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Dark pair coherent states of the motion of a trapped ion
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(Received 11 April 1996

We propose a scheme for generating vibrational pair coherent states of the motion of an ion in a two-
dimensional trap. In our scheme, the trapped ion is excited bichromatically by three laser beams along different
directions in theX-Y plane of the ion trap. We show that if the initial vibrational state is given by a two-mode
Fock state, the final steady state, indicated by the extinction of the fluorescence emitted by the ion, is a pure
state. The motional state of the ion in the equilibrium realizes that of the highly correlated pair coherent state.
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PACS numbe(s): 42.50.Vk, 42.50.Dv, 32.80.Pj

A variety of generalized coherent states has been corsuch as sub-Poissonian statistics, correlation in the number
structed to describe different physical phenomgijaMath-  fluctuations, squeezing, and violations of Cauchy-Schwarz
ematically, the constructions of these sets of generalized canequalities]2].
herent states are associated with particular Lie groups. The The experimental realization of such nonclassical states is
Qlauber coherent states, _defmed as the right eigenstates QBﬁpractical importance. Agarwé®] suggested that the opti-
single-mode boson annihilation operator, are associated withg] PCS can be generated via the competition of four-wave
the Heisenberg group. Beyond these canonical coherembixing and two-photon absorption in a nonlinear medium.
states, particular generalized coherent states associated Wifiis is the only scheme proposed to generate PCS known to
th noncompactdsu,l) group ha\ée b_eer(; (T;(tensrllvely Stud- 5. In this Rapid Communication we propose a scheme to
1€ '[1t_g]' Aﬁcor Itngt tto Barutdal} C;:-jlrar ti [B].’ t estetas— ¢ enerate vibrational PCS of a trapped ion. Recently, due to
sociated conerent states are defined as he elgensiates ol fag, . apie advances in laser cooling of a trapped 1dnit
SU(1,1) lowering operator, whereas in the definition given, < p ible t i lassical stat f th
by Perelomov[4], they are generated by the GLI) ana- as become possible to realize nonclassical states of the

! ?_enter-of-massc.m.) motion of a single trapped ion. An ion

logue of the displacement operator. These two sets of cohe . : .
9 b P onfined in an electromagnetic trap can be regarded as a

ent states are different, though they are closely related to the> _ : : . :
SU(1,1) group. particle with quantized c.m. motion moving in a harmonic

Regarding the two-mode boson realization of th BUJ potential. Ex_citing or deext_:iting the intgr_nal gtomic states of
group, a special set of coherent states of the Barut-Girardellf€ trapped ion by a classical laser driving field changes the
type known as pair coherent sta{@C9 can be formulated extemal states qf t.he ion motion, as atomic stlmulateq ab-
[1]. If & (A and b (BT) denote two independent boson sorption and emission processes are alwgys acc'ompanled by
annihilation (creation operators, the@b (é_TBT) stands for mom_entu_m exchange of the Ias_er f_|eld with the ion. If both
the pair annihilatior(creation operator for the two modes. the vibrational amp_lltud_e of the ion is much_smaller than the
The pair coherent statés,q)pcs are defined as eigenstates 12er wavelength, i.e., in the Lamb-Dicke linjit], and the
of both the pair annihilation operattirB and the number driving f".eld IS tqqed to one 9f the vibrational s_|depa_mds of
difference operatoézé*é—BTB ie the atomic transition, then this model can be simplified to a

P form similar to the Jaynes-Cummings modéCM) [8] in
A . which the quantized radiation field is replaced by the quan-
abl¢,Q)pcs= €l€,Q)pes,  QlEApcs=alé.d)pcs, (1) tized c.m. motion of the ion. As the coupling between the

vibrational modes and the external environment is extremely
whereé is a complex number anglis the “charge” param- Wweak, dissipative effects, which are inevitable from cavity
eter, which is a fixed integer. Furthermore, the PCS can bdamping in the optical regime, can be significantly sup-
expanded as a superposition of the two-mode Fock states,pressed for the ion motion. This unique feature thus makes it
possible to realize cavity QED experiments without using an
optical cavity. Following this approach, nonclassical vibra-

©

¢ : :
, =N, —————|I+q,l), 2 tional states of the trapped ions, such as FH@&lk squeezed
|€A)pos= qIzo VI +q)! 1+a.l)e @ [10], and Schrdinger-cat stategl1,12 have been proposed

and observed13].
WhereNq=[|§|’q|q(2|§|)]’1’2 is the normalization constant Cons.ider the qu_antized mqtion qf a two-llevel iqn of mass
(4 is the modified Bessel function of the first kind of order M that is trapped in a two-dimensionéD) isotropic har-
q). Pair coherent states were introduced by Horn and Silvef10nic potential characterized by the trap frequemcyThe
[5] to describe the production of pions and applied to othef€reation(annihilation of vibrational quanta in the and Y
problems in quantum field theord]. In quantum optics, directions is described by the operat@ga’) and b(b"),
PCS are regarded as an important type of correlated twdgespectively. The position operators are given by
mode state, which possess prominent nonclassical propertigs=\ (a+a') andy=x\(b+b"), wherex= J&/2vM. In our

1050-2947/96/54)/10144)/$10.00 54 R1014 © 1996 The American Physical Society



54 DARK PAIR COHERENT STATES OF THE MOTION OF ... R1015

resonant with one of the vibrational sidebands, then the ion-

Ty laser interaction can be described as a nonlinear JCM. Fol-
Y | Sy lowing Refs.[11,14)], the Hamiltonian of Eq(3) can be writ-
) | ’ ten in the interaction picture as
.o o 2j+2
B ; L/ Hi=he 772 E . ") T2y MAI AT 2
S e N @ --------—-—- S =
AN X

T, R AT 2 ” * (in)z‘}-ﬂr- A

! 2=wo~2u +Q2e'?2BI(B")! "]+ Qe O,Zo it al@"|o
Wy =wy— 2w + H.c., (6)

FIG. 1. Configuration to generate vibrational PCS. The carrievhere ;= —DE; /i are the Rabi frequencies, and the
field drives the ion on resonance along teaxis. The other two ~Lamb-Dicke parameteny=k\ has been defined assuming
lasers are both resonant with the second lower vibrational sidebanfio=Ko=K.

They drive the ion along th&X’ and Y’ axes, having phases As the damping of vibrational quanta can be significantly

¢,=0 and ¢, =, respectively. suppressed in an ion trap, the dominant decay process is the
spontaneous emission from the two-level ion, and the time

scheme, which we sketch in Fig. 1, the ion is driven bichro-evolution of the system in the interaction picture can be de-

matically by three laser beams in theY plane. The first scribed by a density operatprobeying the master equation

two lasers are both tuned to the second lower vibrationa]9,11]

sideband and applied to the ion along directions with an .

anglen/4 and 37/4 relative to theX axis, respectively. The 9 __ 7 B 51+ — (26 06 ~
third laser, which drives the ion along tieaxis, is resonant ~ dt [Hipl+5(20-00.=0.0p=pao),
with the atomic transition frequency. In the rotating-wave (7)
ﬁﬁlp;rr?ﬁmatlon the Hamiltonian describing the coherent EVOherer is the spontaneous decay rate of the excited state of
the ion, and the modified density operator
- wsn nin ho
H:ﬁv(aTa+ bTb)+ TO'Z ['DE )(X Y, t)o_+ H. cl, é f f dudoW(u,v)e ik( ux+vy)pe—|k(u5<+v§/) (8)
()

accounts for the momentum transfer in %€y plane due to

where the first two terms describe the free evolution of thespontaneous emission, whengu,v) describes the angular
external and internal degrees of freedom of the ion and th@jgyrihytion of the spontaneous emission. In the Lamb-Dicke
last indicates the atom-field interaction. The operawts regime, 7<1, the master equation, E(7), can be well ap-

ando . are raising and lowering operators for t_h? two-level o oyimated by expanding E8) up to first order iny and
ion obeying commutation relationgo, ,o_]1=0, and g4 (6) up to second order ify. In this case, only the leading

[0,,0.]=*20.. The transition in the two-level ion is terms, i.e.j =0 in i, . are considered, angl is replaced by
H H H e [ | »
characterized by the dipole matrix elemédnhtand the transi 5. SeftingQ, = 0,= O and e, = 0,d,=, the master equa-

tion frequencywy. The negative frequency part of the clas-
sical electric driving field is given by tion, Eq.(7), simplifies to
dp i an

. r
EC)(%,,t) = E;ll(@om 20t kX + 4] 9 h[H' P+ 5(26po.—5.5_p—po.d),
+ Ezei[(wo—Zv)t—kzy +¢ol + Eoei(wot_koAX‘*' 4’0), (9)
with the effective Hamiltoniart! given b
(4) 1 9 y

where E; and ¢; indicate the amplitudes and phases of the Hi=alab—¢lo. + He, (10
driving Iasers respectlvely We have introduced new posi
tion operatorsx’ andy’, which are related t& andy by a
/4 rotation in theX-Y plane, so that for the creatiganni- a=—1Qp’exp(- %/2),

h”ation) Operator% (AT)andB (BT) defined in theX’ and and § QOQ 7] exp(_|¢0) D|Sregard|ng the constant
Y' directions, respectively, we obtain the following transfor- griving term¢, the effective Hamiltonian of Eq10) is iden-

where

mation: tical to the nondegenerate two-mode JCAB].
A . For a master equation of the form of H§), the steady-
Al_ 11 1ifa 5) state solutionps is a pure stat¢9—11], ps=|g)|¥){¥|(gl,
B/ 2\-1 1)\b/) where |g) is the atomic ground state arjgy) defines the

vibrational state of the ion. When the system reaches the
According to Vogel and de Matos Filjd1,14, if the ion  steady statedps/dt=0. Assuming a steady state of the form
is in the resolved sideband limit and the driving laser isabove givegH, ,ps]=0, as the dissipative term on the right-



R1016 S.-C. GOU, J. STEINBACH, AND P. L. KNIGHT 54

hand side of Eq(9) vanishes in this case. A sufficient con-
dition for us to generate the vibrational steady stateis to
ensure thatps satisfies the restrictiofH|,ps]=0, or

ab|y)y=¢&|y). This is identical to our first definition of a
PCS given above in Eql). In order to generate a fully
characterized PCS, however, we need another constraint ti
ensure that the final vibrational state remains an eigenstate
the number difference operat@. This can be achieved by
properly choosing the initial vibrational state. In view of the
fact that[ab,Q]=0, it follows that the number difference is
a constant of motion in processes involving simultaneous
pair annihilation or creatiof16]. Thus, for an initial vibra-
tional state{ ), if the conserved “charge” condition is ini-
tially satisfied, i.e.Q|#o)=0q| o), then this condition holds
for the whole time evolution of the system described by Eq.
(9). Regarding the feasibility of an experimental realization,
it seems that the two-mode Fock Stdité%>=|m+q,_m>F is FIG. 2. We depict the excitation number distributiBgn,m) in
best suited to fulfil the conserved “charge” condition. With- the two vibrational modes at different times. The system evolves
out loss of generality we may set the initial vibrational statefrom (a), the initial pure state| Vo) =|e)®|7,6)r (I't=0.0),
as |4o)=19,0)r (q=0), which, according to recent work, through (b) and (c), two intermediate statesI'¢=125.0) and
can be prepared with very high efficiend3]. In general the (I't=500.0), into(d), its steady state, which is the pure product of
effects of spontaneous emission described in(Bpdisturb  the internal ground state of the ion and a vibrational PCS:
the correlations of the two modes since they change the mg¥)=|g)®|2,1)pcs (I't=2000.0). The data shown have been ob-
tional states in different directions independently. Therefordained from a Monte Carlo simulation that included 1000 trajecto-
the assumption ofy<<1, which led us from Eq(7) to Eq. ries and was performed in a truncated Fock-state basis
(9), is important. We note, however, thatshould not be too  (|0.0¢, . .. [20,20¢). Parameterse=0.2,¢=2.0'=10.0.
small in real experiments, for it is needed to allow excita-
tions of the second sidebands. would take the same ion to reach its steady state in a reso-
In order to gain insight into the transient behavior we nance fluorescence experiment.
have solved the master equation, E®), numerically, em- One may examine the existence of the PCS by observing
ploying a Monte Carlo state-vector methg#i7]. Our nu-  the collapses and the revivals of the atomic inversion. This is
merical analysis was performed using a high-order unravelillustrated by switching off the carrier field suddenly once
ling technique[18] in a finite (truncated Fock-state basis
with a cutoff chosen such that an increase of this cutoff does

not alter the result of our integration. -0.80
We find that the system evolves from an initial product of (a) Lo
a two-mode Fock state and a superposition of the interna -0.85 05
states of the ion into the pure steady state, as expected. Fi¢ A
ure 2 depicts the excitation number distribution in the two <g' -0.90
vibrational modes at different times, showing the system as i v : :
evolves from the initial pure stateV () =|e)®|7,6)¢ into its -0.95 ¢ 100 150 200
steady state. The steady-state excitation number distributio
[Fig. 2d)] is indistinguishable from that of a PCS with -1.00
£=2 andq=1. This is the expected result since the particu- 0.20
lar choice of the initial state determines the conserved 0.20
“charge” q=(¥,|Q|¥y)=1, and from Egs(1) and (10) L 01
the second number defining the PCS is determined by the .
driving term ¢ in the effective Hamiltonian, which in the 1, 0.10 7
example shown ig=2. We verify that the steady state is v
pure by calculating the trace of the square of the density ~ 005 | 200 4
operator Tr{)i) from the steady state obtained in our nu-
merical integration. We find Ti?) =0.9997. The deviation 00000 5000 10000 15000  2000.0
of the purity from unity is a consequence of the finite number I

of trajectories used in the Monte Carlo method. We have

tested this by increasing the cutoff of the truncated Fock- £ 3 Time evolution of the internal state of the two-level ion
state basis. Figure 3 shows the transient behavior of the inss the system evolves into its steady stédeshows the inversion
ternal statg of the ion. We depict the time evolution of the<(}z> and(b) the imaginary part of the polarizatiogo_— . ). The
inversion(o) [Fig. 3@] and the imaginary part of the po- real part of the polarizatios_+ ) remains zero at all times.
larizationi{o_ — o) [Fig. 3(b)]. We note that the time scale The two insets show the evolution in the time inter¥al=0.0 to
for the system to reach the steady state is much longer thanlit=20.0. Parameters and data used are the same as in Fig. 2.
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the system has reached the steady state. In this case, timea 2D isotropic harmonic potential well. In appropriate lim-
system is equivalent to the nondegenerate two-mode JChs, the system will relax to a steady state due to the sponta-
interacting with a PCS when the ion is initially in its ground neous emission from the ion. If the vibrational state of mo-
state. The time evolution of such a system has been investifon of the ion is initially prepared in a Fock state, then the
gated by several authof&9]. In particular, wheng=0 the  steady state of the system is a pure state given by a product
Rabi oscillation of the atom exhibits exactly periodic behav-of the atomic ground state with a PCS of the vibrational
ior. However, as the atomic decay is essential to the preseRtotion. In this case, the two parametefsandq, that char-
treatment and cannot be ignored, the collapses and revivalgerize the PCS are determined by the intensities and phases

of the Rabi oscillation of the trapped ion are substantiallyyt the griving lasers and by the number difference between
different from the previous results. One possible way 10 SUpgne 1o vibrational modes determined by the initial Fock
press the complications caused by the atomic decay is g

increase the intensities of the driving lasers so that the ratiotate’ respectively.

I'/ « is lowered. Thus, in the short-time regime the influence This work was supported in part by the UK Engineering
of spontaneous emission can be eliminated. and Physical Sciences Research Council and the European
In conclusion, we have proposed a scheme for the realizdJdnion. S.-C. Gou acknowledges support from the Ministry
tion of pair coherent states of the c.m. motion of a trappedf Education, Taiwan, Republic of China. J. Steinbach is
ion. In our scheme, three laser beams, one of which is tunesupported by the German Academic Exchange Service
to the carrier frequency and the other two to the secondDAAD-Doktorandenstipendium aus Mitteln des zweiten

lower vibrational sideband, are used to drive the ion trappedHochschulsonderprogramins

[1]J. R. Klauder and B. SkagerstanCoherent States— [12]J.F. Poyatos, J. I. Cirac, R. Blatt, and P. Zollenpublishegt

Applications in Physics and Mathematical Phy<i¢gorld Sci- C. Monroe, D. M. Meekhof, B. E. King, and D. J. Wineland,
entific, Singapore, 1985 Science272 1131(1996.

[2] G. S. Agarwal, J. Opt. Soc. Am. B, 1940 (1988; G. S.  [13] D. M. Meekhof, C. Monroe, B. E. King, W. M. Itano, and
Agarwal, Phys. Rev. Let57, 827(1986. D. J. Wineland, Phys. Rev. Leff6, 1796(1996.

[3] A. O. Barut and L. Girardello, Commun. Math. Phyl, 41 [14] w. Vogel and R. L. de Matos Filho, Phys. Rev.52, 4214
(1979). (1995.

[4] A. M. Perelomov,Generalized Coherent States and their Ap- [15] S.-C. Gou, Phys. Rev. A0, 5116(1989.
plications (Springer-Verlag, Berlin, 1985

[5] D. Horn and R. Silver, Phys. Rev. B) 2082(1970.

[6] V. Buzek, J. Mod. Opt37, 303(1990; C. C. Gerry, J. Opt.
Soc. Am. B8, 685(1991); L. Gilles and P. L. Knight, J. Mod.
Opt. 39, 1411(1992.

[16] Our analysis uses the approximate density operator in Egs.
(9,10; it is straightforward given the agreed Hamiltonian to
showd/dt(é)=0, even for the more exact form of the density
operator given by Eq8), provided the spontaneous emission

[7] F. Diedrich, J. C. Bergquist, W. M. Itano, and D. J. Wineland, IS sym_metrlc n theX-.Y plane.
Phys. Rev. Lett62, 403(1989; C. Monroe, D. M. Meekhof [17] J. Dalibard, Y. Castin, and K. KMmer, Phys. Rev. Lett68,

B. E. King, S. R. Jefferts, W. M. Itano, and D. J. Wineland, 580 (1992; H. J. CarmichaelAn Open System Approach to

ibid. 75, 4011 (1995. Quantum OpticsLecture Notes in Physic&Springer-Verlag,

[8] C. A. Blockley, D. F. Walls, and H. Risken, Europhys. Lett. Berlin, 1993; R. Dum, P. Zoller, and H. Ritsch, Phys. Rev. A
17, 509 (1992. 45, 4879(1992; G. C. Hegerfeldt and T. S. Wilser, iRro-

[9] J. I. Cirac, R. Blatt, A. S. Parkins, and P. Zoller, Phys. Rev. ceedings of the Il International Wigner Symposium, Goslar
Lett. 70, 762(1993; J. I. Cirac, R. Blatt, and P. Zoller, Phys. 1991 edited by H. D. Doebner, W. Scherer, and F. Schroeck
Rev. A49, R3174(1999. (World Scientific, Singapore, 1992

[10] J. I. Cirac, A. S. Parkins, R. Blatt, and P. Zoller, Phys. Rev.[18] J. Steinbach, B. M. Garraway, and P. L. Knight, Phys. Rev. A
Lett. 70, 556 (1993. 51, 3302(1995.

[11] R. L. de Matos Filho and W. Vogel, Phys. Rev. Lét6, 608 [19] S.-C. Gou, J. Mod. Opt37, 1469(1990; A. Joshi and R. R.
(1996. Puri, Phys. Rev. A2, 4336(1990.



