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Many-electron hyperpolarizability density analysis: Application to the dissociation process
of one-dimensional H2
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A method for density analysis of static polarizabilities~a! and second hyperpolarizabilities~g! on the basis
of the finite-field~FF! many-electron wave packets~MEWP! method is developed and applied to evaluation of
the longitudinala andg in the dissociation process for a one-dimensional H2 model. Remarkable increases in
a andg are observed in the intermediate dissociation region. The internuclear distance where theg is maxi-
mized is also found to be larger than that where thea is maximized. In order to elucidate the characteristics of
a andg in the dissociation process, we extract their classical pictures describing displacements of two-electron
configurations by using~hyper!polarizability densities on the two-electron coordinate plane. It is suggested
from these classical pictures that the polarization in the ionic structure contributes primarily to the enhance-
ment of ~hyper!polarizability in the intermediate dissociation region, while the polarization in the diradical
structure causes the decrease of the~hyper!polarizability at a large internuclear distance. This implies that the
experimental search for species with chemical bonds in the intermediate correlation regime is important and
interesting in relation to the molecular design of nonlinear optical materials.@S1050-2947~97!09102-6#

PACS number~s!: 42.65.An, 42.50.2p, 33.20.2t, 33.15.2e
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I. INTRODUCTION

Recently, the variation in polarizability in the dissociatio
process of H2 has been studied to elucidate relationships
tween a linear optical process and electron correlations,
it has been found that the polarizability has a maximum
the intermediate dissociation region@1,2#. This feature was
discussed in relation to the Hartree-Fock~HF! instabilities of
chemical bonds by Champagneet al. @2#. However, the non-
linear optical response for molecules in the intermediate
strong correlation regime is now one of the current topics
chemical physics. In previous papers@3,4#, we proposed the
viewpoint that the~hyper!polarizability is a measure of th
ability of electron fluctuation~electron fluctuatability! and
developed a method for analysis of~hyper!polarizability
based on a concept of the~hyper!polarizability density. This
quantity is found to sensitively reflect the nature of electr
correlations@3,4#. In order to elucidate relationships betwe
a nonlinear optical process and electron correlations,
variations in~hyper!polarizability densities for second hype
polarizability ~g! of H2 in the dissociation process are inve
tigated compared with those in polarizability~a!.

H2 is a primary test case for any quantum-chemical c
culation of energies and properties. We consider o
dimensional H2 that is one of the simplest models for repr
ducing the characteristics of the longitudin
~hyper!polarizability for real three-dimensional H2. The
methods including sufficient electron correlations and us
extended basis sets are essential for obtaining the co
variations in energies and properties in the dissociation p
cess. In a previous paper@5#, we proposed a calculatio
method using electron wave packets, providing numeric
exact solutions to the nonrelativistic Schro¨dinger equation
with the ab initio many-electron Hamiltonian under th
Born-Oppenheimer approximation. This method, deno
551050-2947/97/55~2!/1503~11!/$10.00
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here as the many-electron wave packets~MEWP! method, is
characterized by a direct treatment of numerically ex
many-electron wave functions with arbitrary spin states o
multidimensional real coordinate and spin spaces, in cont
to the case of standard molecular orbital~MO! based meth-
ods. Although the standard methods can compute ener
and properties for the ground and low-lying excited sta
more accurately than the present MEWP method, the ME
method is expected to be useful for studies on behavior
electrons near the Wannier ridge and under strong exte
fields. The MEWP method can be also easily extended
time-dependent scheme that can treat transient behav
e.g., responses under pulsed laser, which cannot be tre
by the standard time-dependent schemes, e.g., the t
dependent Hartree-Fock~TDHF! method. Further, the
MEWP method is helpful in obtaining pictorial and intuitiv
physical pictures for various quantum phenomena since
method can directly provide graphical images of wave fu
tions in real coordinate and spin spaces. A purpose of
study is to propose pictorial methods for analysis of~hyper!
polarizabilities. Therefore, the finite-field MEWP~FF-
MEWP! method is employed to calculate total energies a
charge densities for the singlet ground state of o
dimensional H2 in the presence of static electric fields. Th
~hyper!polarizabilities and their densities are obtained by
ing the numerical differentiation of the total energies a
charge densities with respect to the applied fields. In addi
to the ~hyper!polarizability density analysis based on the r
duced one-electron density, an analysis based on m
electron density is proposed to extract classical pictures
polarization primarily contributing to the~hyper!polarizabil-
ity. Using this method, the characteristics ofa andg of one-
dimensional H2 in the dissociation process are discussed
connection with classical displacements of two electrons

This paper is organized as follows. The FF-MEW
1503 © 1997 The American Physical Society
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1504 55NAKANO, NAGAO, AND YAMAGUCHI
method for one-dimensional H2 and a numerical calculation
procedure of~hyper!polarizabilities are presented in Sec.
In Sec. III, a concept of many-electron~hyper!polarizability
density is introduced as well as conventional reduced o
electron ~hyper!polarizability density. Some classical pic
tures for a one-dimensional two-electron system are
tracted by using two-electron~hyper!polarizability densities
on the two-electron coordinate plane. In Sec. IV, the va
tions in a andg for one-dimensional H2 in the dissociation
process are investigated by using the two-electron and
duced one-electron~hyper!polarizability density plots. The
classical pictures of polarization corresponding to displa
ments of two-electron configurations are extracted at so
internuclear distances. This is followed by a conclusion
Sec. V.

II. FINITE-FIELD MANY-ELECTRON WAVE PACKETS
„FF-MEWP … METHOD

A. One-dimensional H2 under static electric fields

We first explain a reduced version of the MEWP meth
that was originally developed in order to investigate quant
dynamics in real coordinate and spin spaces@5#. In a reduced
version of the FF-MEWP method, the wave-packet dynam
are performed in the spatial coordinates for a two-elect
system at a fixed spin state. One-dimensional H2 is examined
here, as shown in Fig. 1. In the Born-Oppenheimer appro
mation, the electronic Hamiltonian involving the interactio
with static electric fieldF is written as

He52
1

2

]2

]x1
22

1

2

]2

]x2
22

1

x1A
2

1

x1B
2

1

x2A
2

1

x2B
1

1

x12
1Fx1

1Fx2 , ~1!

wherex1 andx2 denote the coordinates for electrons1 and2,
respectively, andxi j indicates the distance between partic
i and j . The atomic units\5me5e51 ~a.u.! are used
throughout this article. The solution to a time-depend
Schrödinger equation involving the electronic Hamiltonian

i
]

]t
F~x1 ,x2 ,t !5HeF~x1 ,x2 ,t !, ~2!

is the electronic wave function,

F~x1 ,x2 ,t !5c~x1 ,x2 ,t !w~v1 ,v2 ,t !, ~3!

FIG. 1. One-dimensional H2 composed of two nuclei~A andB!
and two electrons~1 and2!.
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wherec(x1 ,x2 ,t) andw~v1,v2,t! represent, respectively, th
spatial and spin wave functions, in whichv1 andv2 indicate
each spin coordinate. The singlet state of the two-elect
system is considered here, since we focus on the ground-
~hyper!polarizability of H2. For the singlet-state two-electro
system, the spatial wave function, which must be symme
with respect to the interchange of the spatial coordinates
two electrons, is generally represented as

cs~x1 ,x2 ,t !5f1~x1 ,t !f2~x2 ,t !1f2~x1 ,t !f1~x2 ,t !,
~4!

wherefi(x,t) is thei th single-particle wave function. There
fore, the time-dependent Schro¨dinger equation to solve is

i
]

]t
cs~x1 ,x2 ,t !5Hecs~x1 ,x2 ,t !. ~5!

The singlet spatial wave functioncs(x1 ,x2 ,t) is simply writ-
ten asc(x1 ,x2 ,t) for convenience hereafter. In the FF
MEWP method, a Gaussian wave packet is considered as
initial i th single-particle wave function expressed as

f i~xj ,t50!5C expF ip~xj2xi0!2
uxj2xi0u2

2s2 G . ~6!

Here, p, xi0, ands indicate momentum, coordinate of th
center, and width of thei th initial wave packet, respectively
The symbolC denotes a normalization constant. Using E
~4! and ~6!, an initial singlet wave function is constructe
This wave function is superposed by singlet eigenstates
volving ground and excited states of the HamiltonianHe .
Since our desired wave function is the ground state tha
generated by the relaxation method, as shown in Eq.~11!
later, the form of Eq.~6! is not so important. But it is sig-
nificant that the spatial part of the ground-state singlet wa
function for two-electron system is symmetric with respe
to the exchange of two-electron coordinates as shown in
~4!.

In this study, we discretize the wave function in re
space. Therefore, the Coulomb potential is approximated
the following softened Coulombic form@6# in order to elimi-
nate the singularity at the origin:

1

xi j
'

1

Aa1xi j
2
, ~7!

wherea is a parameter. Javanainenet al. gavea51 for cal-
culations of above-threshold ionization~ATI ! spectra for the
one-dimensional H atom@6#. This potential falls off like the
Coulomb potential at largeuxi j u, but takes an asymptotic
form of the Coulomb potential at shortuxi j u.

After discretizing in space, as shown in Fig. 2, the kine
part on the right-hand side of Eq.~5! is approximated as

2
c~n211,n1 ,t !22c~n2 ,n1 ,t !1c~n221,n1 ,t !

2~Dx!2

2
c~n2 ,n111,t !22c~n2,n1 ,t !1c~n2 ,n121,t !

2~Dx!2
. ~8!
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Here, c(n2 ,n1 ,t) represents the wave function at the s
(x2 ,x1), in whichxi5(ni21)Dx @ni50,1,..,N11 ~i51,2!#.
Similarly the potential part using the softened Coulom
form @Eq. ~7!# is written as

F2
1

Au~n12nA!Dxu211
2

1

Au~n22nA!Dxu211

2
1

Au~n12nB!Dxu211
2

1

Au~n22nB!Dxu211

1
1

Au~n12n2!Dxu211
1F~n121!Dx

1F~n221!DxGc~n2 ,n1 ,t !, ~9!

where nuclei A and B are located at the coordinate
(nA21)Dx and (nB21)Dx, respectively. In this work, we
adopt the fixed boundary condition as

c~n2 ,n150,t !5c~n250,n1 ,t !

5c~n2 ,n15N11,t !

5c~n25N11,n1 ,t !50. ~10!

The time propagation ofc(x1 ,x2 ,t) is carried out by
solving Eq. ~5! in the Runge-Kutta-Tanaka scheme@7#,
which is an eight-step procedure with a sixth-order accura
According to Kosloff and Tal-Ezer@8#, the singlet ground-
state wave function under static electric fields can be
tained by propagating initial wavepackets in imaginary tim
i.e., by settingt5i t in Eq. ~5!. After sufficient long-time
propagation, the wave packets relax to the ground state, s
all excited states involved in the initial wave packets dec
to zero. The singlet ground-state wave function is rep
sented by

FIG. 2. Discretized coordinate plane for the one-dimensio
two-electron system. A finite one-dimensional space is divided
N fragments. The numbersn1 andn2 represent the grid numbers o
electrons1 and2, respectively.
y.

-
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-

cg~x1 ,x2!5 lim
t→`

c~x1 ,x2 ,t!

** uc~x1 ,x2 ,t!u2dx1dx2
, ~11!

wherec(x1 ,x2 ,t)5c(x1 ,x2 ,t)u i t5t .

B. Calculation of „hyper…polarizability of one-dimensional H2

The change in energy (DE) of a one-dimensional system
under a uniform external electric field (F) is written as@3#

DE52mF2 1
2aFF2 1

3bFFF2 1
4gFFFF2••• , ~12!

where them, a, b, andg are dipole moment, polarizability
first, and second hyperpolarizabilities, respectively. We c
culate the statica and the staticg of one-dimensional H2 by
using a numerical differentiation method. The longitudin
statica andg are calculated by

a52@E~F !1E~2F !22E~0!#/F2, ~13!

and

g52@2E~3F !112E~2F !239E~F !156E~0!239E~2F !

112E~22F !2E~23F !#/36~F !4, ~14!

where the total energy under static electric field,E(F), is
obtained as

E~F !5Ee~F !1
1

Au~nA2nB!Dxu211
2F~nA21!Dx

2F~nB21!Dx. ~15!

On the right-hand side of the above formula,Ee(F) denotes
the electronic energy under the static electric field, the s
ond term represents the nuclear repulsion, and the remai
terms describe the interaction between nuclei and elec
field.

III. „HYPER…POLARIZABILITY DENSITY ANALYSIS
BY USING REDUCED ONE-ELECTRON
AND MANY-ELECTRON DENSITIES

In this section, we introduce the reduced one-electron
many-electron~hyper!polarizability densities of the one
dimensional many-electron system for simplicity. These c
cepts can be straightforwardly extended to the case of t
and three-dimensional systems.

A. Reduced one-electron„hyper…polarizability density

The reduced one-electron density under static elec
field F for the one-dimensional system is expanded as@3,9–
11#

r~r ,F !5r~0!~r !1r~1!~r !F1
1

2!
r~2!~r !FF

1
1

3!
r~3!~r !FFF1••• . ~16!

The induced dipole moment is expressed as

l
o
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m tot5m01aF1bFF1gFFF1••• , ~17!

where m0 denotes the ground-state permanent dipole m
ment. From Eqs.~16! and ~17!, thea andg are represented
by @3,9–11#

a52E xr~1!~x!dx ~18!

and

g52
1

3! E xr~3!~x!dx, ~19!

where ther~1!(x) and r~3!(x), which are defined as the re
duced one-electrona and g densities, respectively, are ob
tained by

r~1!~x!5
]r~x,F !

]F U
F50

~20!

and

r~3!~x!5
]3r~x,F !

]F3 U
F50

. ~21!

These quantities are also simply referred to asa andg den-
sities, respectively. These are calculated at each spatial p
in the discretized space by using the following numeri
differentiation formulas:

r~1!~x!5$r~x,F !2r~x,2F !%/2F ~22!

and

r~3!~x!5$r~x,2F !2r~x,22F !

22@r~x,F !2r~x,2F !#%/2~F !3, ~23!

wherer(x,F) represents the reduced one-electron densit
a spatial pointx in the presence of the fieldF.

In order to explain a method of analysis employing t
plots of reduced one-electron~hyper!polarizability densities,
we consider the pair of localizedr~3!(x) shown in Fig. 3

FIG. 3. Schematic diagram of the second hyperpolarizability~g!
densities@r~3!(x)#. The white and black circles denote, respective
positive and negativer~3!(x)’s. The size of the circle represents th
magnitude ofr~3!(x) and the arrow shows the sign ofr~3!(x) deter-
mined by the relative spatial configuration between these
r~3!(x)’s.
-

int
l

at

@3,10,11#. The positive sign of ther~3!(x) implies that the
second derivative of the charge density increases with
increase in the field. As can be seen from Eq.~19!, the arrow
from positive to negativer~3!(x) shows the sign of the con
tribution tog determined by the relative spatial configuratio
between the twor~3!(x)’s. Namely, the sign of the contribu
tion to g becomes positive when the direction of the thi
arrow coincides with the positive direction of the coordina
system. The contribution tog determined by ther~3!(x)’s of
the two points is more significant, when their distance
larger.

B. Many-electron „hyper…polarizability density

From the relation between many-electron and redu
one-electron densities, the reduced one-electronnth-order
~hyper!polarizability density is related to theM -electronnth-
order ~hyper!polarizability density as

r~n!~x!5ME r~n!~x1 ,x2 ,...,xM !dx2•••dxM . ~24!

Therefore, thea andg are also expressed by

a52E S (
i

M

xi D r~1!~x1 ,x2 ,...,xM !dx1dx2••• dxM

~25!

and

,

o

FIG. 4. ~a! Two-electron~hyper!polarizability density plots cor-
responding to two methods of drawing vectors~s8! and t~t8! from
positive to negative two-electron~hyper!polarizability densities for
the one-dimensional system. The white and black circles indic
positive and negative densities, respectively. The decomposed
tors si(si8) and t i(t i8) ~i51,2! are also shown.~b! Classical pictures
of polarization extracted from vectorss, s8, t, andt8. Two electrons
~1 and2! are represented by white circles; anda, b, c, andd denote
the positions of the one-dimensional coordinate.
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g52
1

3! E S (
i

M

xi D r~3!~x1 ,x2 ,...,xM !dx1dx2•••dxM ,

~26!

where ther~1!(x1 ,x2 ,...,xM) andr~3!(x1 ,x2 ,...,xM) are de-
fined respectively by

r~1!~x1 ,x2 ,...,xM !5
]r~x1 ,x2 ,...,xM ,F !

]F U
F50

~27!

and

r~3!~x1 ,x2 ,...,xM !5
]3r~x1 ,x2 ,...,xM ,F !

]F3 U
F50

. ~28!

Here, theM -electron density under the static electric fieldF
is obtained by

r~x1 ,x2 ,...,xM ,F !5c* ~x1 ,x2 ,...,xM ,F !

3c~x1 ,x2 ,...,xM ,F !, ~29!

FIG. 5. Positions of the centers of the initial wave function a
represented by black circles. Dotted lines indicate the position
nucleiA andB.

TABLE I. Parameters used in the FF-MEWP method.

Parameter description Value

Number of spatial grid pointsN 401

Size of spatial grid intervalDx 0.05 a.u.

Width Dt of time slices 2p/100 a.u.

Momentump for initial wave
packet 1

0.0 a.u.

Position of the center of initial
wave packet 1

Position of nucleusA

Width s of initial wave packet 1 1.0 a.u.

Momentump for initial wave
packet 2

0.0 a.u.

Position of the center of initial
wave packet 2

Position of nucleusB

Width s of initial wave packet 2 1.0 a.u.

Minimum electric fieldF 0.005 a.u.
wherec(x1 ,x2 ,...,xM ,F) denotes a spatial wave functio
under the static electric fieldF. TheseM -electron~hyper!po-
larizability densities are calculated numerically as

r~1!~x1 ,...,xM !5$r~x1 ,...,xM ,F !2r~x1 ,...,xM ,2F !%/2F
~30!

and

r~3!~x1 ,...,xM !5$r~x1 ,...,xM,2F !2r~x1 ,...,xM ,22F !

22@r~x1 ,...,xM ,F !

2r~x1 ,...,xM ,2F !#%/2~F !3. ~31!

We next propose a method for analysis based on
many-electron~hyper!polarizability density. The procedur
for evaluating spatial contributions from their densities
basically the same as that in the reduced one-electron hy
polarizability density analysis mentioned in the Sec. III
The two-electron~hyper!polarizability density for the one-
dimensional two-electron system is considered for simplic
and for the latter application~see Sec. IV!. Similarly to the
case for the reduced one-electron~hyper!polarizability den-
sity analysis, we consider two pairs of positive and negat
localized densities on the two-electron coordinate pla
They are located symmetrically with respect to the diago
line x15x2 , since the two electrons cannot be distinguish
Here, let us draw arrows from positive to negative densit
similarly to the thick arrow shown in Fig. 3. In this case, w
can draw arrows from positive~white circle! to negative
~black circle! densities in two ways, as shown in Fig. 4~a!. In
the first way, two vectors~s ands8! are symmetric with re-
spect to a diagonal linex15x2 , while in the second one, two

of

FIG. 6. Potential-energy curve for the singlet ground-state of
one-dimensional H2 calculated by the MEWP method.

FIG. 7. Variations in the longitudinala andg, with internuclear
distanceDX, for the one-dimensional H2 calculated by the FF-
MEWP method.
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FIG. 8. Two-electrona densities, reduced one-electrona densities, and classical pictures of polarization primarily contributing toa at
each internuclear distance:~a! 1.6 a.u.,~b! 3.0 a.u.,~c! 4.0 a.u., and~d! 6.0 a.u. In density plots, dotted lines depict the positions of
nuclei. Contour lines are drawn from20.35 to 0.35 a.u.~contour step, 0.05 a.u.!. In classical pictures, ticks and white circles indicate t
positions of nuclei and electrons, respectively. Thick arrows represent the displacements of two-electron configurations.
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vectors~t andt8! intersect each other across the diagonal l
x15x2 . Let us focus on the contribution from vectors. We
decompose the vectors into vector componentss1 and s2,
which are along the coordinatesx1 andx2, respectively. The
contribution from the vectors is obtained by adding the con
tributions from the vectorss1 ands2. The sign of the contri-
bution becomes positive when the directions ofs1 and s2
coincide with the positive direction of the coordinatesx1 and
x2, respectively. The magnitude of the contribution from t
vectorsi ~i51,2! increases by increasing the distanceusi u and
by increasing the magnitude of the two localized densitie

In quantum theory, the position of an electron cannot
determined, and an electron wave function is extended
space. In this context, a choice of the position of an elect
in the two-dimensional plane corresponds to an extractio
a classical picture of the electron. From this viewpoint
choice of a vector drawn from the positive to the negat
two-electron~hyper!polarizability density corresponds to a
extraction of the classical picture of polarization relating
the ~hyper!polarizability specified by the vector. In Fig. 4~b!,
four classical pictures of polarization corresponding to
vectors~s, s8, t, andt8! are shown as classical displaceme
of two-electron configurations at the starting and termi
points of these vectors. These classical displacements
divided into two types. The first type of displacement o
e

.
e
in
n
of

e

e
s
l
re
-

tained by the vectorssands8 has no interchange of electron
1 and 2 in the polarization process, while another type
displacement obtained by the vectorst and t8 has an inter-
change. In general, therefore, multiple classical pictures
be extracted from the same pair of positive and nega
~hyper!polarizability densities. In this study, however, th
differences in the electrons’ number are not considered, s
the ~hyper!polarizability relates only to the displacement
the middle point of the coordinates of the two electrons.

IV. POTENTIAL ENERGY, a AND g,
FOR ONE-DIMENSIONAL H 2

IN THE DISSOCIATION PROCESS

A. Potential-energy curve for one-dimensional H2

One-dimensional H2 is examined as one of the most fun
damental low-dimensional systems with two electrons
quantum optics. Table I summarizes the parameters use
the FF-MEWP calculations of the species. The internucl
distance is varied from 1.2 to 7.0 a.u. Two initial wave pac
ets are set on the positions of two nuclei, respectively. T
the initial wave function is located as shown in Fig. 5. T
singlet wave function has no nodes in the real coordin
space, as seen from Eq.~4!. The potential curve for one
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FIG. 8 ~Continued!.
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dimensional H2 is shown in Fig. 6. The equilibrium nuclea
distance~'1.6 a.u., obtained by the MEWP method is fou
to be slightly larger than the numerically exact value~'1.4
a.u.! obtained by Kolos and Wolniewictz@12#. This feature is
considered to be caused by using the softened Coulom
potential@Eq. ~7!#. Details of the characteristics of the pote
tial curve obtained by the MEWP method are discussed
connection with some approximate Coulombic potentials@5#.
As a result, it is found that the qualitative shape of the p
tential curve obtained by the MEWP method is nearly eq
to that of the numerically exact calculation, although the
solute value of the system obtained by the MEWP metho
different from those of the real three-dimensional H2.

B. Variations in a and g in the dissociation process

Figure 7 shows the variations in the longitudinala andg
in the dissociation process of the one-dimensional H2. Simi-
larly to previousab initio calculation results@1,2#, a has a
maximum around the internuclear distance,DX53.4 a.u. Al-
though the absolute value of maximuma ~15.8 a.u.! in this
model obtained by the FF-MEWP method is different fro
the precise value~19.4 a.u.! obtained by theab initio calcu-
lation for real H2 @1#, the characteristics of the variation ina
are found to reproduce theab initio results.

In contrast, it is found thatg has a maximum at a large
distance compared with the case ofa, andg increases more
ic

in

-
l
-
is

slowly at a nuclear distance of less than 3.0 a.u. For
validity of these MEWP results, we must first consider t
effects of the softened Coulombic potential on the~hyper!po-
larizabilities. The use of this potential has two types of
fluence on electronic structures. One is caused by the eff
on the electron-nucleus interaction, and the other is cau
by the effects on the electron-electron interaction. Since e
trons distributed far from nuclei are known to primarily co
tribute to the~hyper!polarizability, the use of the softene
Coulombic potential is considered to have a primary infl
ence on the~hyper!polarizability by reducing the Coulomb
repulsion for an electron pair with short interelectronic d
tance nearly equal to or less than the spatial grid intervalDx.
As mentioned above, however, the~hyper!polarizability is
found to be essentially characterized by electron distributi
from extended and diffuse spatial regions. Therefore, qu
tative features of~hyper!polarizability could be meaningfully
discussed if we used a sufficiently small gridDx and a suf-
ficiently large coordinate plane. Judging from the agreem
of the shape of the potential-energy curve and the varia
in a with those of real H2, the characteristics ofg obtained
here are considered to reproduce those of longitudinalg for
real H2.

The maximumg atR>4.0 a.u. implies that both theoret
cal and experimental searches of species with chem
bonds in the intermediate correlation regime are importan
relation to the molecular design of nonlinear optical mate
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FIG. 9. Two-electrong densities, reduced one-electrong densities, and classical pictures of polarization primarily contributing tog at
each internuclear distance:~a! 1.6 a.u.,~b! 3.0 a.u.,~c! 4.0 a.u., and~d! 6.0 a.u. Contour lines are drawn from250 to 50 a.u.~contour step,
5 a.u.!. Classical pictures corresponding to internal and external two-electrong densities are shown. See Fig. 8 for further legends.
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als; e.g., p-conjugated compounds with labile chemic
bonds@3,14#.

C. Classical pictures based on two-electron
and reduced one-electrona density analyses

The two-electron and reduced one-electrona densities at
1.6, 3.0, 4.0, and 6.0 a.u. are shown in Fig. 8. The f
maximum points of positive and negative two-electrona
densities are found to be located around the nuclei. T
pairs of positive and negative maximum points located sy
metrically with respect to the diagonal linex15x2 are
stretched and divided along another diagonal l
x252x1120 with the increase in the internuclear distan
In the reduced one-electrona density plots, the region with
the negative contribution toa develops at a distance large
than 3.0 a.u. This feature can be understood as the begin
of the appearance of thea density of each H atom shown i
Fig. 8~d!.

Here, we introduce classical pictures of electronic str
tures, i.e., radical and ionic structures, for the on
r

o
-

e
.

ing

-
-

dimensional H2 model. For the radical structure, two ele
trons ~shown by the symbols! are located near the nucle
~shown by1!, respectively. In contrast, for the ionic struc
ture, both of electrons are located near either of the t
nuclei. By using these classical pictures, the variations
polarizability during the dissociation process are found to
caused by the change from the polarization in an ionic str
ture to that in a radical structure. The rapid increase ina at
an internuclear distance of less than 3.0 a.u. is considere
correspond to the polarization in the ionic structure. In co
trast, the decrease in the polarization in the ionic struct
and the increase in that in the radical structure seem to c
the decrease ina at a distance larger than 3.4 a.u.

D. Classical pictures based on two-electron
and reduced one-electrong density analyses

From the two-electrong density plots shown in Fig. 9, we
can see four pairs of positive and negative densities c
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FIG. 9 ~Continued!.
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structed from two internal and external pairs that give ne
tive and positiveg’s, respectively. The internal pairs repr
sent the two pairs of densities near the linex252x1120 a.u.
The external pairs represent the two pairs of densities rem
from the linex252x1120 a.u. This feature can also be u
derstood by the negative contribution in the bond region
the positive one in the outer region in the reduced o
electrong density plots at the equilibrium distance~1.6 a.u.!.

In general,g is composed of contributions from thre
types of virtual excitation process. The perturbative form
of staticg is expressed by@13–16#

g~0!5(
n

~mn1!
2~Dmnn!

2

En1
3 2(

n,m

~mn1!
2~mm1!

2

En1Em1
2

1S (
nÞm

m1nDmnnmnmmm1

En1
2 Em1

1 (
n8ÞmÞn

m1nmnmmmn8mn81

En1Em1En81
D , ~32!

wheremi j is a transition moment between statesi and j , Dmi i
-

te

d
-

a

is a difference in the dipole moments between statesi and 1
~the ground state!, andEi1 is the transition energy of statei .
The numerators of each term on the right-hand side of
~32! characterize the virtual excitation paths involved in ea
term. The three types of virtual excitation path specified
the first, second, and third terms are represented respect
by type I ~1-n-n-n-1!, type II ~1-n-1-m-1!, and type III
~1-n-m-n8-1! contributions. The type-I contributions vanis
for the centrosymmetric systems because of the disapp
ance of their dipole moments. As seen from Eq.~32!, the
type-I contributions are positive, while the type-II contrib
tions are negative. Although the type-III contributions c
take both positive and negative values, in principle, the ty
III contributions are usually positive. The magnitudes a
the signs of totalg are determined by the balance amo
these contributions. The three-type analysis for various co
pounds based on the virtual excitation processes ofg is dis-
cussed in detail elsewhere@14,17#. Therefore, the difference
between internal and external contributions in the tw
electrong density is considered to be ascribed to the t
types of virtual excitation processes~type II and type III! in
one-dimensional H2. In the present case,g is composed of
type-II and -III contributions. It is presumed for H2 that the
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type-II paths mainly include the ground and low-lying ion
excited states, while the type-III paths include higher-lyi
ionic excited states. Therefore, the internal and external c
tributions seem to correspond to type-II and -III process
respectively. With the increase of the nuclear distance,
internal two-electrong densities are stretched and divide
along the diagonal linex252x1120, similar to the case o
a, while the external maximum region is not very divide
even at the internuclear distance of 4.0 a.u.

This change in the two-electron coordinate system co
sponds to the fact that a classical picture of polarization
the internal region rapidly turns from the ionic to the radic
structure at a small internuclear distance of less than 3.0
while that in the external region continues to hold a pol
ization in the ionic structure even at larger internuclear d
tance~'4.0 a.u.!. This tendency of the external region seem
to be realized by the virtual excitation paths~type III!, in-
cluding higher-lying excited states that are more spread
in space than lower excited states primarily contributing
the internal region.

The slow development ofg at a nuclear distance of les
than 3.0 a.u. seems to be caused by a reduction of the t
III ~positive contribution! paths by the type-II~negative con-
tribution! paths, which are predicted to have a maximum a
small internuclear distance of less than 3.0 a.u., since
excited states involved mainly in the virtual excitation pa
for a seem to be the same as those of type II forg.

V. CONCLUDING REMARKS

Many-electron~hyper!polarizability density is found to
offer more information that is useful in evaluating the re
tions between the classical displacements of electron c
figurations and the quantum nonlinear optical processes.
real three-dimensional systems with more electrons, h
ever, a direct visualization of contributions from man
electron ~hyper!polarizability densities in multidimensiona
space is hard to realize. The method for extraction of cla
cal pictures from pairs of maximum positive and negat
~hyper!polarizability densities is helpful in obtaining th
characteristics of the main contributions to~hyper!polariz-
abilities for these systems. This method of analysis is a
highly applicable to various methods treating static respo
properties.
J
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a andg are found to increase exceptionally in the diss
ciation region of one-dimensional H2. It is also found thatg
reaches a maximum at a larger internuclear distance c
pared with the case ofa. In the classical picture, this featur
is considered to originate in the polarization in the ion
structure extracted from the external region in the tw
electrong density plot. Figure 10 summarizes variations
classical polarization pictures mainly contributing toa andg
during the dissociation process of the one-dimensional H2.

The present study suggests that the variations
~hyper!polarizability in the dissociation and unstable regio
for systems with more electrons will present many une
pected and exciting phenomena for experimental and th
retical investigation. In fact, nonlinear optical responses
systems in the strong and intermediate correlation regim
are currently attracting attention in relation to many applic
tions. The pictorial and intuitive method of analysis dev
oped here will be useful for the study of such phenome
Further, the success of the present analysis based on
FF-MEWP method indicates its fruitful application to the
retical investigations of dynamic responses to tim
dependent external fields by using the concept of dyna
hyperpolarizability density@17#. Such applications are cur
rently being studied.
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FIG. 10. Variations in classical polarization pictures main
contributing toa and g during the dissociation process of on
dimensional H2. Theginternal andgexternal representg’s contributed
from internal and external two-electrong densities shown in Fig. 9
respectively~see Sec. IV D!.
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