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Tomographic reconstruction of the density operator from its normally ordered moments
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The reconstruction of the density operator from the tomographic (detated quadrature componentsa
the normally ordered moments of the density operator is investigated. It is shown how arbitrary normally
ordered moments of arbitrary ordeican be obtained from the quadrature componenta fot discrete angles
that can be chosen arbitrarily. An integration over the angles of the rotated quadrature components multiplied
by discrete phase factors is not necessary and uses more than the minimally necessary information about the
rotated quadrature componentS§1050-294{©6)00312-3

PACS numbe(s): 42.50.Ar, 42.50.Dv, 03.65.Bz

Tomographic reconstruction is the reconstruction of aten satisfied by the incomplete information about the state
field function over anN-dimensional space from the inte- consisting of the mean value of the number operator and its
grated field functions over all possibl& ¢ 1)-dimensional Vvariance that corresponds to normally ordered moments up
hyperplanes, which means from their Radon transform. Théo fourth order. For this purpose one needs minimally only
importance of the paper of Vogel and Riskgr for quan-  the quadrature components for five arbitrary different angles.
tum optics is that it practically applies the inverse RadonAny additional angle provides redundancies that can be used
transformation (e.g., [2,3]) to the reconstruction of the to check the consistency of the results by combining five
Wigner quasiprobability in two-dimensional phase spacedifferent angles. This becomes impossible if we integrate
However, to the author's knowledge, the Radon transformafrom the beginning over the angle, which is equivalent to
tion is first mentioned in this connection j4]. In quantum  averaging over the angle.
optics of a single mode the Radon transform corresponds to Let us derive our basic result. The knowledge of all nor-
the rotated quadrature components dependent on the angfally ordered moment&'™a') is equivalent to the complete
Reference[1] gives the inversion of the Radon transform information contained in the density operag@rvia the re-
leading to the Wigner quasiprobability by three integrationsconstruction relation
that correspond to the transition from the quadrature compo-
nents to the Fourier transform of the Wigner quasiprobability . < < . A tial . tkly (—1)j|l—j>(k—j|
in the first step and to the inversion of the two-dimensional QZKZO |—Eo a(aa’), ak,IEZ . . —

; . . . =0 i= =0 JIy(k=PII=j)!
Fourier transform in the second step. The recent interest in 1)
this field is connected with the progress in experiments to
determine the quadrature components dependent on the anglich was derived iff19], later in[20], and recently in a
by homodyne detectiofd—7], which makes it possible to different way in[21]. The operators for the reconstruction
determine the Wigner quasiprobability. Some theoretical paa, ,(k,|=0,1,2,...) aregiven here in the Fock-state repre-
pers are concerned with the problem of determining directlysentation. The measurable quadrature  components
from measured data some other characteristics of the density: 4| o|q; ¢), together with their connection to the Radon
operator such as, for example, the matrix elements of th
density operator in the Fock-state representai&nl7].

Recently, Richtef18] has shown that the normally or-
dered moments of the density operator can be determined
from the rotated quadrature components by twofold integra-
tion over pattern functions including one integration over the
angle. However, this uses more than the necessary minimal
information about the rotated quadrature components. | show
in this paper that the integration over the angle is not neces-

fransform W(u,v;c) of the Wigner quasiprobability
W(q,p), are defined by

W(cosp,sing;q)=(q; ¢|0|a; ¢)

=(al(R(¢))"eR(¢)|q),

R(¢)=expliea’a),

sary and that any normally ordered moment of ondésum .

of the powers of anda’) can be obtained from the rotated W(u,v;c)zf dg/\dpds(c—(ug+vp))W(qg,p)
guadrature components for+1 discrete different angles.

This is of great importance for the experiment. Usually, one =|u|W(pu,puv;uc), w#0, 2

does not intend to determine normally ordered moments of
very high order. For example, in photon statistics one is ofwith arbitrary u. The two-dimensional vector (cosing) is
the normal unit vector to the hyperplangeere lineg in the
Radon transform. Irf2) the unitary rotation operatdR(¢)
*FAX (4930 6392 3990. has been introduced. Its most important properties for our
Electronic address: wuensche@photon.fta-berlin.de purpose are
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R(¢)Q(R(¢))"=Qcosp+ Psing
P
= \@(ae"‘”r a'e'*)=Q(¢),
R(¢)P(R(¢))"= - Qsingp+ Pcosp

=—i ﬁ(ée‘i¢—éTei¢)
5 :

and the relation of the eigenvalue problem(b(go) to the
eigenvalue problem o

)

Qla)=qla), |a;e)=R(e)la),

—Q(¢)|d;¢)=R(¢)Q|a)=0a; ¢). (4

To obtain the connection df; ¢|@|q; ¢) with the normally
ordered momentéa™a') we have to use Eq1),

<q;<p|é|q;<p>=k20 20 (a0l la;e)(@™a"y. (5

By using the explicit representation af, given in(1) and
the action of the rotation operatd&®(¢) onto Fock states
[n) resulting in a multiplication by the phase factor
exp(ng) and, furthermore, the well-known position repre-
sentation{q|n) of the Fock states by Hermite functions, we
find [22]

) 1 q2 glk=De¢
<q;@|ak|l|q;@>:ﬁex%_%)m
SSC VTE
Ojl(k_J)l(I \/—
q
1 p( qz) elke ( q)
_ﬁex 5 WHM—I i)

(6)

where a known identity for finite sums over Hermite poly- The

nomials is usefiformula(36), Chap. 10.13 in23]]. It can be
proved by complete induction. The Hermite polynomial in
this relation is not specific fdr andl separately, but only for
the sumk+1=n. Therefore by multiplication of5) with
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1 [+ .
@fw da(a; elelg;e)Hn %)
. n! . tRAn
:kgo k!(n_k)! el(Zk—n)<p<aTka k>
=(M(ae'*+a'e')")
2\" .
=( \/%) (MQ(eD™), (7)

where M{ } denotes normal ordering of the content in curly
braces.
The moment of zeroth order is simply the trace of the

density operatop or according to Eq(7),

f_:dq<q:solé|q:<p>=1 ®)

for arbitrary anglesp, and obviously no integration overis
necessary. To determine the moments of first order one can
choose two arbitrary different angleg # ¢, (pairs of angles

¢ and ¢+ are equivalent and cannot be used as “differ-
ent” angles and after solution of the corresponding two
equations of7) with H,(z) =2z, one obtains

: \Ffd (e°(aig1/@laien)
7 e'*%(q; ;
(Pl) i . q qd:e1101d;¢1

(@)= i2in gp—

—€e'°(q; 0, 0]9; 1)) 0,

Aty — 1 \/§f+md —ieo/- ~ .
()= sty Vi), dae Xaieilela o)

e 1%1(q; ¢/ 0] 02))0. 9)

In particular, forg;=0 andg,= /2,

N +o0 R A
(Q)= Lo da(a;0[e[a;0)q= \[5(<é>+<éﬁ>>,

<ﬁ’>=f+:dq<q;g 0 q;g>q=—i \/§(<é>—<é*>)_
(10

normally ordered moments of second order

(a?),(a'a), and(a"? can be found from the special case

n=2 in (7) that is dependent on the quadrature components

for three arbitrary different angles. Because of the length of
the formulas | will not write them down. However, there is a

H,(a/\%), integration over the variablg with the derived  general simple form of the solution of E) with respect to
form of (qg;¢|ay|q;¢) in (6), and using the well-known the normally ordered moments of arbitrary orderif one
orthonormality relations for the Hermite functions one ob-choosesn+1 equally spaced angles from r2{ 1) angles
tains the following linear combination of normally ordered that solve the circle division problem. This solution has the

moments(a™a'y with n=k+1:

form
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I(h—K)1 " 0=2""1-1=(z—1)(2"+Z2" *+ ... +z+1)
<éfka“—k>=—kl(n k)'E exp[—i(2k—n)(<po+ﬂ>}

(n+1)! 7=o n+1 n o
=(z—1)mz0 z", z=ex;{ism). 12

X From this relation it follows that each solution

1 [+ mar
@deq oot i | lows _ tha i
z=exgis 27/(n+ 1)} of the circle division problem with
M q exception ofz=1 corresponding te=0 satisfies the equa-
> n(_> (11)  tion Sm—oZ™=0. By inserting(7) into (11) and by using the
NG discussed properties of the circle division problem one
proves the solutiorill). The solution given by Richtdr8]
corresponds to an additional averaging over all possible ini-
tial anglesgq in (11) and is true but needs more than the

where g, is an |n|t|a_l angle that can be chosen farbltrarlly. minimally necessary information about the quadrature com-
The proof can be given by considering the solutions of theponents.

oy

G0t i

circle division problem. The complex solutioasfor the di- Let us consider squeezed coherent states as an important
vision of the unit circle inton+1 equal parts satisfy the example with nontrivial angular dependence. The Wigner
equation quasiprobability of such states has the fdr2d|

LA+ )@-Q+HiI (A= O(p=P)I(1+{*) (4= Q) ~i(1=*)(p—P)]

1
W(q'p):ﬁexp{ -

(13

with Q_E@) andP_E<I5> as the real displacement parameters with respect to canonical coordipatesfd with{ as the

squeezing parameter in the nonunitary apprd@&h26. The Radon transforrﬂ\/(u,v;c) according to the definition i2) is
explicitly given by

\7V(u v;C)= \/ 1-48
Y [(1-(1= U+ (L+ O (1+ )’ +i({— %) 2uv]hm

(1-¢¢*)(c—uQ—-vP)? ]

Xexp{_[(1—0(1—/:*>u2+<1+§)<1+§*>v2+i<z—§*>2uv]ﬁ a4

Now, by formingW(cosP,singo;q) from (14) and after its multiplication with the Hermite polynomials and integration one finds

[n/2]

i)_z (—Din (ge—‘zw—zzz*ﬂ*e‘z“’
i 56 it(n—2j)! 2(1-¢2%)

" n! {2k \/ &* “ \/ { "
— i(2k—n)e
& kin=i1® 2(1-{2%) 2(1- 1)
tkn—k} k! (n—k)! . 11—
* 2, j!(k—j)!(n—k—i)!(ZW)JHK“'( N "2 a)

/1_ *
XHn—k—j( Zé;g #' (15)

with a=(a) anda*=(a"). In (15) | have omitted some, in principle, simple intermediate steps of the transition from the result
of the integration to its representation similar(@®. The result of integratiofithe first line in(15)] can also be written by
means of the Hermite polynomiél, (z), however, without an advantage for our purpose. By comparison (®jtbne finds

that the normally ordered moments for squeezed coherent states are given by

1 (+= . _
@J_m dgW(cosp,sing;q)H,

j
) (ae '¢+a%ele)n2
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\/T k W ' which relate the measurable quadrature components to the
W) ( W) normally ordered moments, where no integration over the
angle is necessary. The approach is illustrated for squeezed
{kl} kI _ coherent states. The determination of the normally ordered
X > W(Z\/?)J moments has some advantages in comparison to the determi-

=0 nation of the matrix elements of the density operator in the

1-¢0% 1-¢0* Fock-state representation and is more simple. In the Fock-

XHy- Ta* Hi—j 2—§a ) state representation one often has to determine matrix ele-
ments (m|g|n) for relatively high numbers ofn and n,

(16) which is difficult. On the other hand, according to the usual
which coincides with special moments up to fourth orderPelief, a small number of low-order normally ordered mo-
calculated in another way {i25,26.. Therefore, sometimes it ments(a™a') gives sufficient information about the state of
is possible to use the relatiai@) for the calculation of the ~the system. This last statement is not fully clear when we
normally ordered moments themselves, apart from its imporlook to the reconstruction formuld) of the density operator
tance for analyzing experimental results. and its background should be investigated in the future.

In conclusion, by using formulél) for the reconstruction

of the density operator from its normally ordered moments |
have derived in a simple way the basic equatighand(11)
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