creation of th
electron-positron pair by the quantum.

bunches. Simultaneity is a necessary inevitable condition in V1. DISCUSSION
order to conserve the length during deceleration.

If a particle is accelerated in the systé&hby the constant We have demonstrated that in the case of the system of
accelerationw, then the law of its motion with the initial two equal charges, the Lorentz contraction can be deter-
conditionsx(0)=0u(0)=0 is as follows: mined from the spectral formula of theetenkov radiation.

Obviously this effect can be involved in the group of classi-
c2 £\ 2 cal relativistic effects. In the case of the system of opposite
X, (t)= —[ 1+| —| - 1} (470  charges, or, in other words, of the dipole we have instead of
w cosal2v) the function singa/2v) in the final formulas. To

] o » our knowledge the determination of the Lorentz contraction
and in case of the initial condition(0)=1,v(0)=0, we  ysing the @renkov effect was not considered in theory and

have for the law of its motion experiment. After performing the experiment witlei@nkov
radiation of the system with two charges the Lorentz contrac-
Xo(t) =xq(t) +1. (48 tion will be definitely confirmed.

While the simultaneous acceleration of the system with

So, in the case of the acceleration of the free two-bodytwo equal charges can be performed immediately in every
system we get laboratory with the circle accelerator, the simultaneous ac-
celeration of the system with two opposite charges can be

Xo(t) —x4(t) =1 (49 performed only with the laser accelerator. In this equipment
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the opposite charges are accelerated at the same acceleratiscussed by lon and Stockit9] in nuclear physics.

as a result of the Compton effect. The experiment suggested by us is feasible in the sense
We have considered for the sake of completeness the rdhat the bunches of charges are prepared in every circle ac-

diative correctiong44) to the original power spectral for- celerator and therefore it is not necessary to prepare substan-

mula of the @renkov radiation. The conditiod6) concerns tially the arrangement of the equipment for verification of the

the gamma photons rather than the optical ones. The posdiorentz contraction. We hope that eventually such an experi-

bility of the existence of the gammaegnkov radiation is ment will be performed.
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