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S-wave model for electron-hydrogen scattering
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~Received 21 February 1996!

The R matrix with pseudostates and convergent close-coupling methods are applied to the calculation of
elastic, excitation, and total as well as single-differential ionization cross sections for the simplifiedS-wave
model of electron-hydrogen scattering. Excellent agreement is obtained for the total-cross-section results ob-
tained at electron energies between 0 and 100 eV. The two calculations also agree on the single-differential
ionization cross section at 54.4 eV for the triplet spin channel, while discrepancies are evident in the singlet
channel, which shows remarkable structure.@S1050-2947~96!50208-8#

PACS number~s!: 34.80.Dp, 34.80.Bm, 31.15.2p
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The simplifiedS-wave model of electron scattering from
hydrogen atoms, introduced by Temkin@1#, has received
much attention during recent years. For elastic scattering
excitation, accurate solutions have been given by Poet@2–4#.
Furthermore, results for the total ionization cross section
the singlet spin channel were derived by Callaway and O
@5#.

Although the ionization results are not exact, they ha
been used as a standard for comparison with predict
from other methods. Such methods include the intermed
energy R-matrix method@6#, a two-dimensionalR-matrix
propagator@7#, the convergent close-coupling~CCC! ap-
proach@8#, hyperspherical close coupling@9#, the J-matrix
method @10#, and the eigenchannelR-matrix method@11#.
Since the applicability of these methods is not restricted
the solution of the Temkin-Poet~TP! model for electron-
hydrogen scattering, a successful reproduction of the kno
results for this model should provide confidence in apply
the techniques to more complex and realistic problems. T
is particularly true for the description of the two-electro
continuum—a long-standing problem in electron-atom co
sion theory.

We have used the recently developedR matrix with
pseudostates~RMPS! method @12# to investigate its appli-
cability to the TP model. This is particularly importan
since the RMPS method has been implemented in the
eral R-matrix codes of the Belfast group that are design
to handle complex many-electron targets. If this meth
is able to describe ionization accurately, such calcu
ions become immediately possible for a large variety of t
gets.

Since details of the method have been described e
where @12#, we only summarize the most important deta
for the present study. We are interested in transitions invo
ing discrete levels up ton53, and thus the analytically
known 1s, 2s, and 3s orbitals were included in the
R-matrix expansion. In addition, pseudo-orbitalsnl̄ were
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constructed to represent the target continuum by taking
minimum linear combination of Sturmian-type orbita
r ie2ar orthogonal to the above-mentioned orbitals. T
pseudostates were then obtained through diagonalizatio
the target Hamiltonian.

An important aspect in the present work concerns
range parametera. Although it is, in principle, arbitrary, the
convergence of the results for specific transitions depend
its choice. We performed several RMPS calculations a
varieda while keeping a fixed basis size. In the CCC calc
lations a fixeda is taken, but the basis size is increased un
convergence is obtained. Both approaches correspond
varying effective size of the box into which all states have
be squeezed. Consequently, they result in a variation of
pseudothresholds for consecutive calculations.

As shown by Meyer, Greene, and Bray@11#, R-matrix
calculations with box sizes determined by the range of
physical target states of interest can be expected to ex
pseudoresonance structure. It is essentially impossible
eliminate these resonances by simply increasing the num
of pseudo-orbitals with the same value ofa ~as is done in the
CCC method!, since such an increase would enlarge t
R-matrix box significantly. To preserve the strengths
R-matrix approaches, other methods, like box averagi
frame transformations, or energy convolution have to be
signed.~For a detailed discussion, see Ref.@11#.! Although
an energy convolution over pseudoresonances could be
for the TP model without losing potentially important info
mation about true resonances in the two-electron continu
the results presented here were obtained entirely through
averaging via a range ofa values. In order to keep som
correlation between the two electrons when both have p
tive energies, we chose anR-matrix radius of 60a0 and a
values between 0.52 and 0.78. This range ofa ensured that
in all cases the first eight states fit into the box, with o
pseudostate being bound and four lying in the continuu
For this rather large box size, 72 continuum orbitals had
be included in theR-matrix expansion to obtain converge
results for collision energies up to 100 eV. Note that the
continuum orbitals must be Schmidt orthogonalized to
pseudo-orbitals in the calculation. This causes numer
problems that have been addressed in Ref.@12#; without the
revised algorithm, the present calculation would have b
numerically intractable.

y,
:
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54 R1003S-WAVE MODEL FOR ELECTRON-HYDROGEN SCATTERING
The convergent close-coupling approach solves
coupled momentum-space Lippmann-Schwinger equat
derived from the full three-body Schro¨dinger equation. A
Laguerre basis set is chosen to diagonalize the target Ha
tonian. This choice of basis functions eliminates numeri
problems associated with convergence and linear de
dence. The basis set size is systematically increased
the observable of interest converges. Most importan
for the present study, accurate CCC cross sections for e
tic scattering, excitation of the 2s and 3s states, and ioni-
zation in both the singlet and triplet total spin chann
have been tabulated for the TP model in the energy ra
from 1 to 400 eV incident energy@13#. Further details of
the CCC method, including its application to realistic qua
one- and -two-electron targets can be found in Refs.@14# and
@15#.

In Figs. 1 and 2, we present total-cross-section results
elastic scattering, excitation of the 2s and 3s levels, and
ionization as a function of the incident electron energy. T
RMPS curves were obtained from 27 calculations w
a50.52,0.53,. . . ,0.78, which were averaged by orderin
the results according to size and assigning a weighting fa
to the individual terms. Tests with several weightin
schemes~where the center is given at least as much wei
as the edges! showed that the results are essentially indep
dent of the details of the averaging procedure. The C
results@13# are from a 30-state calculation. In both metho
the ionization cross sections are obtained by simply su
ming the cross sections for the positive-energy pseudost
In the RMPS method, due to the small number of state
contribution to the ionization from the bound 4s̄ pseudostate
is estimated to bes4 s̄21.08s3s , when positive@5#. Tests
without this correction term showed that it is essentially
sponsible for the difference between the present results
those of the eigenchannel approach@11#, which used a frame
transformation of the scattering matrix.

The agreement between the RMPS and the CCC resu
excellent over the whole energy range of interest, both
the singlet discrete transitions~see Fig. 1! and for ionization
in both spin channels~see Fig. 2!. The results for the triplet
discrete channels~not shown! converge very fast with the
number of states included in the close-coupling expans
and are also in excellent agreement. The problem with ps
doresonances is almost entirely confined to the singlet
channel and becomes most pronounced in the results fo
1s-3s excitation. This is illustrated by the curves label
‘‘0.65’’ which represent the RMPS results obtained wi
a50.65. Clearly, performing a series of calculations w
variablea is an effective, though somewhat expensive, w
of dealing with pseudoresonances. It should be pointed
however, that neither 27 eight-state RMPS calculations n
CCC calculation with 30S states is expected to be necess
to obtain accurate results for a realistic scattering prob
where several partial waves interfere with each other.

Having checked the results of the RMPS and CCC me
ods against each other, we now extend our treatment of
TP model to the calculation of single-differential ionizatio
cross sectionsds/dq. Ways to extract this parameter in
close-coupling formalism have been discussed by Kon
alov, Bray, and McCarthy@16#, and by Bray and Fursa@17#.
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Both techniques should be equivalent, with the former o
being simpler to implement and used here by the RM
method, while the latter was used by the CCC method. T
general idea is based on the fact that we obtain the t
ionization cross section as the sum of the excitation cr
sections for the pseudostates with positive energy. Henc
is possible to obtain an estimate for the single-different
cross section for energies (en s̄.0) of the ‘‘ejected’’ electron
~described by square-integrable functions! that correspond to
the excitation thresholds for the pseudostates. One can
pect that these estimates will improve with the number
pseudothresholds that lie, for a fixed total energyE, in the
region 0,en s̄,E. The total ionization cross section must b
equal to the integral (dq, 0,q,A2E) over ds/dq.

In Fig. 3, we show results for the differential ionizatio
cross sectionds/dq for the TP model at an incident electro
energy of 54.4 eV, corresponding to a total~projectile plus

FIG. 1. Singlet total cross section for elastic scattering and
citation of the 2s and 3s levels for the Temkin-Poet model o
e-H scattering as a function of the incident electron energy. T
curve labeled ‘‘0.65’’ corresponds to the RMPS calculation wi
a50.65. The CCC~30! results are from Ref.@13#.
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R1004 54KLAUS BARTSCHAT AND IGOR BRAY
target! energy ofE51.5 a.u.;e and q are the energy and
linear momentum of the ejected electron, respectively. T
RMPS results correspond to the estimates obtained by u
the results for excitation of three open pseudostates in
13 calculations whose sums were closest to the final re
for the total ionization cross section. Furthermore, the fi
curves were renormalized to ensure the reproduction of
total ionization cross section after numerical integration. T
CCC results were obtained by performing 30- to 34-st
calculations and are presented together to indicate the
prising structure of the cross section and the very sl
rate of convergence with increasing basis size in the sin
channel. These states were obtained by diagonalizing
target Hamiltonian with l52a52.5 and basis sizes
N545, . . . ,49. All open and just a few closed channels w
included in the calculations. Even though there is some
crepancy between the CCC and RMPS results for this ch
nel, the integrals (dq) are much the same~cf. Fig. 2!. This is
another example of the strength of a unitary formalism. C
vergence in the elasticT-matrix element implies conver
gence in both the elastic and the total cross section~optical
theorem!. Convergence in the nonbreakup cross section t
implies convergence in the total ionization cross sect
without the requirement of convergence in the individu
contributions to this channel@18#.

The results for the triplet spin channel exhibit a mu
better convergence pattern. For this case, convergence
basis size is very rapid and hence the CCC and RMPS res
are in very good agreement. Note the fact that the trip
single-differential cross section essentially vanishes
q5AE'1.2 a.u., the point that corresponds to both of t
outgoing electrons having the same energy. In fact, by p
forming a series of CCC(N) calculations we found that the

FIG. 2. Same as Fig. 1 for the ionization cross sections in
singlet and triplet spin channels.
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cross section at this point diminishes further with increasin
N. In an exact treatment of this problem with true continuum
states, a final triplet state with two electrons having ze
orbital angular momentum and the same energy is Pauli fo
bidden. Consequently, our results indicate that, at least in t
case of scattering from the ground state, the Pauli princip
for the two-electron continuum is accurately implemente
using just a few states in the multichannel expansion, desp
the different treatment of the two electrons.

This asymmetric treatment of the two outgoing electron
one by a plane wave and the other one by a pseudostate
the reason for the lack of symmetry aboutE/2 of the raw
CCC results for the single-differential cross sectio
ds/de51/q(ds/dq) for the e-He system at 100 eV@17#.
Here, in a much simplified model, this is also the case
both the singlet and triplet channels. Thus the TP model, to
suggests that the unitary close-coupling formalism treats t
two electrons as distinguishable. For this reason, Bray a
Fursa @17# suggested that the close-coupling single
differential ionization cross section to be compared with e
periment isds/de(e)1ds/de(E2e).

In conclusion, we have demonstrated that the RMP
method can yield reliable total-cross-section results for ela
tic scattering, excitation, and ionization for the Temkin-Poe
model. The advantages of theR-matrix method as an effi-
cient way to obtain results for a large number of collisio
energies can be preserved by averaging the outcome of s
eral rather small calculations. In addition, we have given th
results in this model for the raw single-differential ionization
cross sections at a single energy of 54.4 eV, which we ho
will stimulate debate and calculations with the many othe

e FIG. 3. Single-differential ionization cross sectionds/dq for
the Temkin-Poet model ofe-H scattering as a function of the
‘‘ejected’’ electron momentum at an incident electron energy o
54.4 eV. See text for details.
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54 R1005S-WAVE MODEL FOR ELECTRON-HYDROGEN SCATTERING
techniques that have already been applied to this mo
There is no doubt that the TP model has been of great be
in testing general electron-impact scattering theories w
applied to discrete transitions. We believe it to also be
ideal testing ground for general methods of calculat
electron-impact ionization processes.
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