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Dielectronic recombination for average ions

L. B. Zhao and S. C. Li
Institute of Applied Physics and Computational Mathematics, P.O. Box 8009, Beijing 100088, People’s Republic of China

~Received 13 March 1996; revised manuscript received 27 August 1996!

Dielectronic recombination~DR! in the average-atom~AA ! model has been studied. The reasonableness of
directly applying the Burgess-Merts~BM! formula to the AA model has been examined. We have noticed that
it is inappropriate to use the BM formula to calculate DR rate coefficients for average ions. We have developed
a self-consistent-field theoretical method to treat the DR for average ions with electrons. As an example, the
DR rate coefficients for argon have been calculated at a defined electron population, and have been compared
with the rate-coefficient average via detailed configuration accounting.@S1050-2947~97!06101-5#

PACS number~s!: 34.80.Kw, 34.90.1q
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I. INTRODUCTION

The average-atom~AA ! model @1–4# is an efficient ap-
proximate method in the calculations of radiation transpor
high-temperature laser-created plasmas. The numerical s
lations using the AA model have successfully reproduced
x-ray conversion efficiency. However, the calculated x-r
spectra do not coincide with the experimental ones@5,6#. The
discrepancies were considered to originate in the ato
physics modeling @5–8#. The employed nonlocal
thermodynamic-equilibrium atomic physics model includ
average-ion semiempirical or hydrogenic rates and negle
subshell splitting. Obviously, it is necessary to improve r
coefficients for various atomic processes. This paper focu
on the study of dielectronic recombination~DR! processes
for average ions. First of all, we examine the reasonablen
of directly applying the Burgess-Merts~BM! formula @9# to
the AA model. The DR rate coefficients for average io
have been derived from the rate equations for detailed c
figuration accounting. Based on the result obtained, we h
noticed that the BM formula widely employed in the A
model @2–4,6,8# is inappropriate to this model. This is be
cause the BM formula can only give the rate coefficie
summed over the final states@9–11#, whereas the AA mode
needs the recombination rates in a special state. We h
proposed a self-consistent-field theoretical method to t
DR for average ions with electrons. This method includel
splitting and can give the required recombination rates i
special final state. Also we have developed an average-a
structure program. As an example, the rate coefficients
argon have been calculated at a defined electron popula
and have been compared with the rate-coefficient avera
via detailed configuration accounting.

II. THEORY

With the framework of the AA model, the DR for th
ionic species present in the plasmas can be replaced with
for a single fictitious ‘‘average ion’’@1–3#. The DR rate
coefficients for average ions can be derived from the r
equations for detailed configuration accounting. Here,
simplicity we only consider the contribution from DR to th
density change of ions. Thus the rate equation for the den
Nz,n of an ion in the charge statez with an excited- or
551050-2947/97/55~2!/1039~5!/$10.00
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ground-state electron in thenth level can be written as@4#

dNz,n

dt
52(

m
az,n;z21,mNz,nNe1(

m8
az11,m8;z,nNz11,m8Ne ,

~1!

whereaz,n;z21,m(az11,m8;z,n) are the DR rate coefficients o
an ionNz,n(Nz11,m8) in a recombined ionNz21,m(Nz,n), and
Ne is the free-electron density. The electron energy levels
Eq. ~1! are distinguished by the principal and angular m
mentum quantum numbers (ni l i). Let jk;z,n denote the num-
ber of electrons in thekth levels of a ‘‘real ion’’ (Nz,n).
Multiplying Eq. ~1! with jk;z,n and summing over differen
charge statesz and levelsn, we have

(
z,n

jk;z,n
dNz,n

dt
52 (

z,n,m
jk;z,naz,n;z21,mNz,nNe

1 (
z,n,m8

jk;z,naz11,m8;z,nNz11,m8Ne .

~2!

In the second term of the right side of Eq.~2!, if one replaces
z11 by z, exchangesm8 andn, and drops the prime symbo
of m8, then the results of the summation overz, n, andm8
are not affected. Therefore Eq.~2! can be written in the form

d

dt S (z,n jk;z,nNz,nD 5 (
z,n,m

~jk;z21,m2jk;z,n!

3az,n;z21,mNz,nNe

5(
z,m

~jk;z21,m2jk;z,g!az,g;z21,mNz,gNe

1(
z,m

(
nÞg

~jk;z21,m2jk;z,n!

3az,n;z21,mNz,nNe , ~3!

where according to the different ions (Nz,n) present in the
plasmas,k is either a ground-state (g) or an excited-state
level. Hence, for a givenk, all these ions can be divided int
the k5g(Nz,n

I ) and kÞg(Nz,n
II ) groups. For example, whe
1039 © 1997 The American Physical Society
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1040 55L. B. ZHAO AND S. C. LI
k52p, N1s22s22p5 , andN1s22p , respectively, belong to the
Nz,n
I andNz,n

II ion groups. Thus Eq.~3! can be rewritten as

d

dt S (z,n jk;z,nNz,nD 5(
z,m

~jk;z21,m2jk;z,g!az,g;z21,m

3~Nz,g
I 1Nz,g

II !Ne

1(
z,m

(
nÞg

~jk;z21,m2jk;z,n!

3az,n;z21,m~Nz,n
I 1Nz,n

II !Ne . ~4!

We will, respectively, consider the contributions from t
k5g andkÞg ion groups.

~1! For theNz,n
I ion group,jk;z21,m2jk;z,g50 since the

electron number of the recombining (Nz,g
I ) and recombined

(Nz21,m
I ) ions in the ground level is equal; an

jk;z21,m2jk;z,n51 or 0 (nÞg), respectively, for the ions
whose configurations are of the form 1s22s2•••(k
21)4l k2112k0;4l k11n (n5k11,k12,...) and for theother
ions. Therefore

(
z,m

~jk;z21,m2jk;z,g!az,g;z21,mNz,g
I Ne50, ~5!

(
z,m

(
nÞg

~jk;z21,m2jk;z,n!az,n;z21,mNz,n
I Ne

5 (
zk ,nÞg

S (
m

azk ,n;zk21,mDNzk ,n
I Ne , ~6!

where the summation overz in the right side of Eq.~6! has
been changed into that overzk , andzk represents the charg
state, in which the ions are of the 1s22s2•••(k
21)4l k2112k0;4l k11n (n5k11,k12,...) configuration
form. Equation~6! means that the DR for only these ion
whose configurations are of the above form, contributes
the change of electron number in thek level.

~2! For theNz,n
II ion group, the difference between th

electron number of the recombining (Nz,n
II ) ions and that of

recombined (Nz21,m
II ) ions in thek level may be expressed i

terms of the Kronecker symbols.jk;z21,m2jk;z,g5dkm and
jk;z21,m2jk;z,n5dkm2dkn . This is because the DR make
only them level increase an electron for theNz,g

II ions, and
the change of electron number happen only in them andn
levels for theNz,n

II (nÞg) ions. Thus we get

(
z,m

~jk;z21,m2jk;z,g!az,g;z21,mNz,g
II Ne

5(
z

az,g;z21,kNz,g
II Ne , ~7!
to

(
z,m

(
nÞg

~jk;z21,m2jk;z,n!az,n;z21,mNz,n
II Ne

5 (
z,n
nÞg

az,n;z21,kNz,n
II Ne2 (

z,m
kÞg

az,k;z21,mNz,k
II Ne . ~8!

Substituting Eqs.~5!–~8! into Eq. ~4!, and merging Eq.
~7! and the first term of Eq.~8! into a term, we finally obtain

d

dt S (z,n jk;z,nNz,nD 5(
z,n

az,n;z21,kNz,nNe

2 (
z,m
kÞg

az,k;z21,mNz,k
II Ne

1 (
zk ,nÞg

S (
m

azk ,n;zk21,mDNzk ,n
I Ne ,

~9!

where the superscript II ofNz,n
II in the first term of Eq.~9! is

dropped. The reason for doing so is thataz,n;z21,k50 for the
Nz,n
I ion, so to add(z,naz,n;z21,kNz,n

I Ne to the first term ob-
viously does not affect the results of this term. In additio
the latter two terms in the equation are the contributio
from the partial ions in the excited states, hence can be
glected@12#. Concerning this, a detailed discussion will b
given in Sec. III. Thus Eq.~9! reduces to

d

dt S (z,n jk;z,nNz,nD 5(
z,n

az,n;z21,kNz,nNe . ~10!

In general, in high-temperature laser-created plasmas the
tribution of z sharply peaks atz5za, so one may assume tha
az,n;z21,k for the neighboring ions can be approximated
aza,k for an average ion, namely,

aza,k5
1

N (
z,n

az,n;z21,kNz,n . ~11!

By inserting Eq. ~11! into Eq. ~10! and defining
ckpk5(1/N)(z,njk;z,nNz,n , we arrive at

d

dt
~Nckpk!5NeNak

dr , ~12!

whereckpk is the occupation number in thek level of aver-
age ions, andak

dr[aza,k is the DR rate coefficient in thek
level for average ions. From Eqs.~10!–~12!, it may be
clearly seen that the AA model needs the DR rate coe
cients in a special state. In order to make it practical to eva
ate the DR rates for average ions with noninteger occupa
numbers, we propose thata k

dr be expressed in terms of th
configuration-average dielectronic capture rate@13,14#. Let
m indicate an initial level, andj j̄ be a doubly excited level in
DR processes, thena k

dr is
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ak
dr5 ((

m~,k! j ~.m!

~ j̄ 5k, j̄ Þ j !

cmpm~12pj !~12p j̄ !bmj j̄

~0!
Bj j̄ →mk

1 (
m~,k!

~ j5 j̄ 5k.m!

cmpm~12pj !S 12
cj

cj21
pj D

3b
mj j̄

~0!
Bj j̄ →mk , ~13!

whereci andpi ~i5m, j , and j̄ !, respectively, are the statis
tical weight and the electron occupation probability of thei
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subshell;b
mj j̄

(0)
is the dielectronic capture coefficient for

hypothetical one-electron ion, defined by

b
mj j̄

~0!
5

h3

~2pmekBT!3/2
gj j̄
gcgm

A
j j̄ m

a
e2ec /kBT ~14!

and Bj j̄ →mk is the branching ratio. In terms of th
configuration-average Auger and radiative rates,Bj j̄ →mk can
be written as
Bj j̄ →mk5
cjpj8~12pm8 !Ajm

r

cjpj8c j̄ p j̄
8 ~12pm8 !A

j j̄ m

a
1cjpj8~12pm8 !Ajm

r 1c j̄ p j̄
8 ~12pm8 !A

j̄ m

r ~ jÞ j̄ !, ~15!

Bj j̄ →mk5
cjpj8~12pm8 !Ajm

r

1

2
cjpj8~cjpj821!~12pm8 !A

j j̄ m

a
1cjpj8~12pm8 !Ajm

r

~ j5 j̄ !. ~16!
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In Eqs. ~14!–~16!, the statistical weight factor term
gj j̄ /gcgm is equal tocjc j̄ /2cm for jÞ j̄ , andcj (cj21)/4cm
for j5 j̄ , respectively.A

j j̄ m

a
is the Auger rate for a hypotheti

cal two-electron ion@13,14#. A jm
r is the radiative decay rat

for a hypothetical one-electron ion@13#. pj85pj1d, herecjd
is the number of excited electrons, and less than or equa
one. When jÞ j̄ , for min(cmpm ,cj2cjpj ,c j̄ 2c j̄ p j̄ )>1
and ,1, we choosed51/cj and d5min(cmpm,cj2cjpj ,c j̄
2c j̄ p j̄ )/cj , respectively. When j5 j̄ , we choose
d52min„cmpm ,(cj2cjpj )/2…/cj for cmpm,1, d52/cj for
cmpm>1 and cjpj<cj22, and d512pj for cmpm>1 and
cj22,cjpj,cj21. It should be pointed out that Eqs.~13!,
~15!, and ~16! are independent of the particular couplin
scheme. Furthermore, we emphasize that Eqs.~15! and ~16!
omit radiative transitions to non-m subshells. This is becaus
the resonance transitionsj or j̄→m are normally much faste
than the other transitions@15#.

III. RESULTS AND DISCUSSION

An atom-structure program has been developed in the
model, in which the occupation number of orbital electro
is a noninteger in general. The Hartree-Fock equations
solved self-consistently to obtain the radial wave functio
Pnl(r ) and the orbital energies«i . Here for the orbital with
an occupation number less than one, the direct and exch
self-interaction terms in the central potential are multipli
by a factor which is just the occupation number to just can
out the self-energy involved in both the direct and excha
sum. The continuum orbital wave functionPlc

(r ) required in
computing the Auger matrix elements is obtained in
distorted-wave approximation, and normalized per unit R
berg. The energy of free electrons in Eq.~14! is fixed by the
to

A
s
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s

ge

l
e

e
-

difference of the orbital energies:«c5« j1« j̄ 2«m . As an
example, we have calculated the DR rate coefficients
argon in the 3s and 3p subshells at the bound electro
populations: c1sp1s52.0, c2sp2s52.0, c2pp2p53.999,
c3sp3s50.05, c3pp3p50.025. The results calculated at se
eral temperature points are listed in Table I. It should
pointed out that we have made two approximations to ob
DR rates for average ions in the AA model. First, the D
from the partial excited states has been neglected. The re
this is a good approximation follows. At the electron dens
Ne,1022 cm23, the excited-state level populations are us
ally much less than the ground-state populations, but the
tal DR rate coefficients from the two kinds of states are
proximately equal. Therefore the total DR rates from t
excited states are much smaller than the total DR rates f
the ground states, and can be neglected in the calcula
@12#. Second, the DR rate coefficients for the various io
present in high-temperature plasmas have been approxim
by that for a single fictitious ‘‘average ion.’’ This approx
mation originates in a basic assumption in the AA mod

TABLE I. DR rate coefficients for the average Ar ion in the 3s
and 3p subshells in units of cm3/sec. Numbers in square bracke
are powers of 10.

T ~keV! a3s
dr a3p

dr

0.1 1.247@213# 2.085@213#
0.3 9.357@214# 1.538@213#
0.5 5.725@214# 9.427@214#
1.0 2.489@214# 4.109@214#
3.0 5.500@215# 9.100@215#
5.0 2.628@215# 4.350@215#
10.0 9.486@216# 1.571@215#
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1042 55L. B. ZHAO AND S. C. LI
@1–3#. Namely, an average ion represents a close approx
tion to the canonical average. However, there is very li
detailed analysis of this problem. Generally, it is believ
that for heavier ions it is reasonable to assume that the
averages are close, and for lighter ions the difference ma
significant. Rozsnyai@16# has compared the energy of th
average ion and the energy average via detailed config
tion accounting for helium atT55 eV. The results have
shown that the difference between the two methods
about 20%. Here, we have numerically made an examina
of the rate coefficients for the average Ar ion at the bou
electron population given above. First of all, for the giv
average populationpi and statistical weightci , we have em-
ployed a statistical method, as made by Takabe and N
ikawa@8#, to obtain the fractional distributionNz,n/N of each
electronic configuration. Then the DR rate coefficients
each configuration have been explicitly calculated by us
the self-consistent method@17,18#. Finally, we have evalu-
ated the rate-coefficient average. The rate coefficients for
average ion and the rate-coefficient averages via deta
configuration accounting have been compared in Fig.
Comparisons show that for recombination into the two s
shells, the difference is smaller than a factor of one atT>40
eV, but increases with decreasingT. The greater difference
in the range of lower temperature can be traced to the
model. The DR rate coefficient for average ions includes
exponential factore2«c /T, in which the determination of«c is
related to average ions. At low temperature, a little«c error
may give rise to a largea k

dr difference.
More, Zimmerman, and Zinamon@15# have formulated a

method to add DR to the AA model, and the strong corre
tions of electron populations induced by the dielectronic c
ture process have been studied. But the DR rate coeffici

FIG. 1. DR rate coefficients for average Ar ion in the 3s and 3p
subshells vs electron temperature. The solid curve shows the
coefficients for the average ion, while the dashed curve shows
rate-coefficient averages via detailed configuration accounting.
DR rate coefficients in the 3p subshell are multiplied by 10.
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have not been explicitly evaluated in Ref.@15#. So any com-
parison cannot be made with the work of More, Zimmerm
and Zinamon. In order to test the present method, we h
calculated the DR rate coefficients for the ‘‘real’’ Se241 ion
by using our code in the AA model, and compared our
sults with Hagelstain’s@19# in Fig. 2. In our calculations, the
doubly excited states included are the 3l3l 8 intermediate
autoionization states, corresponding to that in Ref.@19#, and
only the transitions where the excited electron can return
its original subshell by spontaneous radiation are taken
account. From Fig. 2, we may see that the difference
tween the elaborate calculations and our results is less th
factor of 1. In view of the fact that we adopt the extreme
simple form to calculate the Auger and radiative rates,
existence of the above error is obvious.

IV. SUMMARY AND CONCLUSIONS

In conclusion, from Eqs.~10!–~12!, it may be clearly seen
that the AA model needs the DR rate coefficients in a spe
state, not the ones summed over the final states. There
the Burgess-Merts formula cannot be directly applied to
AA model. We have proposed a self-consistent-field th
retical method to calculate DR rates for average ions,
also developed an average-atom structure program to ca
late the required recombination rate coefficients in a spe
state in the AA model. As an example, the DR rate coe
cients for argon have been calculated at a defined elec
population, and have been compared with the rate-coeffic
average via detailed configuration accounting. To test
present method, we have evaluated the DR rate coeffici
for the ‘‘real’’ Se241 ion using our code in the AA model
Comparisons with the other elaborately calculated res

te
he
he

FIG. 2. DR rate coefficients for the ‘‘real’’ Se241 ion in the 3s,
3p, and 3d subshells vs electron temperature. The solid curve
the dashed curve indicate the results of this calculation and Ha
stain’s, respectively. The DR rate coefficients in the 3d subshell are
multiplied by 10.
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55 1043DIELECTRONIC RECOMBINATION FOR AVERAGE IONS
have illustrated the reasonableness of the present metho
is very interesting to calculate the x-ray spectra or ot
quantities by adopting the DR rate coefficients from t
present method, and then observe the improvements resu
Hence it is worth investigating further. However, this i
volves a great deal of complicated work. We plan to disc
this problem in future work.
re

an

an

m

ia

rt
. It
r

ed.

s

ACKNOWLEDGMENTS

One of the authors~Z.L.B.! would like to thank Dr. J. G.
Wang for his helpful discussions. This work was suppor
by the Postdoctoral Foundation of China, the National H
Tech Inertial Confinement Fusion Committee, and Scient
& Technical Funds of CAEP.
sfer

,

.

@1# W. A. Lokke and W. H. Grasberger, Lawrence Livermo
Laboratory Report No. UCRL-52276, 1977~unpublished!.

@2# D. E. Post, R. V. Jensen, C. B. Tarter, W. H. Grasberger,
W. A. Lokke, At. Data Nucl. Data Tables20, 397 ~1977!.

@3# R. V. Jensen, D. E. Post, W. H. Grasberger, C. B. Tarter,
W. A. Lokke, Nucl. Fusion17, 1187~1977!.

@4# M. Itoh, T. Yabe, and S. Kiyokawa, Phys. Rev. A35, 233
~1987!.

@5# P. D. Goldstoneet al., Phys. Rev. Lett.59, 56 ~1987!.
@6# H. Nishimuraet al., Phys. Rev. A43, 3073~1991!.
@7# T. Nishikawa, H. Takabe, and K. Mima, Laser Particle Bea

11, 81 ~1993!.
@8# H. Takabe and T. Nishikawa, J. Quant. Spectrosc. Rad

Transfer51, 379 ~1994!.
@9# A. L. Merts, R. D. Cowan, and N. H. Magee, LASL Repo

No. LA-6220-MS 1976~unpublished!.
@10# A. Burgess, Astrophys. J.139, 776 ~1964!; 141, 1588~1965!.
d

d

s

t.

@11# S. M. Ansari, G. Elwert, and P. Mucklich, Z. Naturforsch.25,
1781 ~1970!.

@12# Y. T. Lee, J. Quant. Spectrosc. Radiat. Transfer38, 131
~1987!.

@13# J. N. Gau and Y. Hahn, J. Quant. Spectrosc. Radiat. Tran
23, 121 ~1980!.

@14# E. J. McGuire, inAtomic Inner-Shell Processes, edited by B.
Crasemann~Academic, New York, 1975!, Vol. 1, p. 293.

@15# R. M. More, G. B. Zimmerman, and Z. Zinamon, inAtomic
Processes in Plasmas, edited by A. Hauer and A. L. Merts
AIP Conf. Proc. No. 168~AIP, New York, 1988!, p. 33.

@16# B. F. Rozsnyai, Phys. Rev. A5, 1137~1972!.
@17# H. Y. Yang, Y. H. Qui, S. C. Li, Y. S. Sun, and Y. L. Yang, J

Phys. B25, 791 ~1992!.
@18# L. B. Zhao and S. C. Li, Chin. J. At. Mol. Phys.13, 17 ~1996!.
@19# P. L. Hagelstain, J. Phys. B20, 5785~1987!.


