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Resonant degenerate four-wave mixing in dense media
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In this paper we analyze theoretically the influence of the local-field effects on reflection spectra of a
degenerate four-wave mixing in a dense medium of two-level atoms. We discuss the spectral dependence of the
nonlinear absorption and dispersion of the signal and probe fields as well as their coupling for various strengths
of the external field and atomic densities. For weak external fields the local-field effects reduce to the well
known Lorentz redshift of the reflection spectra. When the external field saturates the transition in a dense
sample significant modifications of the probe reflectivity and of the wave mixing spectra occur, resulting in
asymmetric, multipeak line shapé&1050-294{@6)04807-X

PACS numbd(s): 42.65.Hw, 42.62.Fi

[. INTRODUCTION ing [12], mirrorless optical bistability13], and others.
In this paper we wish to discuss the consequence of the

Degenerate four-wave mixingDFWM) has become a local-field effects on DFWM spectra. The local-field effects
very useful tool for numerous applications, such as, e.g.in DFWM have already been analyzed in the forward geom-
phase conjugation, Doppler-free spectrosciiyand three-  etry[14,15, however, as far as we are aware, no correspond-
dimensional(3D) diagnostics of flame$2,3]. One of the ing treatment has been given for the backward geometry. It is
fields where DFWM is particularly useful is plasma spectrosthus the purpose of this paper to analyze the phase-conjugate
copy. Derivation of reliable spectroscopic information from DFWM spectra under such conditions where the local-field
plasmas is not an easy task because of the very complesffects are relevant.
nature of the p|asma Samp|esy which contain many neutral Our analysis is performed within the standard classical
and charged particles excited to a large manifold of energ@pproach with undepleted pump fields, two-level atoms, and
states, are strongly perturbed by collisions and electrostati¢ith the slowly varying envelope approximatidSVEA).
fields, and are spatially very inhomogenous. On the othef hese rather strong assumptions considerably limit the appli-
hand, determination of the local concentrations of a giverfability of our model. We think, nevertheless, that despite its
species excited to a given internal state is essential fopimplicity the present study shows the most essential modi-
plasma diagnostics. This goal can be achieved with DFWMfications of the DFWM spectra in the backward geometry
which yields signals that are related to the populations of thélue to the local-field effects. We neglect the effects of the
lower states of the studied transitions, i.e., to the concentraDoppler broadening and pressure-induced resonances and
tions of the ground and metastable states, necessary f6fncentrate mainly on the modifications which the local-field
plasma diagnostics. DFWM is thus complementary to staneffects cause in the spectral responses of saturable, resonant
dard emission spectroscopy, which yields information on thénedia with respect to the case of optically thin samples, and
upper states. Moreover, DFWM in the so-called backwardwhich are very important for plasma diagnostics.
geometry results in phase-conjugate signals. Such signals al-
low local, 3D mapping of a given species with a very good Il. CALCULATIONS
signal-to-noise ratid4,5], which is very important in such
inhomogeneous and turbulent media as plasma discharges.

Standard theoretical approaches to DFWM usually as- For calculation of the DFWM signal for a dense sample
sume that the resonance medium is optically fdif6]. This  we take the local field as given by the Lorentz-Lorenz equa-
may not be true in atmospheric pressure plasmas, where ttien:
density of metastable states can exceetf tth 3. One of
the most important consequences of high density of optical E.—E
media is the local-field effects that arise from the departure loc
of the local fields from the external ones. Such a difference is
theoretically described by the well-known Clausius-Mossotiwhere P is the macroscopic polarization of the sample and
or Lorentz-Lorenz relation§7] derived for quasistationary Eex includes all external fields in the medium. Inserting
fields. This difference is also taken into account in the doEjo into the Bloch equations one can calculate density ma-
main of nonlinear optical interactions by suitable correctiontrix elements responsible for linear and nonlinear response.
factors[8] which were verified experimentally for nonreso- ~ We start from the Bloch equations with the driving local
nant conditions and rather low densitif3]. On the other field:
hand, several theoretical calculatidd€] have recently been n
performed that predict very interesting behavior, such as an (N=no)T+i(QEp—Qoep®), )

A. Atomic polarization

1
=—P (1)
0

enhancement of refractive indék1], piezophotonic switch- at
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ap _ . the whole polarization of the medium, i.e., taking the atomic
5t~ 16+ y)p+in€ed2, (3 polarization as linear in these weak-field amplitudes:
wheren is the population differencey is the atomic polar- p=[ple, o+ P E(Ege”za'F+ E,eikaT)
ization given by equatio®®=Nup, N being atomic density ’ € 53’4:0h
and u the dipole matrix element},,. is the Rabi frequency
of the total field acting on a given atond= w, — w is the ap ok oKy Ty ek iy T
detuning of the laser frequenay, from the atomic reso- * a0* £ 70h (Ese +Eie ) ®
3,4

nance atw; I' andy are, respectively, the inverse longitudi-
nal and transverse relaxation times; angl is the initial  The coefficients in8) are given as
population difference caused by noncoherent pumping, such

as, e.g., atom-atom and atom-electron collisions. ap

0
Equations(2) and (3) can be easily transformed to the - WZ[A(A2+1)+K”OSW1+S_A2)]
form
n
an _ +iﬁz[A2+1—2KnOSDA], (9)
2=~ (n=ngl'+i(Q*p-Qp*), (4) Y
op nQ2* [A+KnyD(A2—1-9)]
J *x = T 522 No —i
a—?=—[y+i(5— yKN)]+inQ/2, (5) o0 2y'MT
. NeQ?
where Q) is the spatially dependent Rabi frequency arising - 2y2M2F[1_2Kn°DA]’ (10

from the externalfield andK=Nu?/(6¢q% y) is the coeffi-
cient characterizing the influence of thecal fields in the ~ Where
medium.K is the dimensionless ratio of the Rabi frequency

of the additional field, arising from the polarization of the M=A%+1+s, (12)
other atoms in the medium, to the linewidth of the studied AZ4+1

transition, i.e., it plays the role of a saturation parameter D=— > . (12)
associated with the atomic field. (A%+1+S5)°+2KnpAS

Steady-state solutions of such equations are . , ) .
Since () and S are spatially dependent in the standing

B No(A2+1) pump field, atomic polarizatiop is also spatially dependent

n= AZ11+S’ (6) and has to be averaged over the standing-wave period when
calculating the field amplitudes. While such averaging is
Q (A+i)n quite straightforward in the standard case of a low-density
0

P= e, 7) sample, it cannot be performed analytically when local-field
2y A°+1+S effects are important and has to be done numerically.

For very high densities and low saturation, an additional
whereA=05/y—Kn, andS is the spatially dependent satu- gjfficulty arises, that the absorption becomes significant al-
ration coefficient defined a8=[Q[*/Ty. ready on a scale of. The standing-wave light pattern and

These calculations are valid for the local response to anyhe light-induced polarization and population gratings are
applied field in a dense medium of two-level atoms. In thenence seriously deformed for small It is important to re-
case of four-wave mixing the spatial dependence of the apsjize that even in such high-density cases, the DFWM sig-
plied fields must be considered. In this paper we consider thga|s can be, at least qualitatively, calculated along the above
backward DFWM with twecounterpropagatingtrong pump lines. The direction of the reflected beam is sfillzs, since

fields (with wave vectorsk, andk,= —k;) and aweak probe the phase-matching condition responsible for the phase-
(wave vectorks) and signal(wave vectork,= —ks) fields  conjugate responsk, =k, +k,—Ks, is fulfilled on the level
propagating under a finite angle to the pump be&fg. 1)  of a single atom and, unlike its amplitude, does not depend
and assume no pump depletion. This assumption allows pegn the grating quality. Also, when averaging individual
turbative treatment of the pI‘Obe and Signal contributions t%tomu: responses over the distorted Standing wave, some in-
termediate value between zero and maximum field is ob-

pump field 1 pump field 2 tained, qualitatively not very much different from the low-
ci s density case.
:> :’f‘?d/‘ufrt <:' To get more insight into the local-field effects in DFWM
probe it is instructive to compare Eq$9) and(10) with the corre-
field sponding coefficients for the case K&0, i.e., without the

, local-field corrections:
sgna
e

ap Nedn(82+1)  ng(83+1)

-0 2 I 2 :
FIG. 1. Scheme of the backward DFWM experiment. I 2y(5;+1+9)? 2y(5+1+9)?
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FIG. 2. Absorption (Re, solid line and dispersion (Im, dashed ling coefficients calculated with local-field corrections f@
K=0.2, (b) K=1, (c) K=2.
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where §,= 6/ y is the detuning normalized to the linewidth
of the studied transition. From this comparison of E@.
and(10) with (13) and(14) one can easily see that the local-
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FIG. 3. Coupling coefficients calculated with local-field corrections(8rK =0.2, (b) K=1, (c) K=2.
field corrections add asymmetric dispersive line-shape con- 9E;
. . . . . — *
tributions to the symmetric absorptive curves and absorptive — =akz+xEy, (16)

. . A : . 0z
admixtures to the dispersive line shapes. As will be shown in

the following section, such modifications can completely
change the wavelength dependence of the wave-coupling co- IE4 *

ang ngth dep _ piing — ——=aE,+ yE%, (17)
efficients and the line shapes of the reflection spectra. Jz

whereca is the complex coefficient referring to absorption of

a given wave, ang is the wave-coupling coefficient.
Extracting the parts of wave vectolEg,IZ4 from the total

atomic polarizatiorp we can easily calculate coefficienis
We start with the wave equation in a dielectric, nonmag-and y :

netic medium in the form

B. Wave propagation

FE &°E 9P a= —iaoj—g, (18
572 " Hoto T T o (19
. dp
X:_Iaoaﬂ*a (19)

Exact solution of the backward DFWM problem with local-
field effects for an arbitrary thick medium is very difficult. In . N2 . . ,
this work, we take a simplified approach with the SVEA andWith @o=Nu“w /(eofiyc) being the linear absorption co-
undepleted pump approximatidtUPA). Though these are efficient for the waves of frequenay, .

standard assumptions in most cases of nonlinear optics with- >°!ving the coupled-wave equatiofis) and(%?) we can
out local-field effects, their applicability for a thick medium OPtain intensity reflection coefficie®=|E,/Es|; :
is an open question. We make these assumptions bearing in )

mind that the results obtained would be reliable only for very _ x|

short samples. Since the absorption depends andS like |w cothwL)— Rea|?’

(1+ 5ﬁ+ S) 2, the SVEA and UPA work satisfactorily also

for frequencies far from resonandg>1 and strong satura- with w= \/(Rea)?—[x|?.

tion. The coupled-wave equations for the amplitudes of the Equation(20) shows thaR depends in a complex way on
probe and signal wavds; andE, are then obtained in the « and y. Since, as discussed above, the local-field correc-
form tions seriously modify the symmetry of the spectral depen-

(20)
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dences of the real and imaginary partseoénd y, they also =1
drastically affect the line shapes of the reflection spectra. 05
lIl. RESULTS AND DISCUSSION zf'
Our calculations of the DFWM spectra were performed 1
by assuming very short interaction lenglths \, to make the 0.8
approximations more realistic. Such a limitationlofcould ]
be useful for 3D plasma diagnostics with high spatial reso- 0.4 4
lution. Values ofK were taken not bigger than 2 to avoid the 0.0
risk of obtaining more than one solution for the population ’
difference. The population difference is determined by a 1
third-order algebraic equation, hence for sufficiently Kigt & 0'4'_
can have three real roots farwhich makes th&(S) depen- 8 02
dence undetermined. This causes the so-called intrinsic opti- S 00-
cal, or mirrorless, bistability13], which is beyond the scope B 010
of this work. 2 |
The values of the relevant physical parameters used in the & 0.05 -
present analysis are as followg:=10"2° C m, N=10"*- l
1022 m 3 y=I'2=2x10° s! L=10°% m, 0.00 -
ap=5x(10°-10') m 1. By taking y=I"/2 we assume pure
radiative relaxation. However, allowing another relation be- 1 e 5=0.8
tween y andI', such thaty>I'/2, collisions can also be 0.01 4
easily accounted for. While absolute values of the DFWM 1
reflectivity depend on this relation, the effects of local fields 0.00 -
on the DFWM signals have the same character in the case of 0 5 0o 5 10
collisional relaxation as in the case ¢=1'/2, so we con- () Sy
sider only the case of radiative relaxation here. K=2
We start with the discussion of the spectral dependence of
the nonlinear absorption and dispersion of the signal and 24
probe fields, reflected im(5), as well as their coupling, 1
represented by(5). 04
For very small values oK, e.g.,K=0.2, the line shapes 75
of «(68) and x(4) [Figs. 2a) and 3a)] do not differ much 4
from the shapes calculated without local-field corrections. 501
The real parts of both coefficientsolid lineg have absorp- 25
tive character and the imaginary paftsoken line$ are dis- 0]
persivelike. It is worth noting that the widths of(5) and
x(6) have different saturation dependences in the range 1_0:
S=0.8-20; the width of Re does not change much with the 3 5
saturation parameter, whereas the opposite is true for the 2 0.5+
width of Rey; the width of Imy is comparable to the width L 404
of Rey but in Ima two line-shape contributions could be é
recognized for higts, one of which becomes much broader ¢ 440
than Rev. 1
For K=1 [Figs. ab), 3(b)], the redshift ofa and x be- 0.05
comes noticeable. While the shift afis almost independent 0.00 -
of saturation, the shift of clearly decreases with increasing 0.03
S. In addition to the features seen alreadyKat 0.2, Rey 1 $=0.8
. 0.02 - o
(Im x) loses its everfodd symmetry. |
For K=2 [Figs. 4c), 3(c)], the redshift ofa and y be- 0.01
comes significant and the line shapes of the two coefficients 0004 ——memei 7 e
undergo further deformations: for small saturati@~(0.8) -10 5 0 5 10
they appear as nearly the same, 50:50 mixtures of the absorb) Sry

tive and dispersive contributions, and for strong saturation FIG. 4. Comparison of the reflection coefficients calculated with

they acquire additional peaks. The appearance of these new, ..y ingsand without(solid lines local-field corrections for
structures cannot be related to any particular singularity o a K=1, (b) K=2 and various values @&

the spectral response af and/ory. This is due to different

saturation dependences of the absorptive and dispersive linthe R(5) plots, are displayed for various values Kf and

shape coefficients given by Eq4.3) and (14). S. K is changed by changing the value Bf so even the
In Figs. 4a) and 4b), the calculated DFWM spectra, i.e., spectra without local-field effectédashed linesdiffer for
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different values ofK because the corresponding values ofbackward four-wave mixing signals due to local-field effects
ap also differ (spectra without local-field correction were in dense media. Since we also make SVEA and UPA, the
calculated by setting¢ =0, but notN=0). present treatment should be regarded as a guide or a standard
For saturation belows=1, the effect of the local fields of comparison with more refined calculations and/or experi-
appears as the Lorentz redshift of the DFWM line, itsmental data. Despite our, rather strong, assumptions, we be-
slightly asymmetric shape, and a considerable increase of tHeve that the results obtained reconstruct, at least qualita-
reflection coefficienfFigs. Za) and Zb)]. This increase can tively, the most significant modifications of the DFWM
be easily understood as due to the enhancement of the ngpectra due to the local-field effects. We show in this work
(local) field acting on atomsgnot to be confused with the that local-field corrections could easily modify the values of
local-field enhancement factd8,9]). For bigger external the reflection coefficients by more than 100% and that the
fields, S>2, in addition to the redshift, single lines split into redshift can significantly change the reflection spectra. While
two peaks that have equal amplitudes without local-field corunder usual experimental conditions parameferseldom
rections but become clearly asymmetrical when local-fieldeaches the values of the order of 1 and the local-field cor-
effects are relevant. Without local-field effecti<€1) the rections are not very big, large valueskofcould be reached
splitting has been explained physically by Woerdman andinder the following conditions.
Schuurmans as the result of different saturation behavior of (i) Typical transiton with x=10"2° Cm, and
absorptive and dispersive parts of the light-induced polarizay=2x10° s~ in a very dense medium with the lower state
tion [16]. A similar explanation could be given for the case density of about 1% m 3. These conditions can be fulfilled
of K~1 when, as can be seen by comparison of Figs. 3 andy some lines in a very hot, atmospheric pressure plasma.
4, saturation changes the line shapesr@d) and x(9d) in a (if) Very strong transition with a small width, e.g., the
different way. Also appearance of the third peak in the re-helium 587.6 nm line (82p3P°-1s3d°D transition), with
flection spectra witi =2 andS=20[Fig. 2(b)] can be as- w=102"C m, andy=10® s~ . For such a lin&K = 1 can
sociated with the new structures seen in the correspondinige reached already for the lower state density of abott 10
«(8) andy(48) dependences. It is interesting to notice in Fig.m ~2 which is feasible in a rf helium dischard#8].
2 that, similarly to the case without local-field effects It is worth noting that although most optical spectroscopic
[16,17, the values oR calculated for givers increase with  parameters, e.g., the optical thickness of the medium, derived
the light intensity for smalS but drop down after reaching without local-field corrections depend on the prodit,
some maximum. Close to this maximum, strong narrowinghis is not true for the DFWM signals from the dense media,
of the R(6) spectra occurs which we attribute to the propa-even in the low-signal regime. Such DFWM signals with the
gation effects. local-field contributions exhibit nonlinear dependenceNon
and are not proportional thlL. This is due to the fact that
the local fields which affect the signals are themselves pro-
portional toN and do not depend dn. The notion of optical
thickness is hence meaningless when local-field effects are

. _significant.
The backward resonant degenerate four-wave mixing is

particularly important because of its applications to atomic
and molecular spectroscopy and deserves detailed consider-
ation. Most previous experimental works on the backward
four-wave mixing were interpreted in terms of the Abrams
and Lind theonjf6] applicable to an optically thin medium of
two-level atoms and not appropriate in the case of strong This work was supported by the Polish Committee of Sci-
lines and dense media. Our calculations implement the locakntific Research(Grant No. 2 P302 052 05and by the
field correction to the standard FWM equations and predicCOST Scheme of the European Uni¢@rant No. CIPA-

IV. CONCLUSIONS
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