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Two-dimensional quantum hydrogen atom in circularly polarized microwaves: Global properties
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The ionization of hydrogen Rydberg atomsdiscularly polarized microwaves is studied quantum mechani-
cally in a model two-dimensional atom. We apply a combination of a transformation to the coordinate frame
rotating with the field, with complex rotation approach and representation of the atomic subspace in a
Sturmian-type basis. The diagonalization of resulting matrices allows us to treat exactly the ionization of atoms
initially prepared in highly excited Rydberg states of principal quantum numger60. Similarities and
differences between ionization by circularly and linearly polarized microwaves are discussed with a particular
emphasis on the high-frequency regime and on the localization phenomenon. The dependence of the ionization
character on the initial statgircular, elliptical, or low angular momentum states well as on the helicity of
the polarization is discussed in detail. It is shown that, in the high-frequency chaotic regime, close encounters
with the nucleus dmot play a major role in the ionization proce$§1050-294{06)11406-2

PACS numbes): 32.80.Rm, 42.50.Hz, 05.45b, 34.50.Gb

[. INTRODUCTION of the microwave pulse. Such a definition allows for a rough
separation of the microwave frequency domain into a few
The hydrogen atom placed in an external field plays arregions corresponding to different ratios of the microwave
exceptional role in the studies of quantum-classical correfrequencyw to the Kepler frequency on the initial orbit
spondence in the vast area of quantum chaos. This systemy . For the scaled frequenay,= w/wx<1, the classical
belongs to a small class of problems in this area where adenization is due to an over-the-barrier escégefor a static,
curate theoretical predictions may be confronted with dehomogeneous electric field case—the situation realized here
tailed experimental studies. This unique opportunity has ledn the wo— 0 limit). Furthermore, in this frequency domain,
to great progress in understanding the behavior of quantallguantum corrections due to tunneling may be taken into ac-
chaotic systems for which both the experiments and theount by means of semiclassical methdd§]. For higher
theory have been providing new ideas and new challengesfrequencies(but still for wy<<1), the quantum ionization
Despite over 20 years of intensive investigatiphl the  threshold is approximated quite well by the onset of classical
theory of a highly excited hydrogen atom in the presence ofhaos and the breakup of Kol'mogorov-Arnol'd-Moser tori.
a static uniform magnetic field still brings us unexpectedThe diffusive gain of energy by the electron is the main
predictions[2]. The ionization of highly excited hydrogen mechanism leading to the ionization with some additional
atoms by linearly polarized microwavésPM) also has a modifications due to classical resonances. For frequencies
long history, which began with the pioneering experiment ofwy>1, the physics of the ionization is quite different be-
Bayfield and Koch 3]. As in the previous example, a com- cause the quantal thresholds are significantly higher than the
plete physical picture of the coupled atom-field dynamics inestimations of the classical model. This is attributed to the
this problem has yet to be reached. The very first model ophenomenon of quantum photonic localization, which is
the ionization process has been launcli¢dusing Monte analogous to the Anderson localization in disordered solids.
Carlo classical simulations, in which the ionization thresholdNot surprisingly, it is this frequency domain that has been
was associated with the onset of classical chaos in the sysost intensively studied both experimentally and theoreti-
tem. Numerous studies performed since this early worlcally in recent year§5—9,12—14. Needless to say, the dis-
treated the problem either classically or quantum mechanierepancy between classical and quantum predictions of the
cally, at various degrees of approximation. At the same timethreshold forwy>1 is of importance for a deeper under-
improved experiments provided a stimulus as well as nevwstanding of the semiclassical limit. Finally, one envisions a
puzzles for the theoryfor recent reviews of the theory see “high-frequency” domain where a typical multiphoton ion-
[5—-11]; experimental details may be found [ib2—14). ization occurs. Certainly, in this regime, not ordy but also
A typical quantity measured or calculated in the ioniza-the (purely quanturthnumber of photons needed to reach the
tion problem is a microwave field amplitudealled the ion-  threshold\; becomes an important parameter characterizing
ization threshold required to produce 10% ionization yield the system.
as a function of the field frequency for a given duration time The physics of hydrogen atom ionization lgircularly
polarized microwavesCPM) is much less understood al-
though the first theoretical studies came about 15 years ago
“Present address: Department of Applied Mathematics and Thed16,17. The recent sudden growth of interest in CPM ion-
retical Physics, The Queen’s University, Belfast BT7 1NN, North-ization is certainly stimulated by the experiments carried out
ern Ireland. for alkali atoms[18,19. A number of classical studies
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have been reportel20—-30. In most of these workgwith classical differences and we show the importance of the time
important exceptions of Refd22,28,30,3])) a simplified scale over which appreciable ionization takes place. We find
two-dimensional2D) model of the atom has been used:; i.e.,also several classically scaling structures in the frequency
the electronic motion plane coincided with the polarizationdependence of the threshol@Sec. VI)). Finally Sec. VIl
plane. Also the only quantum stud$2] considered such a contains the summary of the obtained results and the conclu-

simplified atomic model. sions.
The first reason for considering the simplified model is
the lesson learned in the LPM ionization studies. There, sig- II. PRESENT STATUS OF THE UNDERSTANDING

nificant insight into the ionization process has been obtained OF CPM IONIZATION OF THE HYDROGEN ATOM
from the simplest, one-dimensiondllD) atomic model . . . .
where the electronic motion is restricted to the field axis, then Let us begin _by mtrt_)ducmg the_necessary hotation. The
direction along which the external field is the most effective. _ydr_ogen atom in the field Of. the_cwcularly polarized radia-
Similarly, for the CPM ionization problem, the simplest 2D 0N is described by the Hamiltonian

model is to restrict the electronic motion to the plane where .

the external field acts. While the quantitative predictions ob- _ (p+A)? 1
tained using this simplification may differ in particular cases H="——"1 2D
from the full three-dimensional treatment, the 2D model

should allow one to gain significant insight into the mecha
nism of ionization.

There is a basic difference between ionization by the F(t)
LPM and by the CPM. In the former case, the projection of Alt)y=—
the angular momentum on the polarization axis is conserved, w
thus the considered problem is effectively a two-dimensional
one. On the contrary, the case of the CPM ionization re- The electric field readsF=—dA/dt=F(t)[ecost)
quires, in principle, studying a fully three-dimensioriaD) +e,sin(wt)] provided F(t) changes slowly with respect to
system, because no constant of motion is known to exisf - - dF/dt<wF. HenceF(t) is simply the amplitude of
apart from an approximate one in the purely perturbativgpe glectric field. In the following we will mainly consider an

regime[33]. Such a 3D quantum study, for initial atomic jyieraction of atoms with the field of a constant amplitude,
states with principal quantum number of the order of 50, an (t)=F. Since we assumé to be independent of the posi-
covering a broad range of initial atomic states and micro-. : P P

wave frequencies, is not possible even with good present-da‘;{; r;n(i}thoiiglr?ci)sleoﬁf);i);%)gr?nattlk?gtlré?] ?Eergit'\? form of the
computer resources. For that reason too, we shall limit th gth gauge-
present study to the 2D model, especially since, as men-

“with the vector potentia:

[—e.sin(wt)+e,coq wt)]. (2.2

. . . . ~2
tioned above, most of the classical studies also consider the pc 1 :
2D model. H—7—F+F(t)[xcos(wt)+ysm(wt)], 2.3

Following the experimentfl8,19, theoretical studies of

the CPM ionization concentrated mostly on the low-more commonly met in most of the studies, especially clas-
frequency situation,wy<0.6, both classically{20,22,24—  sjcal ones. Note that a change of the signwoin Eq. (2.2)
26,28 and quantum mechanical({82]. The motion in this  [or in Eq.(2.3)] is equivalent to the change from the right-
regime is mainly regulaf25,28. We refer the reader to hand CPM to the left-hand CPM. We shall explore this pos-
original works for details since we shall consider here thesjpjlity below and alloww to take both positive and negative
intermediate- and the high-frequency domains only, an interyjyes in order to study both types of polarizations.

esting case from the quantum chaos point of view. One may remove the oscillating time dependence by pass-

The quantum study presented extends our previous analyng to the frame rotating with the fief4—36, the resulting
sis of low-frequency ionizatiofi32] into this new frequency Hamiltonian is
domain, the region that has been the object of extensive stud-
ies in the last few years. For that reason we present first, in 52 1
the next section, a short summary of known results for the Hr=—— —+F(1)x— wl,. (2.4)
system studied, results obtained mainly within classical me- 2
chanics. Later, in subsequent sections, we present our quan-
tum treatment of the ionization in the CPM, discuss possibldn the presence of the CPM, the angular momentum projec-
approaches to calculate the ionization probability and, in partion onto thez axis L, is no longer conserved. While for a
ticular, discuss the definition of the ionization threshold. Duefixed amplitude, the HamiltoniaH is time independent, the
to the ambiguities of the commonly accepted microwave amsystem possesses no other exact constant of motion, except
plitude threshold for a fixed pulse duration, we define athe energy. The latter is not bounded from below due to the
measure—a pulse duration threshold for a given microwavéinetic energy coupling introduced by the term.
amplitude—that we call the time threshold. The main nu- It is important to recognize that the energy in the rotating
merical results concerning the ionization thresholds for variframe is different from that in the laboratory frame. For ex-
ous initial states are presented in Sec. VI. They are compareaimple, forF =0, the degeneracy of the hydrogen atom mani-
with the classically obtained thresholds as well as with thefold with energyE,= — 1/2n? in the laboratory frame is par-
theoretical predictions. We discuss the origin of quantumdially removed, the corresponding energies become
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E,—om. Note also that the change af, into —L, is  Nauenberg's claim is restricted to the circular orbits rotating
equivalent to a change of sign af. This symmetry reflects in the opposite direction to the field. The numerical simula-
the fact that the fate of the atom initially in a given tions performed by ug30,3§ indicate that forw>0, 2D and
In,I,m) state under the influence of the right-polarized mi-3D thresholds practically coincideompare Figs. 1 and 2 of
crowave  positive is the same as that of the atom in a [30]) while for w<0, orbits inclined with respect to the po-
[n,I,—m) initial state in the field of left-polarized radiation. |arization plane may ionize faster. This indicates that the 2D
Classically the system studied has a scaling property fremodel predictions for negative frequencies have to be
quently employed to reduce the number of parameters. Clagiewed with caution when compared with the 3D real world.
sical dynamics depends on two among three parameters @fn the other hand, since microwave amplitudes necessary to
the problem(the initial energy, the frequency, and the micro- jonize the atom are much larger for negative than for positive
wave amplitudg Typically one sets the initial energy at frequencies, the 2D model should yield reliable predictions
Eo=—1/2 (in the rotating framp then the microwave fre- 3|so for the microcanonical samplatoms with well-defined
quency for a given initial state, is measured in units of the principal quantum number but not preselected with respect to
Kepler frequencywo=w/wx=wny, while the microwave angular momentum, as in current experiments on the hydro-
amplitude scales af,=Fng. Other quantities should be gen atom[13)).
scaled accordinglye.g., microwave pulse duratignn par- This strong dependence of the ionization character on the
ticular the scaled angular momentum=m,/n,, changes initial state indicates that at the microwave field amplitudes
between—1 and 1. We shall mostly use the scaled unitsin the vicinity of the ionization threshold, the classical phase
below. space is of the mixed type, similarly to the corresponding
Already the early studie$l16,17 dealing with almost ionization process in LPM. In the latter case, even the ex-
resonant microwavesus,~1) have shown a stochastic char- perimental datdobtained with the microcanonical initial en-
acter of ionization by CPM. This picture has been furthersemble of atomic statgshow pronounced classically scaling
confirmed by the extension of the photonic localizationstructures that may be related to remaining regularities in the
theory [6] to the circularly polarized microwaves. The au- phase spacf8,9,12,14. Similarly, a strong dependence on
thors constructed a Kepler map for the system valid for highthe angular momentum of the initial state is predidie®7].
frequencies and not too large initial-state eccentricities. The This similarity between LPM and CPM has been con-
analogy between the Kepler map and the standard map dfifmed in a very recent experimental stug], which com-
lowed the authors to give predictions for the onset of quanpared the ionization thresholds obtained for<Qdyy<1.4.
tum ionization based on the photonic localization theory.Actually, since the initial atomic sample contained a mixture
Soon, however, Nauenberg showf2ll] that the original of different (,m) states of the same principal quantum num-
map of [6] is noncanonical. He proposed a new canonicaber, such an experiment is not sensitive to the helicity, the
map, which is validin the perturbative regimealso for low  threshold being due to the,() states that ionize first.
eccentricity initial orbits. A different analytical but also per-  Let us come back to the case of a well-defined initial
turbative analysis was performed by How&&8] who, bas- state. Howard’s pap¢R3] brings an interesting discussion of
ing on the resonance overlap analysis, stressed the diffusithe phase-space structures. In particular he has found, sur-
character of ionization. Although Nauenberg claimed that theprisingly, that some areas of the phase space may be totally
motion for nearly circular orbits is “surprisingly regular,” forbidden corresponding to nonexistent trajectories with
Howard found numerically “important regimes of highly complex eccentricity. In such a situation he predicted that the
chaotic near-circular orbits” in agreement with earlier stud-primary one-to-one resonance should not exist for nearly cir-
ies[16,17. Still, his resonance overlap analysis actually di-cular orbits. Unfortunately, this claim must be incorrect
verges for such orbits. This discrepancy betwg2h] and since, as early as 1989, KIg0] found an exact stable pe-
[23] may be quite easily resolved by close inspection of theiodic orbit lying in the middle of the one-to-one resonance
papers. While Nauenberg considers circular orbits rotating izone analytically(let us note, parenthetically, that a very
the opposite sense to the field rotati@e., corresponding to similar calculation leading to the same results has been re-
negative w, i.e., wg~—1), Howard discusses positive peated by Howard himsel#1]). As pointed out by Klar, this
only. orbit, a stable fixed point in the rotating frares well as its
The strong sensitivity of the behavior of circular statesunstable image on the other side of nucjeusay support
with respect to the helicity of CPNthe sign ofw) was also  well localized quantum states. This idea was further devel-
observed at low frequencig®4,32; for intermediate fre- oped in Ref[42] where it has been shown, by direct integra-
guencies it was further studied by some of [@§] classi- tion of the time-dependent Scliimger equation that a wave
cally. Large microwave amplitudes are required to signifi-packet placed on the orbit does not disperse for at least 20
cantly perturb(and eventually ionizethe atom on initial Kepler periods. Although their finding was soon challenged
circular orbit forw<0; by comparison much weaker micro- by others[43] claiming that the classical stability island is
waves yield significant ionization for positive. too small to support quantum states, recent quantum calcu-
The classical study30] allows one to also shed some lations[44] have not only found the actual quantum states
light on the applicability of the 2D model, since both the 2D localized on the classical resonance island but also accurately
and 3D ionization thresholds are presented there. Nauenbettgtermined their lifetimes due to the ionization. The exist-
[21] pointed out that some orbits in 3D lose their stability ence of the wave-packet states they are callgchas been
earlier than in 2D, which might have important consequencefurther confirmed by us in a full 3D quantum calculation
for the applicability of the estimates for the ionization thresh-[45]. Referring the reader for details to these papers, let us
old based on the 2D model. Here again, as we understandpte here only that the results of the fully 3D calculation in
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that case are in good agreement with more easily obtaine@ihe aim of this paper is therefore to provide such a compari-
results for the 2D simplified model. This provides an addi-son, which has already been called for in the controversial
tional argument towards application of the 2D approximationpaper of Howard23].

in well chosen cases. It is also worth mentioning that analo- Both the classical simulatiorj80] and the existing quan-
gous wave-packet states have been found for URB®|47,  tum [44,49 results indicate that to get the average trends

showing again the similarity between LPM and CPM excita-Necessary to characterize the frequency dependence of the
tion. ionization threshold, the application of the 2D model of the

It is clear, therefore, that the prediction considering the?tom is justified. We shall therefore restrict ourselves to such

“forbidden zone” [23] is a fallacy based on an inadequate @ model below.
choice of the Poincarsurface of section, rather than a real

physical situation. To realize the origin of the error, one Ill. THE QUANTUM APPROACH
should consider the energy in the rotating frame, , . ) . .
denoted byK in [23] Whil%yK may take agy matheﬁ(ft)ical Let us consider first the two-dimensional model of hydro-
value, only those values are physically relevant that may p&eN ywthou_t any extgrn.al gertfurbatlorr:. Its Hayllgonlin
realized via switching on the microwave amplitude from gﬁ[omm_ unllts IS bo taine _romth; € sdtan a.r three-
F=0 to a given value of (during the switching is not Imensional case by suppressing meependence.
conserved sincély is time dependeit Numerical simula-
tions performed by us indicate that most of the trajectories

starting from the initial circular state end up wikh values H.— p)2<+ p§ _ 1 3.1)
different from those used by Howaf@3] in the region of the 0 2 Wx2+y? '

phase space where no “forbidden zone” exists.
Anothel’ pOint that pI’OVOked quite a diSCUSSion in the ||t'The quantum energies follow the Rydberg formu'a,
erature concerns the mechanism leading to ionizationg — _1/2n2 | where the effective principal quantum num-

* !

Howard[23] claims that all orbits, irrespective of their initial o . —=n+1/2n=01 2 appears rather tham itself

o . . . s My ’ 1y b -y .
shape “become elongated before they ionize, demonstratinge states may be characterized by two quantum numbers:
that core effect must be considered in experiments on Ryd(n m), wherem=—n, . .. n is the eigenvalue of the angu-
berg atoms.” In the same spirit he states that “in generalyy, momentum opera{tdr =,xp “yp,.
higher eccentricity orbits are more easily perturbed.” Similar ;" the presence of the CPM. we might use the length
claims may be found iih29]; the authors state that “ioniza- 5,06 Hamiltonian, Eq2.3); however, it turns out that the
tion occurs through a sequence of close encounters with thg|ocity gauge is more efficient numerically. Expanding the
nucleus.” Quite an opposite picture emerges from carefulineic energy in Eq(2.1) and removing the constam?

classical simulations performed by some of 88]. We have term, one arrives at the Scltiager equation of the form
found that orbits of medium eccentricity ionize first and have

shown explicit examples of trajectories that ionize without

apparent change of shape and never coming close to the . J p F .

nucleus. Similar conclusions have been reachegd in the model 'E| )= 5 7 glpsin(et)—pycoswt)] |4)-

of molecular dissociatiof48], which under certain approxi- (3.2

mations reduces to the Hamiltonian equivalent to €34).

The discussion that followdd 9,50 clearly supports the fact The Hamiltonian in Eq(3.2) is an oscillatory function of

that collisions with the nucleus play a marginal role in CPMtime. Therefore one may use the Floquet the[B{] fre-

ionization. As a matter of fact, the “exact” quantum results quently applied to ionization problems in both the optical

presented in the following sections indeed prove that closand microwave regimes. We adopt here another approach

encounters with the nucleus play a minor role only. and, as in Sec. Il, we remove the oscillatory time dependence
To summarize, although the subject is infested with op-by passing to the rotating frame. Under the unitary transfor-

posing statements and controversies, such as the ones deationU=exp(wL2), Eq. (3.2 becomes

scribed above in some detail, the following picture of ioniza-

tion in CPM in the intermediate and high-frequency regimes 2

ie., =0.5) clearly emerges from the earlier studies. -i“’ = p__l E — 7

(i-e., for|wg|=0.5) clearly emerg _ Studi i) +—py-ol|[9), (B3I

The classical ionization proceeds mainly by diffusion ot 2 1w

through the mixed phase space, resembling to a large extent _

the case of LPM ionizatiomnote that here, due to conserva- where|¢)=U|4). Since the Hamiltonian is now time inde-

tion of L, collisions with the nucleus, necessarily importantpendent, we may look for the eigenvalues and eigenvectors

for states withm=0, are excluded fofm|>0). Quantally, ~of the corresponding time-independent Scfinger equa-

there exist some strongly localized states, studied mostly ition. In the following, we pass to the scaled semiparabolic

the prominent one-to-one resonance zone. Thus one may egeordinates defined as=/(r+x)/A, v=+(r—x)/A, al-

pect a quantum slowdown of the ionization process due toeady used successfully in the treatment of the hydrogen

the phase-space structures. While the region of one-to-or&tom in a static magnetic field,52]. These coordinates al-

resonance has been explored in some detail, to our knowlew one to remove the Coulomb singularity and facilitate

edge, no reliable quantum calculations exist in the moderateaccurate classical simulations of the proble2,27,30. The

and high-frequency regimes that are capable of providing &chralinger equation takes the form of the generalized ei-

comparison between the classical and quantum predictiongenvalue problem:

2
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2, .2
potp, 2 F @ oo N2 2T
W——X—w—A(UPLﬁUPv)—E(U +v?)(up,—vpy) || =E(u?+v)|y). (3.9

All terms in the equation above have the form of a polyno- ~

mial in coordinates and momenta. This form suggests the uséi(1))=exp{—iL,ot}[§)= > a,xexp —imot}|n,m), .
of the harmonic oscillator basis for an efficient diagonaliza- mm (3.10
tion of the problem. The scale paramefemay be chosen at '
will and is related to the common frequency of oscillators in

u andv coordinates. Introducing standard creation and annilndeed, Eq(3.10 shows a periodic time behavior character-
hilation operators, istic for a Floquet eigenstate. It may be verified after straight-

forward algebra[38] that, starting from the usual Floquet
Hamiltonian[51] corresponding to Eg:3.2) and passing to

u= i(a“ra), V= i(b*+b), (3.5 the similar oscillator representation, one obtains the Floquet
V2 J2 matrix in the oscillator-Floquet basf$n,m),|K)} (K enu-
merates the photon blockswhich has a block diagonal
1 1 structure due to the selection ruta;+ K=M =const. Eigen-
R __— (nt_ values of differentM,M’ blocks differ by the value
Pu i\/E(al Q. P i\/E(b b). 36 (M—M")w, as in a typical periodic Floquet structure.
Therefore, the diagonalization of E¢B.4) is equivalent to
allows for a simple calculation of matrix elements in Eg. finding all independent eigenvalues and eigenvectors of the
(3.4). However, the matrix representation of the Floquet Hamiltonian. However, the above-mentioned selec-

ttion rule appears only in the circular polarization and it is a

L,=(up,—vpy)/2 operator becomes complex. Therefore, it"’ - ' = :
is more convenient to introduce circular creation and annihidirect manifestation of the well-knowim=1 selection rule

lation operators for atomic variables that obey the circulaf©’ the absorption of a circularly polarized radiation. This
symmetry invoked by the field, rule is still valid for our Sturmian basign,m),} since it has

the same angular properties as the usual atomic wave func-
tions.

1 1 | i fi
f_ = ataint T ol n the presence of an electromagnetic field, the system
A \/E(a +ibT), A \/E(a ib), 3.7 supports no bound states but rather resonances, due to the
coupling to the continuum. To find these resonances and the
1 L corresponding wave functions, we use the well-known com-
BI——(a'—ib"), B=-—(a+ib). (3.9 plex rotation techniqués4]. In short_, one roEateﬁs the cooIdl-
V2 V2 nates and momenta according ta—rexp(d), p

—>5exp(—i0). The matrix representing the Hamiltonian in
Eqg. (3.4) then becomes complex symmetric and explicitly
dependent on the rotation angte The rotation does not
affect energy values of the bound states while rotating struc-
tureless continua by the anglé th the complex plane. Pro-
vided the rotation angle is not too small, the resonances in
the continuum become “exposed” by the rotation and ap-
pear as complex eigenvalues=E;—iI';/2. For a suffi-
and is diagonal in the circular oscillator basiss ,ng). The  ciently large basis set, an interval o values exists for
meaning of the scale parameteris now clear. By choosing which positions of resonances in the complex plane are in-
A=nin the absence of the microwave field, one notices thafiependent of the rotation angle and the scale parameter
the stategn,,ng) is an eigenvector of the Hamiltonian cor- ConsequentlyE; is interpreted as the resonance position and
responding to the energ=—1/2(n+1/2)>~maw, where T, as its width(the inverse of its lifetimg Moreover, the
m=3(na—ng) andn=3(nx+ng) [63]. Therefore, this is the corresponding wave functions are square integrable.
eigenstate of the field-free 2D hydrogen in the rotating The diagonalization of E¢(3.4) yields exact(within nu-
frame. The oscillator basis is equivalent to the so-called Sturmerical errorseigenvalues and eigenvectors of the hydrogen

Expressed in terms of these operatdrsreads

1(up —up )=Ei(abT—aTb)=E(ATA—BTB)
2 Py TR 2
(3.9

L,=

mian basis in the original Cartesian coordinates witbeing
the parameter of the Sturmian baéfisr the detailed discus-
sion, sed52]). The basis set, for arbitrary, will be denoted

atom coupled to the monochromatic electromagnetic field,
i.e., the eigenstates of the atom dressed by the fidbjuet
eigenstatesfor a given value of the microwave amplitude

as{|n,m),}. It is a discrete basis that includes exactly theF. Such a fairly standard approach to treat nonperturbatively

coupling to the atomic continuum.
In the chosen basign,m),} the relation of the eigenval-
uesE; and eigenvectorsy;) ==, nanm/n,my, of Eq. (3.4

the ionization of hydrogen atoms driven by a periodic wave,
originates, as far as we could trace, from the work of Chu
and Reinhardf55], and has been used intensively for both

to Floquet eigenstates becomes transparent. In the laborataitye linearly and circularly polarized radiatiof6,57. How-

frame thei eigenvector becomes

ever, these studies were mostly related to the ionization from
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low-lying atomic initial states. In the microwave regime, the crossing is much smaller than the mean level spaci@gch
same technique was adopted for the LPM by Buchleitner and mixed adiabatic-diabatic picture has been commonly as-
Delande[9—-11] for both 1D and fully 3D situationgeffec-  sumed for the ionization from low-lying statgs6,57. Here
tively 2D due to conservation df, — see the Introduction  we relate it to the character of the classical dynamics in the
Our contribution to the method includes its adaptation for thesemiclassical limit appropriate for the microwave ionization
2D hydrogen atom in the CPM, and also the application of &rom highly excited initial states.

simple algebra of harmonic oscillators, which allows for an On the other hand, for classically chaotic systems,

efficient and straightforward matrix evaluation. avoided crossings of arbitrary size appear abundantly in a
typical spectruni58]. Thus, one expects a breakdown of the
IV. IONIZATION PROBABILITY SFSA when the ionization is classically chaotic. In excep-

tional cases, for initial states being strongly localized the

In the case where the amplitude changes in time, resultslassical structures in phase spa¢ee SFSA may still work
obtained for various values correspond to instantaneoussatisfactorily. Its unpleasant feature is, however, that little
dressed states. Clearly, finding the Floguet states does nobntrol over the buildup of the error is possible, except by
provide the exact solution of the full time-dependent Sehro comparison with the direct time-dependent solution of the
dinger equation for arbitrary microwave pulsg€t). Two  Schralinger equation. Typical microwave pulses used in ex-
possible ways of generating an approximate solution out operimentd12—14,59—62have a time duration ranging from
the results obtained for diagonalizations of the Floquet maa few hundred up to thousands of field cycles. For such long
trix are used quite commonly. times, a direct integration of the time-dependent Sdimger

First, let us assume that the atom is in a sfatg before  equation is not feasible. In most of the experimental setups,
the microwave radiation is turned on. For sufficiently slowly the microwave pulse has the “flattop” shapeith turn-on
varying microwave pulsé&(t), the atom has enough time to phase, constarff amplitude dominant phase, and the pulse
adjust to the changes in field amplitude—this is nothing buturn off). Hence it is reasonable to model this situation by a
the adiabatic approximation. Under this approximation, it isrectangular pulse of a constant amplituél€uring the pulse
sufficient to follow the single dressd&loque} state, which  duration T [9]. In this rectangular pulse shape approach
is a smooth continuation of the initial statey). Such an  (RPSA), a single diagonalization is enough to obtain the ion-
approach will be referred to as a single Floquet state approxization probability as
mation(SFSA. The energy of the state and its width change
with F(t), providing in this way the information about the ~
nonresonant decay of the atomic population to the con- PZl_Z Re((i] ¢o)*)exp( —TiT), (4.2)
tinuum. Therefore, the probability of ionization after the mi-

crowave pulse of a duratioh is given simply by where the sum is over dressed states. The scalar product
. should be calculated without complex conjugaties appro-
p= 1—exp[ _f F[F(t)]dt], (4.1) pr_late for complex symme_trlc matnc)gsAs_ d|scuss_ed in (_Jlej
0 tail by Buchleitnef9,11], this expression is exact in the limit
of long microwave pulses after averaging over the initial
wherel is the width of the important single Floquet state. phase of the microwave field.

In the presence of quantum resonan¢estween field- The RPSA, Eq(4.2), may only partially approximate the
shifted statelsa real population transfer to other states mayreal physical processes where the pulse changes smoothly in
occur and the SFSA becomes questionable. Such resonandise. Still one expects this approach to work quite well for a
appear as avoided crossings between energy levei{tds chaotic system when the classical ionization is mainly diffu-
changes in time. It is well known from the Landau-Zenersive. In that case, the actual wave function, e.g., in the “flat-
theory that even in the presence of avoided crossings, th®p” region of the pulse, is a linear combination of many
single-state approximation may work in two extreme casesf-loquet states; i.e., its span on the dressed eigenbasis is large
either for a very slow adiabatic passage or for a fast diabatif63]. Clearly, in such a situation the application of the SFSA
passage. The characteristic time scale is set by the inversginvalid. As discussed in the resonance overlap analysis by
size of the avoided crossing géminimal distance between Howard [23] and shown numerically[30] in the
levely, 7=1/Ae. If a change inF sufficient to pass the intermediate- and high-frequency regimes we are interested
avoided crossing occurs in timkt, then the adiabatic pas- in, the classical ionization has mainly a diffusive chaotic
sage is realized for<At. The diabatic transition occurs in character. Thus, the use of the RPSA seems to be the only
the opposite limiting case, i.e., for very narrow avoidedpossible computational approach in this region.
crossings.

It is now apparent that the relative sizes of avoided cross- V. THE IONIZATION THRESHOLD
ings encountered during changesHqt) are very important.

For classically regular systems, the avoided crossings are Experimental results are typically plott¢di2—14 using
generically much smaller in size than the mean level spacinghe scaled variablesee Sec. )l We shall follow the same
Thus, in the semiclassical limit, one expects that the SFSA&oNnvention, adapted to the 2D mode}: rather tham itself
can work for the classically regular regime in the situationis appropriate for scaling. Namely, we usg=wn; and the
where avoided crossings are passed diabatically while, iscaled microwave amplitud,=Fn? to characterize the
between subsequent avoided crossings, the single level ignization process. Similarly, pulse duration will be mea-
adiabatically followed(since the size of a typical avoided sured directly in the number of cycles of the microwave
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FIG. 2. Comparison of SFSfopen trianglesand RPSA(filled
FIG. 1. Probability of ionization at scaled frequensy=1 as a  circleg for the circular staté24,24 in the T(10%) (time) threshold
function of the scaled microwave amplitubig for the circular state s scaled frequency, at scaled microwave field,=0.1. Note the
|24,24 for the duration of the rectangular pul$e-500 microwave  strong discrepancy between the two approaches for low frequencies
cycles (filled circles connected by solid lineT=2000 (dashed (short time$ with better agreement for high frequencies and long
line), and T=5000 (dotted ling. Note the abundance of local T(10%).
maxima of the ionization curve as a functionief.

that the ionization probability is a strictly monotonic func-
field. Results represented in the scaled variables allow for &on of the pulse duratio (the realistic values of the field
direct comparison of data obtained for initial states with dif-amplitude are orders of magnitude smaller than those needed
ferent principal quantum number. Since the scaling is nofor a saturation of bound-free transitions, which may lead to
preserved quantum mechanically, the experimental and the®abi-like oscillations and a nonmonotonic time dependgnce
retical results for the ionization yield depend on the initial We therefore propose and hereafter use mostly the definition
state for the same scaled parameters—this difference shouldf the 10% threshold defined as a pulse durafi¢b0%) (in
however, vanish in the classical limit. microwave cyclesfor which the 10% ionization probability
The commonly accepted definition of the ionization is obtained for given values of the scaled frequency and the
threshold is the so-called amplitude 10% threshold microwave amplitude.
F(10%), i.e., the value of the microwave amplitude for  The time threshold has additional advantages, both prac-
which 10% of atoms become ionized. The dependence of thigcal and of fundamental interest. The latter, as we shall ex-
F(10%) threshold on scaled frequeney, proved to be a emplify below, stems from the fact that the classical-
useful characteristi¢12]. Recently, such curves showing quantum correspondence strongly depends on the pulse
changes of the=(10%) versuswy have been extensively duration. This is an aspect of the problem that remained al-
studied classically for the CPM ionizatid80] for various  most unexplored in most of the studies of the microwave
initial orbits characterized by their eccentricities. ionization (see, however, Refd.27,59-632). In practical
On the other hand, the amplitude thresh#ll0%) is  terms, the time 10% threshold is advantageous because it is
unfortunately quite an ambiguous measure in theoreticainuch easier to find than the field 10% threshold. In order to
studies. The ionization yield is not a monotonic function of determine the 10% time threshold for a given initial state,
F as exemplified in Fig. 1 where we present the yield as drequency, and microwave amplitude, it is sufficient to per-
function of the microwave amplitudé for rectangular form only a single diagonalization. This should be compared
pulses of different durations. The essential point is that fowith several attempts at differefty values required to esti-
any pulse duration, severg, may yield the same ionization mate the amplitude 10% threshold. Since initial principal
probability. As shown in the figure, the local maxima andquantum numbers of the order of 50 or more are used ex-
minima occur for different probability values, so a simple perimentally, the corresponding matrices are quite |#sge
change from 10% to, say, 50% ionization does not help. Thidelow) and a search for the amplitude threshold becomes
feature is not typically observed in the experiment due tovery CPU time expensive. We present below both the
variations of the amplitude with respect to the cavity axis asl(10%) as well as traditionaF (10%) thresholds; in the latter
well as other effects that smear out most of the structurescase the attempt has been made to smooth the nonmonotonic
The nonmonotonic ionization probability dependenceFon structures by averaging over a range of field values.
may be linked to the influence of avoided crossings, as dis- An example of the time thresholf(10%) is presented in
cussed in detail if10,63,64 and is not an artifact of the Fig. 2, for the same “testing” case of the circular state as in
approach used(a similar nonmonotonic behavior often Fig. 1 for a rectangular pulse of amplituig=0.1. Here, we
termed “stabilization window,” is found in ionization stud- compare also the SFSA to the exact results based on Eq.
ies by strong short laser pulsgg5]). (4.2). Large differencegsometimes orders of magnitudee-
From the theoretical point of view, it is advantageous totween predictions of both methods are present for intermedi-
have an unambiguous definition of the threshold. It directlyate (wy<3) frequencies where the classical motion is mainly
follows from the ionization probability formula, Ed4.2), a nonperturbative chaotic diffusion. This exemplifies the fail-
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ure of SFSA in this domain. Apart from the resonance strucextend further, when represented in the “too small” basis,
tures, to be discussed in detail below, longer and longeact like continuum states. The effect is clearly seen when
pulses are needed to obtain the 10% ionization yield as thdiagonalizing the complex rotated atomic Hamiltonian in the
microwave frequency is increased. This behavior reflects thabsence of any perturbation. The relatively low-lying states
similar increase of the corresponding classical curve for thare well converged and li@s they shouldon the real axis,
fixed pulse duratiof30]. At higher frequencywy>3, the the continua are rotateths they shouldby the angle 2
agreement between the RPSA and the SFSA is better: thj$4], but the ionization threshold is shifted to smaller ener-
reflects the perturbative character of the ionization in thiggies. It is easy to shofby looking at the Sturmian functions
limit for Fo=0.1 (the overlap of the initial state on the most in the coordinate representatiphl]) thatN~ yAn.yis the
important Floquet state is larger than 0.%hd the quite effective principal quantum number at which the shifted
regular classical dynamid$0]. threshold appears. Therefore, limiting the,,, value, one

At this value ofFg, pulses shorter than 100 microwave may very efficiently realize a high- cutoff and at the same
cycles suffice to yield 10% ionization foby,<2. On the time limit the size of diagonalized matrices.
other hand, for high frequencies, the required pulse duration For the atom in a given initial statey,mg), it is elemen-
may well exceed 10cycles. This is an illustration of the fact tary to find out how many photons are required for the ion-
that, when the atomic response strongly varies with freization in the perturbative picture. Since we are beyond the
guency, one should adjust the microwave amplitude to th@erturbative limit, it is necessary to include all basis states
studied frequency interval so as to remain within a reasonthat may be reached by a few photons more than the minimal
able, experimentally accessible, range of pulse durations. Lekquired number. Due to th&m= +1 selection rule, it is
us mention that in some experimefi®,62 the pulse dura- sufficient to form the matrix among the basis states acces-
tion may be changed by several orders of magnitude. sible from the initial angular momentum, value by, say,
up toK photons, i.e., to restrict the basis states to the interval
my* K. Still the size of resulting matrices may well be up to
25 000. By changing the rotation angleand the number of
photonskK, we were able to verify the convergence of our

The results presented up until now served to illustrate ouresults.
approach and to test possible approximations. They prove In order to evaluate the ionization probability, E¢.2),
that, in the chaotic regime we are interested in, the RPSA ithe eigenvalues and eigenvectors that have non-negligible
the only possible and at the same time quite a reasonableverlap with the initial state are needed. We used the Lanc-
approximation for long “flattop” microwave pulses. To zos diagonalization method adapted for complex symmetric
simulate ionization of Rydberg states of principal quantummatrices[66], which allows one to obtain a subset of eigen-
numbern~ 60 typically met in the experimenfd2-14,59, values and eigenvectors around a given value of the energy.
the results fom= 24 shown above are not truly convincing. We started the process around the field-free energy and con-
In this section, we preserf(10%) thresholds obtained for tinued the Lanczos scheme until the eigenvectors found ex-
n=48 and 64, and the comparison with the correspondindiausted the norm of the initial state up to 0.995. Typically a
classical simulations. It is thus probably a good point now tosmall percentage of all eigenvectors was sufficient to satisfy
discuss some technical details of the calculations. A moréhis criterion.
detailed description can be found in an earlier analysis of the Finally let us describe briefly the classical calculations

VI. RESULTS OF NUMERICAL SIMULATIONS
FOR A RECTANGULAR PULSE

LPM ionization by the same approaghi]. performed i 30], but with two modifications. First, we have
The Sturmian basis {|n,m),, n=0,1,...; m included in the calculations the “effective threshold” crite-
=—n, ... ,n} is complete. However, for practical purposes, rion for the ionization to enable comparison with quantum

we have to limit the size of the basis set. Typically we takedata. Thus we counted as “ionized” any trajectory with final
the basis vectors up to Sonme,... In the ideal caséand it ~ (unscaledl energy greater than-1/2N2. Second, we have
was the case for the results presented up until)noyy,, determined classicallj(10%) instead ofF (10%) thresholds.
should be chosen sufficiently big so that any further increasdhe classical results were obtained for a rectangular pulse
would not affect the results. The value of the Sturmian paand for the 2D model of the atom.
rameterA is chosen typically in such a way that one of the As the problem studied is two dimensional, the quantum
Sturmian functions coincides with the initial state studied. dynamics is strongly dependent on the geometrical properties
Real experiment§12,13 do not measure the absolute of the initial atomic statein agreement with classical me-
ionization yield. Both the stray electric fields present in thechanics, similarly sensitivE30]). We cannot discuss all the
experimental setup and the method of detection do not allowossible initial states for obvious reasons and we have to
one to differentiate between real ionization and excitation ofestrict ourselves to some illustrative examples. Hence to in-
the atom to a very high Rydberg staigith, e.g., principal troduce some systematics into the presentation, first we show
quantum numbeN=89 or 114 depending on the experiment results for the elongated statésmall my) using as an ex-
[13]). Thus, to simulate a genuine experimental situation@amplem,=0. Then we consider states of “average” ellip-
one should count such a high excitation case as “ionizaticity (mg=ng/2), and finally the circular statesng=ny).
tion.” Fortunately one may use properties of the Sturmian
basis to perform such a selection in a very effective and only
slightly nonrigorous way as shown in RdfL1]. Up to a
given Nnay the Sturmian basis faithfully represents only a  Let us consider first the minimal angular momentum
finite region of the configuration space. Discrete states thagtates,my=0. Such states are extremely important for the

A. Elongated states
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regime, the atom will be observed as stable against the ion-
ization.

With increasingF,, the curves typically shift to higher
frequencies, indicating that the ionization yield decreases
with wq for fixed values of the microwave pulse amplitude
and its duration. By comparison, the corresponding classical
time threshold¢shown as dotted lingsire almost insensitive
to the frequency change in the presented frequency interval
shown. In effect, the agreement between the classical and
quantum predictions is strongly dependent on the frequency
but also, importantly, on the time needed for reaching the
threshold. The classical and quantum thresholds agree quite
well, especially for low frequenciesvuy<<1), when 10% ion-
ization is reached in less than 100 microwave cycles. At
o higher frequencies, classical and quantum results differ by
orders of magnitude in values 3(10%).

These results may be confronted with the prediction of the
localization theory as based on the so-called Kepler [6ap
The applicability of the Kepler map for the 2D CPM ioniza-
tion case is limited to the regime

T(10%)

FIG. 3. Length of the rectangular pulgé@ microwave cyclep
leading to 10% ionization, i.e., tHE(10%) threshold(according to
the definition adopted in the texts the scaled frequenay, for the
initial elongated stata,=48, my=0 illuminated by a circularly
polarized microwave, for different scaled amplitudeg. Filled

symbols connected by solid lindto guide the eyerepresent the |mo| 2\13
guantum results for the “effective ionization threshold\'=120. wo>1; |m=—— (— , (6.1
Open symbols connected by dashed lines give results of classical No @o

simulations corresponding to the same effective threshold. Tri- — . .
angles, circles, and diamonds correspond, respectively, t§/h€rem=mq/ng is the scaled angular momentum taking
Fo=0.025,0.03,0.04. values between-1 and 1[6]. Clearly, the second condition

may be important for elliptical states discussed later. For the

LPM ionization, where they are most vulnerable to perturbaPresent case afny=0 only the frequency condition is rel-

tion and among states of different angular momenta, thegvant. _ o _

ionize at lowest amplitudes of the microwave pul8e-11]. If_ th_e photonic Iocahzatl.on takes place,. the_n the maximal

For such states, a simplified 1D model can be used in whic§Xcitation, up to exponential corrections, is given by the lo-

the motion of the electron is restricted to the field axis. Thecalization length(in number of photons[6],

behavior of this model has been studied in great detail for the 3022 —1003

LPM ionization [5—7]. In particular, a lot of attention has L~3.3NgHFowg (6.2

been paid to the differences between classical predictions

and quantum results; these differences are commonly inte¥vhere

preted as a manifestation of the quantum localization phe- =2

nomenon, bgmg .the guantum _chaos gnajog of t_he Anderson H=1+ — + 1_09(0%/3% 6.3

localization in disordered solids. It is interesting to see

whether similar differences are present also for the CPM

ionization case. [see Eq(63) and Eq.(71) of [6] with appropriate identifica-
Figure 3 shows the tim@(10%) thresholds found for tion of symbols; in particular notice the difference of the

moderate frequencies for different values of the microwavdactor \/5 in Eqg. (6.3 due to the similar difference in the

amplitudeF, in comparison with the corresponding classical definition of the microwave amplitudeNow let us assume

simulations. For low frequencies, quantum results decreaghat F is sufficiently small to limit the excitation to the

with frequency(as seen for the smallest amplitude data region below the effective ionization threshold. Hence, due

this is a signature of the small frequency behavior studiedo the photonic localization, the correspondifigl0%) is

earlier [24,32] where the motion becomes regulaee dis- almost infinite: for such small fields, 10% ionization is never

cussion in[32]). reached. The increase &%, will lead to the decrease of
For a given scaled field value, the results are presented ih(10%) through all orders of magnitude, and finally the other

the interval ofwy where quantum 10% ionization occurs for extreme limit(the fast ionization limit is reached where a

times between 10 and say®lfield cycles. The upper limitis  significant ionization occurs faster than the time necessary

sufficiently high to make experimental verification of our for the localization to build up.

calculations plausible. On the other hand, the resonance This variation of T(10%) is thus a sensitive test of the

widths corresponding to such long interaction times are quiteéelevance of the localization theory. Curves representing

small. They are in fact on the border of the numerical accutime thresholds over all possible time scales are plotted in

racy in the double precision arithmetics. The lines crossing-ig. 3. As before, the sharp growth df(10%) with fre-

the upper border of the figure indicate the frequency regimguency and its shift towards higher frequencies with increas-

in which we could not, for that reason, determine the widthsng F is in a qualitative agreement with the photonic local-

accurately. Since the correspondif¢l0%) are outside the ization theory[6] and the corresponding decrease of the

experimental range, they are not of major interest: in such #calization length, Eq(6.2). It is worth noting that, for the
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_ FIG. 5. F(10% threshold for the elongated state
FIG. 4. T(10% thresholds forF,=0.05 and el ted stat . .
(10% thresholds forFy and elongatec state no=48, my=0 (ny=64, my=0) represented by filled circld®pen

ny= 64, my=0 (triangles connected by lifeny= 48, my=0 (filled C X ) ; :
. . . triangles as a function of the scaled field frequen@gteraction

I ted by | I ted by dot-dashed
circles connected by ling open circles connected by dot-dashe time 500 field cycles The solid(dashedl line is the prediction of

line correspond to threshold obtained for a higher effective cutoff. hotonic localization th d the dotteddot-dasheuli
The results of classical simulations are represented by open sm ﬁe photonic localization _eo![‘ﬁ] and the do (_ecd ot-dashefline
alf this value. The localization theory predicts the correct func-

squares connected by dotted line. Possible classically scaling strut- ld d but with ficient
tures appear abg~2.1 and 2.7. lonal dependence, but with a wrong coefficient.

Note that typically points of (10%) for no=64 are closer to
smallest amplitude=,=0.025 presented in Fig. 3, the in- the classical results than those obtainedrfge48. This is
crease inT(10% due to “localization” occurs already for expected on semiclassical grounds and is in agreement with
values ofw, slightly smaller than unity. the photonic localization theory, which predicts the decrease

In a typical laboratory measurement or numerical experiyf the guantum threshold proportional mg—1/2 [67]. In addi-
ment, the variations of th(10%) threshold are quite small; jon, Fig. 4 shows also data obtained foy=48 and larger
they change at most by a factor of 2. On the contrary, the,  —480, corresponding to an effective ionization cutoff
T(10% threshold can cover easily a range of several orderg ~ 151 Wwhile overall results depend weakly on the cutoff
of magnitude. This general phenomenon was demonstrateghye, for some frequencies discrepancies arise. They typi-
in the LPM[10], but is also observed in our calculations in cally occur when the shift of the cutoff leads to a change in
the CPM. This is simply due 'go the difference in propertiesihe number of photons needed for the ionization.
of the measure chosen to define the threshold. Note that the A sensitive verification of the photonic localization theory
ionization yield is determined by a sum of weighted factorsreqyires a comparison of thguantitativepredictions of the
exp—[i(F)T} [in Eq. (4.2)], where widthsI'; are strongly  theory with our numerical results. This is difficult because
nonlinear functions ofF . A small increase of the microwave the photonic localization theory may be used for estimation
amplitude may strongly increase the widths; therefore a necsf the threshold only if the effective threshold is not too high
essary decrease of the interaction time so as to keep thejig no significant real ionization occuisee remarks in the
product constant may be large. Also, since several terms colxppendix of[67]). As formulated in[6], the photonic local-

tribute to the sum in Eq4.2), the ionization as a function of jzation theory gives estimates f5(10%) threshold. In order
time does not follow the exponential rule for the decay out ofyg test it on a real system, we will focus now on the

the initial state; in the classically chaotic regime the decay: (1094 ionization threshold.

takes rather an algebraic, much slower charal@@f. The The prediction i{6,67]
sensitivity of theT(10%) to changes df, suggests it to be
a more informative measure of the ionization than the ampli- 716
g / No
tude threshold. F(10%)= 1-—. (6.9
For the sake of further tests of the localization theory V8ngH N

predictions, we present the data for stronger fields and higher
frequencies in Fig. 4. Again a similar behavior, i.e., the reaRecall thatN is the principal quantum number corresponding
sonable classical-quantum predictions agreement at lowdo the effective ionization threshold. For elongated states
frequencies with strong disagreement for higher frequenciestudied in this subsectiom=m,/n, is equal to 0 and is
is found. Similar results are observed for the higher microjust equal to 1. Hence, we are left with three parameters:
wave amplitude=o=0.1 (not shown. Ng, Fo, and wqg. First, we fix np=48 and study the
Figure 4 illustrates results for an initial elongated statef(10%) threshold as a function obg. The result in the
ny=64, my=0. For an appropriate comparison with the clas-high-frequency domain is shown in Fig. 5. Apart from the
sical simulation, we adjusted,,, in such a way that the existence of strong fluctuations, there is a general increasing
quantum results for bothy=48 and 64 correspond to the trend with wy. The prediction of the photonic localization
same classical cutoff limit. This is fulfiled wheN=120 theory, shown as a solid line, has the same trend but obvi-
(160 for ny=48 (64), corresponding ta,,=300 (400. ously largely overestimates tH&10%) threshold. The dot-



54 TWO-DIMENSIONAL QUANTUM HYDROGEN ATOM IN ... 701

0.150 ‘ : 0.12
F(10%) F(10%)
0.125 - 0.10 +
0.100 [ 0.08 |
0.075 | 0.06 |
0.050 |
0.04 |
0.025 : :
10 30 50 70 0.02 : : . .
n, 80 100 120 140 160

N

FIG. 6. F(10%) threshold for the elongated staig, my=0 as
a function of the principal quantum numbgy (interaction time 500
field cycles. Filled circles(triangles represent the data for scale
frequencywy=2.1 (wy=2.8). The predictions of the photonic lo- P X - ;
calization theory[6] are shown by soliddashe lines while the a_lsol_ld line; the dashe(_j line gives half of this val_ue. The dot_—daghed
dotted(dot-dasheyllines give half of the theoretical prediction. The !ine is a result of a fit of the constant factor in the localization

localization theory predicts the correct functional dependence; notd1€0ry prediction to numerical value for larbeand in an excellent
that the “correction factor” is the same for both frequencies. way describes the variation of tg10%) threshold for the whole
interval of N values shown.

FIG. 7. The dependence of tig10%) threshold on the effec-
d tive ionization thresholdN for ny=48 at w,=2.1 (filled circles.
The prediction of the photonic localization thed67] is shown by

ted line, equal to half the theoretical prediction, is in goodpaths leading to the continuum and the effect is, to some
overall agreement with the numerical results. Similar resultextent, statistical. Semiclassically the changé d$ equiva-

are obtained for a different initial statg,=64, as is also |ent to a different level of coarse graining of the phase space,
shown in Fig. 5. thus these fluctuations may also reflect transport properties

In the second testy, is fixed and the=(10%) threshold  from the initial state to the continuum on a changing with
versusn is plotted. For this purpose, we takg=2.1 and n, resolution level. Certainly, observed fluctuations deserve
change the size of the basis so that the rafiéN is kept  a more detailed study, which is, however, beyond the scope
fixed. The result is shown in Fig. 6. Again, the general trendof the present paper. Let us mention here only that similar
is well predicted by the photonic localization thedsolid  fluctuations are observgd5] for the individual widths of the
line), but the exact value is significantly different. The dottedwell-localized so-called wave-packet statgsentioned al-
line is half of the theoretical prediction, and as before it is inready in Sec. )l both for the linear and the circular polariza-
good agreement with our data. Quite similar behavior, withtjons.
the same factor 0.5, is recorded at frequengy=2.8, as is In conclusion, the photonic localization theory is in good
also shown in Fig. 6. gualitative agreement with our numerical results for elon-

In the third and final test, we fix botw, andny, and  gated states. Further work is needed to understand the factor
change only the effective cutoffy [compare Eq(6.4)]. The  of 2 discrepancy. The numerical value of this factor will be
results obtained foF (10%) are summarized in Fig. 7. As in dependent on the pulse duratitmote that we use pulses of
the previous figures the prediction of the localization theory500 microwave periodsand it will increase for longer inter-
significantly overestimates the threshold for lafgeralues; action times. Since photonic localization theory is valid,
the factor 0.5 improves the agreement considerably. Closstrictly speaking, for infinite interaction times, the appropri-
inspection of Figs. 5 and 6 reveals, however, that the valueste correction factor may be larger. Also, in E§.3), the
of wy andng chosen to coincide with other figures are notfactor H is estimated using the, value of the initial state.
the best. Atwy=2.1 andny=48, F(10%) curves in both However, during the excitation process, the atom absorbs a
figures have local maxima, so the factor 0.5 may not workfew circularly polarized photons and the value rof, in-
very well. Therefore, we have also attempted to fit the procreases. Using a corrected value fop in Eq. (6.3 de-
portionality factor in theN— o limit. The result, represented creases the prediction of the photonic localization theory by
as a dot-dashed line, agrees with the numerical data quitgpproximately 20% and consequently reduces the observed
well. discrepancy.

Note that while both Fig. 5 and Fig. 6 show quite large  Even with this correction, our numerical results cannot be
fluctuations about the average behavior, these fluctuationdaimed to be consistent quantitatively with the photonic lo-
are practically absent in Fig. 7. This shows that the origin ofcalization theory. The difference factor of 1.8-2 is quite
fluctuations is not due to the size of the effective cutoff.huge and comparable in size to the total difference between
What is more, the fluctuations are present in 0% the classical simulations and experimental data for LPM in
dependence ong (i.e., on the effectivé:), while all classi- the corresponding frequency regime. There, the localization
cal parameters are kept constant. Thus the fluctuations astideory seems to reproduce experimental data in their average
function ofny are of a quantum origin. We believe that they trend to much higher accuradpf the order of 10% Thus
are due to quantum interferences between different ionizinghis quantitative failure of the theory for elongated states in
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FIG. 9. The dependence of tifg10%) threshold for ionization
FIG. 8. The dependence of ti&10%) threshold for ionization  on the initial angular momentumm, for the ny=48 manifold at
on the initial angular momentum, for the no=48 manifold. The = w,=2.1. The prediction of the photonic localization the¢6} is
filled (open triangles correspond to thresholds obtained atshown by the solid line; the dashed line gives half this value. The
wo=2.1 andF=0.04 (F=0.05) while circles present the data for dot-dashed line is a result of a fit of the constant factor in the
F=0.04 and a smaller frequenay,=1.9. The lowest threshold |ocalization theory prediction to the numerical valuevag=0 and
values are obtained fong~n,/2. in an excellent way describes variation of #h&10%) threshold for
|mo|< 10 (corresponding to scaled angular momentimh<<0.2).
CPM microwaves is quite surprising bearing in mind that
Howard classical resonance analyg®8] suggests a close
similarity between atomic response to LPM and CPM for
elongated states. Again, the failure of this picture may be du&©
to the fact that in CPM, the electron picks up some angular

momentum every time a photon is absorbed. This effect id]

not taken into account in the resonance overlap analysis. AgSonance islanthcreaseswhen the eccentricitylecreases
dicating that the CPM acts more efficiently when the elec-

we shall see below in quantum calculations and as alread . , o
noted in classical simulatio80], stateg(orbits) of medium  tron follows a trajectory close to a circle—not a surprising
eccentricity have the lowest ionization threshold. Thus abl€Sult. However, the same analysis shows that higher-order

sorption of photons in CPM, decreasing the eccentricity of€Sonances are less pronounced for low eccentricity. In other

initially elongated states, speeds up the classical diffusionVords, for states with low eccentricity, the first resonant pho-

This effect is taken into account only partially by the photo-ONS aré more easily absorbed, but the following ones are less
nic localization theory. efficient. It is this balance between the efficiency of the

atom-photon interactiofwhich favors low eccentricifyand
nonlinearity (which favors high eccentricijywhich is re-
sponsible for the observed phenomenon.

In most of the experimen{d2—14], while the initial prin- The increase of the ionization efficiency with, for a
cipal quantum numbem, is well defined, the atoms are not fixed microwave amplitude and frequency is also predicted
preselected with respect to the initial angular momentunby the photonic localization theof$]. For wy~2, the angu-
guantum numbers. This implies that the threshold is domilar momentum condition for the applicability of the theory is
nated by the states ionizing in the smallest microwave fieldsatisfied for almost alin values, up tam close to 1(corre-

In the case of the LPM ionization, these are the elongatedponding to circular statgsThe localization length, Eqg.
states. Do these states ionize first also in the CPM ioniza6.2), is determined by the product 6fF,, whereH in-
tion? In view of quite opposite pictures emerging from clas-creases monotonically witim [compare with Eq.(6.3)].
sical calculation$23,3( it is quite interesting to address this Thus, for fixedF, and wg, the localization length increases
issue quantum mechanically. with m. A quantitative test is presented in Fig. 9. The solid

The quantum results are presented in Fig. 8, which showdine is the prediction of the photonic localization theory,
for a fixed value ofFy and wg, the thresholds obtained for which is greatly different from the numerical data. However,
all my states in theny=48 manifold. Notice a broad mini- the qualitative trend is well verifiefor negative and posi-
mum around mg~ny/2, indicating that indeed elliptical tive m). Correction by a factor 0.5, as before, yieldashed
states with moderaten, values are most important for the line) a reasonable agreement with the data. A comparison
threshold determination in agreement with classical simulawith Fig. 5 shows that atwg=2.1 the fluctuations in the
tions[30]. While the state-to-state inspection of the data re-quantum numerical data are not “favorable” and the factor
veals a sensitivity of the ionization efficiency on the choice0.5 does not work too well. Therefore, we have fitted the
of Fy and wg values used for the comparis@iis is due to  correction factor so that the numerical value and the modi-
the presence of structures in the threshold as a function dfed prediction of the localization theof$] exactly coincide
wo and the abundance of local maxima in the ionization yieldat m=0. Such a modification yields a dot-dashed line in
as a function of —compare with Fig. J, a common over- excellent agreement with numerical data o <0.2.

all behavior is observed in a broad range of béth and

Such behavior is not unexpected: the classical 1:1 reso-

B. Angular momentum dependence of the threshold
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Two important factors are to be noticed. First, the fluctua- 10°
tions are much smaller than in Figs. 5 and 6. This lack of
fluctuations may be explained by correlations between
F(10%) values for closen, quantum numbers. The origin of 10° |
this correlation is mainly classical—the angular momentum
in the CPM ionization problem is not conserved and the
classical phase space is “shared” by different initigy val- 10
ues. The situation is completely different in this respect from
a more familiar interaction with the LPM, which conserves
m. While paths leading to ionization of various, states are 10
different, which is reflected by the change ©€10%) with
mg, some correlations between ionization yields for little
differing values ofm, are to be expected. In fact we have 05 10 15 20 25 3.0
verified, by calculating theny dependence of (10%) for ,
mo= 2 (not shown, that the structures observed in Fig. 6 are
exactly reproduced fomy=2, the only difference being the  FIG. 10. T(10% threshold for elliptical state,= 48, my=24.
lower average behavior that is consistent with Fig. 9. The filled symbols correspond to quantum results, while the small

Second, the localization theory clearly breaks downopen symbols stand for classical simulatidfig=0.015, 0.025, and
aroundm=0.5, whereas the prediction E@.1) is supposed 0.04 data are represented by squares, circles, and triangles, respec-
to be valid everywhere. Obviously, the conditions in Eq.tively. The large open circles connected by a dot-dashed line
(6.1) are not sufficiently restrictive. As a matter of fact, the correspond to a higher-lying initial ~stateny=64, my
Kep|er map relies on the approximation that most of the=32—comparison with filled circles allows for Iocating classically
energy exchange takes place in the vicinity of the perihelionscaling structures.

For states with not small angular momentum, this cannot b%uenciesT(lO%) is again an increasingon averaggfunc-
true. Hence, the applicability of the Kepler map is at bes&ion of wg. Note that the microwave amplitudés, leading

restricted to small angular momentum<1 and high fre- to comparableT(10%) for a given scaled frequency are

quency. N . smaller for elliptical states than those used in Fig. 3. This
Our quantum results are in this respect in good agreement

with a classical study of Nauenbef@1] who, as mentioned onfirms the fact that elliptical states ionize much faster than
. : y ' : elongated states in a broad frequency range. A comparison
in the Introduction, constructed a better, canonical map after

. e : e with the corresponding classical simulation reveals again that
noting dlfflcultles_ with th_e original Kepler map of R¢B]. It for effectivelypweakgr pulses, corresponding to glonger
would be most interesting, therefore, to compare quanturr}.(lo%)' the quantum ionization proceeds much slower than

results with pred|ct|<_3ns of the photonic Iocal|zat|on theoryit‘s classical counterpart. On the other hand, one may notice,
based on the canonical Kepler map of Nauenberg instead Q

. - again by comparison between Fig. 3 and Fig. 10, that the
the stanglard Kepler map ¢6]. For a h'gh eccentricity, a classical-quantum disagreement is less pronounced and less
small microwave amplitude and a high frequency, the -~ .

: sharp for elliptical states than for the elongated states. This is
Nauenberg Kepler map is close to the standard Kepler ma

and no significant difference is likely to take place. On the@onﬂrmed further in the higher-frequency interval—compare

contrary, at medium and low eccentricities the two maps art'e:ig' 4 and Fig. 11.
Y, P The thresholds obtained for these elliptical states are very

significantly different. The breakdown of the photonic local- s N . .
ization theory aroundi=0.5 may be due to either a break- comparable(within 10%) to the ones obtained numerically

down of the classical standard Kepler map or a failure of the 10°
localization picture itself. This interesting alternative is left o

: : 2 T(10%) ‘
for the future studies since a generalization of the theory of i
[6] for a map of a different functional form is unfortunately 100 | il
not straightforward. The results presented indicate that some I | \
effort should be taken in this direction. !

T(10%)

C. Elliptical states ¥

Since states withmg~ny/2 are “the first to ionize”
among different angular momentum states, it is worthwhile
to investigate their properties in more detail. As an example,
we have chosen the stateg=48, my=24 and ny= 64, 0 ‘
my=32. Recall that, according to the convention adopted 20 3.0 4.0 5.0
here, positivew, correspond to positiven, states in right- o,
polarized microwavegor —m, states in left-polarized mi-
crowaves. Figure 10 presents the moderate-frequency be- FiG. 11. Same as Fig. 10 but fdf,=0.05. Filled circles,
havior for theny,=48, my=24 state. As for the elongated n,=64, m,=32; open circles, ny=48, my=24: diamonds,
states, one observes the decrease of the threshold with scalg@=48, my=24 for higher effective cutoff; squares connected by a
frequency for low frequenciesa(y~0.6). For higher fre- dotted line, classical simulation results.
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FIG. 12. Same as Fig. 11 but fdf;=0.1. Filled circles, FIG. 13. T(10% threshold for the elliptical staten,=48,

No=64, mo=32; open circles, =48, my=24; diamonds, m =24 in left-hand CPM(or my=—24 in right-hand polarized
no=48, my=24 for higher effective cutoff; squares connected by aradiation. The filled (oper symbols connected by lines give the
dotted line, classical simulation results. guantum (classical results. The circles, diamonds, and triangles

. o correspond td-,=0.04, 0.05, and 0.1, respectively.
for elongated states in LP§®,11] at similar frequency and

interaction time. They are also in good agreement with th

. - ) WIth t&yhich is definite proof that collisions with the nucleus are
recent experimental resulf89] obtained using a statistical

not important. No singularity of any type is observed in Fig.

microcanonical mngture of initial states. Our calcu!atlons 8 nearm,=0, which again proves that encounters with the
show that the experimentally measured threshold is due fRucleus are not relevant for the ionization in the CPM.
intermediatem, states. They also suggest that a significantly

higher threshold should be observed using either a pure elon-
gated or circular initial state.

A still higher frequency range is represented in Fig. 12. Finally, let us present results for circular states. As we
Note that the overall behavior of the threshold is quite simi-have seen on the example presented in Fig. 8, these states
lar to that observed for lower frequenci@d lower field in ~ may ionize at much higher microwave amplitudes than ellip-
Fig. 11. Namely, there is an apparent agreement betwedital or elongated states. Thus the results presented below are
classical and quantum predictions for frequencies at which af no relevance for the ionization threshold of atoms not
given amplitudeF yields the ionization quite fast on time preselected with respect to the angular momentum. However,
scales of the order of few tens of the microwave period. Foefficient methods have been propod&8] and confirmed
higher frequencies, the discrepancy between classical arekperimentally[69] for preparing atoms in initial circular
guantum predictions appears. This behavior, as before, Btates. One may therefore envision a CPM ionization experi-
gualitatively but not quantitativelyusing a similar analysis ment in which atoms in circular states are prepared before
as for the elongated stajesonsistent with the photonic lo- entering the microwave cavity.
calization theonf6]. Figure 14 showd (10% thresholds obtained for different

Finally, Fig. 13 completes the study of elliptical statesvalues off for circular statey= 48, my=48 for moderate
showing the ionization under the opposite polarization. Thepositive scaled frequencies. With increasifg, the curves
comparison of the amplitudds, needed to produce similar shift to higher frequencies, indicating that the ionization
T(10%) for right-hand and left-hand polarization in a similar yield decreasegin this frequency rangewith wg. This
absolute frequency range shows the asymmetry between tlagrees with the classical amplitude thresheld0%) behav-
two possible polarizations. This asymmetry is of a classicalor, which, for circular states, increases also with frequency
origin—a phenomenon like this has been observed in th§30]. The dashed lines indicate classical time thresholds and
diffusive regime in the classical studig#0]. Note the strong show that the agreement between the classical and quantum
increase ofl (10%) for lower frequencies—we are approach- predictions is strongly dependent on the time needed for
ing the limit of low frequencies with a relatively high thresh- reaching the threshold. For a strong fidlat a given fre-
old for the left-hand CPM24,26,32. quency, when 10% ionization is reached within up to ap-

It follows naturally that, as discussed on classical groundgroximately twenty cycles, the classical and quantum thresh-
in [30], close encounters with the nucleGshich are the olds agree quite well. However, the quantum threshold rises
main classical mechanism for the ionization in the DPM much more sharply with the frequency and when the classi-
play a small role for the CPM. The right-polarized micro- cal diffusion is slow(classical threshold of the order of a
wave acting on the positiven, states only supplies the elec- thousand cyclgs the quantum threshold may exceed the
tron with additional angular momentunidue to the classical value by several orders of magnitude.

Am=+1 selection rulg Therefore, the electron feels a cen-  The effect looks similar for different frequencies, but oc-
trifugal barrier and never comes close to the nucleus. For theurs simply at different microwave amplitudes. There is no
opposite polarization of microwaves, when the angular moguantitative difference between frequencies less and bigger
mentum may diminish, the ionization is much less effective thanwy=1— “a starting point” for quantum localization in

D. Circular states
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FIG. 14. T(10%) threshold for the initial circular stats,=48, FIG. 15. T(10% threshold forF=0.07 obtained for right-hand
my=48 illuminated by a right-hand CPM for different scaled am- CPM ionization of circular state,=48, my=48 (filled triangles,

plitudesF,. Th_e filled (open symbols connected b_y lines give the_ cutoff N=120) and n,=64, m,=64 (filled circles, cutoff
guantum(classical results. The squares, circles, diamonds, and m'N:lGO)

angles represent the data obtained Fgy=0.02,0.03,0.04, and
0.07, respectively. . ) ) o ] ] ]
tively one dimensional. The situation is quite different if

the LPM studieg6,12]. One should, however, keep in mind my<n, since many more atomic states become coupled to-
that we are considering a situation that is outside the regiogether, and we have a truly two-dimensional picture. The
of applicability of the photonic localization theofgee Eq. higher density of states for the elliptical initial stateot of
(6.1) abovd. The observed behavior therefore may be quiteall the atomic states, but of those important ones actively
different. involved in the ionization procegsneans that the effective
Looking along the vertical axis on the plot, it is clear that, # becomes smaller. That means that the semiclassical limit is
for a given frequency, the changes Bf will determine realized faster for the elliptical initial states and the quantum
whether the agreement between classical and quantum reffect of gluing the holes in the regular phase space struc-
sults occurs. For relatively small fields, there will be differ- tures is smaller for these states.
ences whereas for strong fields—leading to fast As discussed above, on the averafe0% increases
diffusion—we will find agreement between classical andquite sharply withwy for a givenF, in a whole interval
guantum results. The region of slow classical diffusion iscorresponding to classically diffusive motiofe., up to
infested with remnants of regularities observed at stillog~3—3.5, beyond which the classical ionization thresh-
smaller microwave amplitudeéthey create the obstacles olds increases sharplyTo compare ionization at different
slowing the diffusion. The classical transport in this case frequencies on the same time scale, we have checked that in

goes through several bottlenecks as studief7#]. Thus a
different mechanism leading also to quantum slowdown of .
the ionization process suggests itself. It has been proposed 10 ' ‘ Sl
[71,72 that the finiteness of leading to the “coarse grain-  T(10%)
ing” of the phase space will “fill” the gaps in broken tori
and effectively slow down the quantum excitation leading to y,
the discrepancies between classical and quantum mechanical
results(or experimental resultobserved in the LPM experi- .
ments[71]. Due to the structure of the classical phase space, | ]
this explanation of the origin of classical-quantum differ-
ences seems to be quite appropriate for the case of the CPM R y o v
ionization of circular states. ’ U

Similar behavior occurs at larger scaled frequencies as g
shown in Fig. 15 forFy=0.07 and in Fig. 16 foF,=0.1. . ‘
Both these figures show results for a larger initial principal 20 25 3.0 3.5
guantum numbeny=64. The comparison with correspond- o
ing plots for elongated and in particular elliptical states re- 0
veals that the classical-quantum differences are more pro- rig 16, same as Fig. 15, but for stronger amplitUig=0.1.
nounced for circular states. This phenomenon may b&he gpen diamonds represent the quantum data obtained also for
understood qualitatively in terms of the dimensional argu+the n,=48, m,=48 state, but for higher effective cutoff,
ment. Extreme angular momentum statgg,, my=no), in N~ 151—for some frequencies the shift of the cutoff strongly af-
right-hand polarized microwaves couple dominantly tofects the value off(10%). Note the classically scaling structure at
n',m’ states with largen’ (remember theAm= +1 selec- w,~2.8. Classical prediction is given by open circles connected by
tion rule for absorption Hence the problem becomes effec- dotted line.
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10° . ‘ asymmetry between right-hand and left-hand polarized mi-
crowaves. Comparing the values of the field necessary to
obtain reasonabl&(10%) (see also Fig. 13 one notices that
the asymmetry is much more pronounced for circular than
for elliptical states(as expected since there should be no
asymmetry of this kind for elongated stateket us repeat
that the effect{occurring at high frequencies, in contrast to
the asymmetry of another origin at low frequencies
[24,26,32) is of a purely classical origin and has been dis-
cussed in detail if30]. Also note the very good agreement
between the classical and quantum predictionsafgi< 1.

One should remember, however, that the quantitative pre-
20 dictions for the asymmetry may be dimension dependent and
o may be much smaller for a real 3D atom. It is precisely for
0 circular orbits and negative frequencies where Nauenberg
. , , 21] observed the 3D atom to be less stable. Similar behavior

FIG. 17. Same as Fig. 15, but for left-polarized CRé right- \[Nai seen in classical simulatiofi30]. Still the asymmetry
polarized CPM forno=48, mo=—48 sta. Filled triangles, o qistq in the classical calculations also in the 3D model

Fo,=0.15; filled circlesfF,=0.3; the corresponding classical simu- . - . -
lations are represented by open symbols. The required microwa\Ig’o] and it should manifest itself quantum mechanically.

amplitudes to obtain reasonablg10%) values are much larger

than those corresponding to right-polarized CPM—compare figures
above. VII. CLASSICALLY SCALING STRUCTURES

T(10%)

0.5 1.0 1.5

While the classical time thresholds are quite smooth, the
. - ) o quantum results reveal several frequency-dependent struc-
the whole “chaotic” frequency region, the ionization pro- res. Some of them may be associated with incidental inter-
cess is quite similar statistically. For this purpose we usenediate quantum resonances or the threshold effexith

the width functionW(¢,) defined ag63] increasing frequency fewer and fewer photons are required
_ _ for ionization. These structures would not, however, scale
W( o) = exq’ - 2 Re(( 4| o)) INRe({ ;| 00)?) classically. Therefore, they would occur at different values of
i the scaled frequencyy.
(6.5 The comparison of the thresholds obtained for different

ng reveals on the other hand a number of classically scaling

closely related to the entropy and being a measure of thetructures, i.e., resonant features centered orsthéedfre-
span of the initial state over the Floguet eigenstates. For thguencyw,. Arguably the most prominent example appears
same purpose one may simply count the number of Floqudor the circular states; note the structure present at frequency
states(ordered in the descending order with respect to theiwy=2.8 in Fig. 16. This local inhibition of ionizatiofmani-
overlap on the initial stajeneeded to exhaust the norm of fested by the corresponding increas@ ¢£0%) ] persists also
|oo) up to say 99%. For similar values of the ionization for different “effective ionization thresholds”—compare re-
probability and for a given pulse lengttb00 microwave sults for ng=48 andN=151. Interestingly, even classical
cycles, the width function has similar values in the whole simulations show a slight slowdown of the ionization time in
range of frequencies betwean,=0.6 and 2.6 and is a the vicinity of that frequency, confirming the classical nature
strongly increasing function of the ionization probability of the resonancéalthough the effect is much weaker classi-
value chosen for comparison. In particulat/~e® for a  cally). For lower microwave amplitudgsompare Fig. 1bin
20% ionization during 500 microwave cycles correspondinghe vicinity of wy=2.8, the ionization is practically totally
to about 80 Floquet states needed to exhaust the norm of ttseippressed for bothy=48 and 64.
initial state. For 1% ionization, we obtaillV=~e®® with Figure 15 yields another example. Note the locally in-
roughly 15 important Floquet statésote that thew func-  creasedl (10%) at wo= 2.1 appearing foF ,=0.025 for both
tion, while being roughly proportional to the number of im- ng=48 and 64 circular states. The presence of such struc-
portant Floquet states in the expansion of the initial statefures is dependent df,—it disappears for higher amplitude
underestimates this number quite strongljhese numbers Fy=0.04 whenT(10%) is much smaller. Such behavior is
start to decrease significantly only for high frequencies whertonsistent with the proposed classical origin of the
we come close to the classically forbidden region. structure—for stronger microwave amplitude the remnants

Finally, let us discuss the case of oppositely polarizedf regularity in the classical phase space become weaker and
microwaves presented in Fig. 17 as a function of “negative”less significant.
frequency. One observes a very fast increase of the threshold Similarly, classically scaling structures appear for ellipti-
time with absolute frequency value, even sharper than thatal states as exemplified in Fig. 11 and Fig. 12 or for elon-
demonstrated in Fig. 14. However, the microwave ampli-gated state¢compare Fig. # In the latter case, however, a
tudes used are roughlyne order of magnitudbigher than  slight shift in wy of the resonance position withy, may be
the corresponding values needed for right-polarized microebserved. As before, we believe that the observed structures
waves in the same frequency interval. This reflects the strongre of classical origin and are related to structures in the
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phase space, or more precisely, they correspond to localizguantum correspondence for circular stat&s which the
tion of the Floquet stategcontributing to the expansion in  photonic localization theory cannot be app)ieithe presence
Eq. (4.2 in the dominant wajon the classical phase-space of strong localizationlike behavior in that case. We argue
structures. The detailed study of the localization properties ofhat the localization observed can be qualitatively explained
Floquet states is beyond the scope of this paper and will bby a quantum enhanced slowdown of the diffusion by rem-

studied in[73]. nants of regularities—the picture originally developed for the
LPM ionization[71,72. This is in agreement with the fact
VIll. SUMMARY AND CONCLUSIONS that the presence of classical-quantum differences is strongly

) ~_ dependent on the time scale on which the ionization occurs

We have presented extensive results for the ionizationq only weakly on the frequency of the CPM. Note that
threshold dependence of the two-dimensional hydrogen atoryy,ch 4 ‘picture can coexist with the photonic localization
illuminated by circularly polarized microwaves at realistic point of view. Further work is needed to clarify these points.
initial principal quantum numbers,~ 50— 60 and for differ- The asymmetry between thresholds observed for the left-
ent initial angular momentany. The results have been com- hand polarized and right-hand polarized radiation and the
pared, whenever it was possijlee., for parameters within = fact that states of medium eccentricity are easiest to ionize
limits given by Eq.(6.1)], with the predictions of the photo- confirm that the collisions with nucleus play a minor role in
hic localization theory6,67]. For elongated, high eccentric- the CPM ionization of elliptical and circular states. This sug-
ity states, quite nice qualitative agreement of our numericajests that experimental verification of the results presented,
results with that theory has been observed. However, thegoy states of low eccentricity, may be carried out on an alkali
retical predictions for thd=(10%) threshold are systemati- rather than a hydrogen atom. Our viewpoint here is opposite
cally 2 times larger than the numerical results. In our opin+g that expressed by Howaf@3]. The existing experiments
ion, a revision of the localization theory is needed. Thefor rubidium in LPM[59—61 allow for both state selective
localization theory seems to work quantitatively well for preparation of the initial state and changes of the interaction
LPM [6,67]. The discrepancy observed for CPM indicatestime over several orders of magnitude. The only necessary
that the apparent similarity of atomic response to LPM andnodification is therefore the change of the microwave polar-
CPM for elongated statd®3] may be valid in the perturba- jzation.
tive regime only(i.e., only locally when the excitation of the  The explanation of classical-quantum discrepancies as re-
atom is quite small sulting from a quantum suppression of classical diffusion

It is worth stressing that the presented comparison Withyye to a partial localization on remnants of classical regulari-
the photonic localization theory is the most complete to dateties is further confirmed by several observed classically scal-
The dependence of thg(10%) prediction, Eq6.4), on all  ing structures. We leave to a subsequent study a detailed
the parameters of the problerv(, no, N) has been tested, analysis of these structures as well as the discussion of lo-

confirming the functional form of E¢(6.4) up to a constant calization properties of important Floquet states in such
discussed above. cases.

The comparison of the ionization threshold dependence
on the angular momentum with the predictions of the theory
based on the Kepler map has shown significant differences,
which, in our opinion, suggest that the regime of validity of
the Kepler map approach and the photonic localization We have profited greatly from discussions with Andreas
theory is more limited in the parameter space then anticiBuchleitner and Dima Shepelyansky. Laboratoire Kastler
pated originally[6]. This is in agreement with the classical Brossel, de I'Ecole Normale Superieure et de I'Univérsite
discussion presented by Nauenb@2d]. His improved ca- Pierre et Marie Curie, is unitassocie 18 du CNRS. CPU
nonical Kepler map cannot be easily incorporated into théime on a Cray C98 and on a Cray YMP-EL has been pro-
photonic localization theory to obtain the corrected quantunvided by IDRIS and by the Centre de Calcul pour la Recher-
predictions. Such a development of the theory is thereforehe de I'UniversitePierre et Marie Curie. This work was
badly needed. supported by the Polish Committee of Scientific Research

We have shown also, by a detailed study of classicalunder Grant No. 2P302 102 @8.Z. and R.G.
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