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In high-energy atomic collisions between bare high-Z projectiles and low-Z target atoms, an electron may be
captured radiatively into the projectile@radiative electron capture~REC!#. The photon angular distributions can
be very well represented by radiative recombination~RR! of the projectile with free electrons. This process is
the inverse of the photoelectric effect. In this paper, we present exact differential RR cross sections for
Au791 and U921 at projectile energies of 0.2, 0.5, 1, 2, 5, and 10 GeV/u. We also show the differential cross
sections for the photoelectric effect at x-ray energies corresponding to the former projectile energies. It is seen
that because of the dramatic forward-peaking of the cross sections at high energies, measurements of REC
from low-Z targets are the most practical way to study the photoelectric effect. In one particular example, 10.8
GeV/u Au791 on Au targets, we show that the RR cross section multiplied with the number of target electrons
is very close to the REC cross section calculated within the impulse approximation.@S1050-2947~96!08511-3#

PACS number~s!: 34.70.1e, 32.80.Fb

I. INTRODUCTION

With present-day accelerators, it is possible to produce
relativistic beams of bare or almost bare high-Z ions @1#. If
one of these ions collides with a low-Z target atom, it may
capture an electron, with a simultaneously emitted photon
carrying away the excess energy and momentum. Since the
loosely bound target electrons can be considered as quasi-
free, radiative electron capture~REC! is almost identical to
radiative recombination~RR!, which is the inverse of the
photoelectric effect@2,3#. Indeed, for systems such as
Au791 or U921 on N2 targets, this is an excellent approxi-
mation. From the experimental point of view, REC is the
dominant charge changing processes.

In an earlier publication@1,2#, motivated by the feasibility
of experiments, we had formulated the exact theory of REC
for relativistic collisions. Since then, the theoretical results
have been confirmed by a large number of experimental
measurements by Sto¨hlker and co-workers@4–8#, including
capture into theL shell @5# and into theM shell @8#. It turned
out that for high-Z high-energy projectiles, the angle-
differential cross section deviates significantly from the
sin2u distribution originally found for 197 MeV/u Xe541

projectiles on Be atoms@9#. A systematic theoretical study of
RR cross sections by Eichleret al. @3# derives the basic
qualitative features in an analytic form from angular-
momentum conservation and a simple approximate treat-
ment. Furthermore, exact differentialK-, L-, andM -REC
cross sections for a series of projectile charges and energies
have been presented, demonstrating the limitations of a
sin2u distribution, which is often assumed in evaluating ex-
perimental total cross sections. It is concluded that in REC

angular distributions, the electron spin manifests itself in a
particularly clear-cut way.

In the present study, we improve the numerical methods
in order to carry the systematics to much higher energy than
considered so far. We also find it instructive to compare a set
of differential RR cross sections with the corresponding
cross sections for the photoelectric effect. In Sec. II, we de-
scribe the basic assumptions of our calculations. In Sec. III,
we first give a systematics of differential cross sections for
radiative recombination~equivalent to REC! and also the
corresponding cross sections for the photoelectric effect. Fur-
thermore, in a specific example, we compare REC cross sec-
tions calculated from Hartree-Fock momentum distributions
in the target with RR cross sections. Finally, in Sec. IV, we
summarize our conclusions.

II. CALCULATIONS

In our formulation@2#, we start with an exact treatment of
the photoelectric effect assuming a Coulomb-Dirac wave
function c j b ,mb

(r ) for an arbitrary initial bound state and,
correspondingly, an exact Coulomb-Dirac continuum wave
functioncp,ms

(r ), given by the usual partial wave expansion.
The transition matrix element is

Mp,b~ms ,l,mb!5E cp,ms

† ~r !aW •ûle
ik•rc j b ,mb

~r !d3r ,

~1!

whereaW is the Dirac alpha matrix,k, with k5v/c, is the
wave vector, andûl is the unit vector of photon polarization.
In the photon wave function, the full retardation, that is, all
multipoles, are included. Within the continuum wave func-
tion cp,ms

(r ), the partial-wave expansion is carried to a

maximum Dirac quantum numberukmaxu as required by con-
vergence. The radial integration is performed numerically.*Electronic address: eichler@hmi.de
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The probabilities obtained from Eq.~1! are summed over the
unmeasured quantum numbersms ,l, andmb and are inte-
grated over the impact-parameter plane.

In order to derive RR cross sections in the projectile
frame from the calculated photoelectric cross sections, we
first apply the principle of detailed balance to describe the
inverse reaction and subsequently perform a Lorentz trans-
formation from the projectile frame to the laboratory frame.
This transformation is achieved by substituting

cosu5
cosu lab2b

12b cosu lab
~2!

and

ds~u lab!

dV lab
5

1

g2~12bcosu lab!
2

ds~u!

dV
, ~3!

whereb5v/c andg51/A12b2.
Starting from the general computer code@2#, but modify-

ing it so as to include higher electronic partial waves and
higher photon multipoles, we perform calculations of the dif-
ferential cross sections for the photoelectric effect and radia-
tive recombination. In order to check our calculations, we
compare our differential cross sections for the photoelectric
effect in theK shell with the results of Alling and Johnson

@10#. Even for the highest photon energy\v51.332 MeV,
we obtain very good agreement, our results being probably
more accurate since they include higher partial waves.

The number of partial waves required for the convergence
of the calculation depends on the energyEP of the projectile.
For theK shell andEP< 1.0 GeV/u we useukmaxu520, for
EP5 2.0 GeV/u we useukmaxu530, forEP5 5.0 GeV/u we
use ukmaxu560, and for EP5 10.0 GeV/u we use
ukmaxu580. For radiative recombination with theL shell, one
needs higher partial waves. Already atEP5 2.0 GeV/u we
needukmaxu550, and forEP55.0 GeV/u we were no longer
able to achieve convergence, even withukmaxu580.

In some calculations, we take into account the momentum
distribution of the target electrons provided by a nonrelativ-
istic Roothaan-Hartree-Fock approach using the Slater
double-z functions@11#.

III. RESULTS AND DISCUSSION

A. Differential RR and photoelectric cross sections

In Figs. 1 and 3, we present the results of systematic
calculations of differential cross sections for radiative recom-
bination ~which are almost identical to those for REC! as-
suming bare Au791 and U921 projectiles which both play a
role in present experiments. With the projectile energiesEP

FIG. 1. Exact angle-differential cross sections for radiative recombination of free electrons with theK shell of Au791 projectiles with
energies from 0.2 to 10.0 GeV/u. The spin-flip and non-spin-flip contributions are shown separately. For energies up to 2.0 GeV/u, the
summed cross section for capture into theL shell is also shown.
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of 0.2, 0.5, 1.0, 2.0, 5.0, and 10.0 GeV/u, we extend earlier
calculations@3# to much higher energies. As an additional
feature, we provide in Figs. 2 and 4, associated with each set
of RR cross sections, the differential cross sections for the
photoelectric effect at the x-ray energies corresponding to the
projectile energies given above. In other words, the capture
into the projectile of free electrons traveling with the target
speed towards the projectile, leads to theemissionof x rays
with a definite energyEg . The corresponding photoeffect
consists of theabsorptionof x rays with energyEg and the
emission of electrons with the relative target-projectile ve-
locity. Similar to @10#, the photoelectric cross sections are
not divided by the multiplicity (2j11) of the initial states.

As a remarkable feature, we observe that up to an energy
of 1.0 GeV/u, the RR cross sections still roughly follow a
sin2u distribution, the deviations being mainly caused by the
spin-flip contribution as discussed by Eichleret al. @3#. In the
corresponding energy range, the photoelectric angular distri-
butions exhibit already a significant forward peaking. This
deviation from a simple dipole pattern comes about by con-
tributions of high multipole components in the expansion of
the photon wave function in the matrix element~1!. As has
been pointed out by Spindleret al. in 1979 @12#, even for
nonrelativistic collisions, the effect of the retardation~i.e.,
higher multipole terms! of the photon wave function and the
transformation~2,3! to the laboratory frame balance each
other, in such a way that one obtains a sin2u distribution.

Hence, while the importance of higher multipole moments
for the inverse reaction to the photoelectric effect has been
known for a long time@9,12#, the contribution of quadrupole
terms to the photoelectric effect itself has been discovered
just recently in the case of soft x rays@13#.

While in the energy range up to 1.0 GeV/u spin-flip con-
tributions and hence the deviation from a sin2u distribution
play a minor role, the situation changes at 2.0 GeV/u, where
the spin-flip contribution exceeds the non-spin-flip contribu-
tion in the angular range around 30°. At still higher energies,
the spin-flip contribution is completely dominant in the
whole range of forward angles. It is interesting to observe
that the spin-flip part has a minimum between 90° and
120° but rises again at backward angles. The photoionization
cross sections at these high energies are much more peaked
forward and become negligible beyond 30°. In fact, in deriv-
ing the RR cross sections from the photoelectric cross sec-
tions, the ratio of the phase spaces and, in particular, the
Lorentz transform expressed by Eqs.~2! and ~3!, lead to a
stretching of the angular distributions to larger angles. It has
been suggested by Sto¨hlker @14# that from the experimental
point of view, a measurement of RR differential cross sec-
tions may be the most practical way to indirectly determine
differential photoionization cross sections at high photon en-
ergies.

Figures 3 and 4 are similar to Figs. 1 and 2; however, it is
seen that the effects of spin-flip transitions are more pro-

FIG. 2. Exact angle-differential cross sections for photoionization from theK shell of hydrogenlike Au781 ions. The x-ray energies given
correspond to the projectile energies used in Fig. 1.
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nounced for the higher projectile charge. In Fig. 3, we have
included capture into theL shell only for the lowest energy
considered.

Tables I–IV contain the total cross sections corresponding
to Figs. 1 to 4. The spin-flip and the non-spin-flip parts are
listed separately, as well as the ratio between both. The pho-
ton energiesEg in Tables II and IV are the accurate values
associated with the approximate numbers given in Figs. 2
and 4 and with the energiesEP in Tables I and III. The ratios
between spin-flip and non-spin-flip total cross sections,
which are the same for RR and for photoionization, are seen
to increase drastically from 2% at 0.2 GeV/u up to about
50% at 10.0 GeV/u. This again illustrates the important in-
fluence of the electron spin in relativistic collisions.

B. Comparison of REC with RR cross sections

Although we have already confirmed earlier@3# that for
high-Z projectiles and low-Z targets and collision energies
greater than about 100 MeV/u, differential REC and RR
cross sections differ only on the percent level, we have re-
examined this problem for the AGS energy of 10.8 GeV/u
and Au791 projectiles on Au targets@15#. In this case, we
have a high-Z target so that for the inner shells the impulse
approximation is adequate only because of the very high
collision energy with a Lorentz factorg512.6. This approxi-

mation represents the target electrons as free electrons with
the momentum distribution~with respect to the target
nucleus! calculated from the Fourier transform of the target
wave function@1,2#. Since these calculations are very time-
consuming, because one has to integrate over the momentum
distribution of each target electron, we derive results only for
the angle ofu590° and for thes electrons of each shell, see
Table V. In all cases, the momentum distribution is calcu-

FIG. 3. Exact angle-differential cross sections for radiative recombination of free electrons with theK shell of U921 projectiles with
energies from 0.2 to 10.0 GeV/u. The spin-flip and non-spin-flip contributions are shown separately. For the energy of 0.2 GeV/u, the
summed cross section for capture into theL shell is also shown.

TABLE I. Cross sections for radiative recombination into the
K shell of Au791 for the projectile energyEP . The cross sections
snon-flip for non-spin-flip transitions andsspin-flip for spin-flip transi-
tions are shown separately. The last column gives the ratio
sspin2flip/snon-flip. The number in square brackets denotes the power
of 10 by which the preceding number has to be multiplied.

EP snon-flip sspin-flip s total

~GeV/u! ~b! ~b! ~b! Ratio

0.2 6.58@ 1# 1.17 @ 0# 6.70 @ 1# 0.02
0.5 1.56@ 1# 7.47 @21# 1.64 @ 1# 0.05
1 4.86@ 0# 5.77 @21# 5.43 @ 0# 0.12
2 1.53@ 0# 3.86 @21# 1.91 @ 0# 0.25
5 3.71@21# 1.72 @21# 5.43 @21# 0.46
10 1.45@21# 9.17 @22# 2.37 @21# 0.63
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lated from nonrelativistic Roothaan-Hartree-Fock wave func-
tions in the double-z approximation@11#. For the two inner-
most shells, we use nonrelativistic Hartree-Fock energies
~consistent with the wave functions! or, alternatively, relativ-
istic hydrogenic energies. While for the outer shells, the mo-
mentum distribution is very narrow, it becomes increasingly
wide for the inner shells. After integrating over the photon
line width reflecting the momentum distribution, the differ-
ential cross section is no longer sensitive to details. For the
L shell, we verify that the contribution from the 2p state is
similar to that of the 2s state. We therefore may assume that
in all cases, the shells with higher angular momenta behave

as thel50 states. The calculated ratiosREC/sRR of the REC
cross section to the RR cross section differs very little from
1, in particular for the outer shells which carry the over-
whelming weightn2. Hence inaccuracies in the momentum
distribution of the inner target shells and a possible distortion
of the continuum electronic wave function will not have
much of an effect. After summing over all shells, the binding
effects in the target yield a reduction of the REC cross sec-
tion with respect to RR by only a few percent. We conclude
that the total REC cross section for a neutral target may well
be represented by the RR cross section for a single electron
multiplied by the number of target electrons.

FIG. 4. Exact angle-differential cross sections for photoionization from theK shell of hydrogenlike U911 ions. The x-ray energies given
correspond to the projectile energies used in Fig. 3.

TABLE II. Cross sections forK-shell photoionization of
Au781 for the photon energyEg . The cross sections represent the
sum over the two initialK-shell states. See also caption of Table I.

Eg snon-flip sspin-flip s total

~keV! ~b! ~b! ~b! Ratio

203.13 1.98@ 2# 3.52 @ 0# 2.02 @ 2# 0.02
367.70 4.10@ 1# 1.97 @ 0# 4.30 @ 1# 0.05
642 1.02@ 1# 1.21 @ 0# 1.14 @ 1# 0.12
1190.6 2.50@ 0# 6.32 @21# 3.14 @ 0# 0.25
2836.3 4.76@21# 2.19 @21# 6.95 @21# 0.46
5579.3 1.67@21# 1.04 @21# 2.71 @21# 0.63

TABLE III. Cross sections for radiative recombination into the
K shell of U921. See caption of Table I.

EP snon-flip sspin-flip s total

~GeV/u! ~b! ~b! ~b! Ratio

0.2 1.01@ 2# 2.93 @ 0# 1.04 @ 2# 0.03
0.5 2.68@ 1# 1.65 @ 0# 2.84 @ 1# 0.06
1 9.01@ 0# 1.17 @ 0# 1.02 @ 1# 0.13
2 2.98@ 0# 7.22 @21# 3.70 @ 0# 0.24
5 7.42@21# 2.97 @21# 1.04 @ 0# 0.40
10 2.91@21# 1.46 @21# 4.36 @21# 0.50
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IV. CONCLUDING REMARKS

We present a systematics of differential and total cross
sections for radiative recombination as an excellent approxi-
mation to radiative electron capture into relativistic high-Z
projectiles from low-Z target atoms. The calculated differen-
tial cross sections have been carried to unprecedented high
collision energies. With increasing energy, the cross sections
become increasingly peaked in the forward direction and are
more and more dominated by spin-flip contributions. The
associated cross sections for photoionization are also pre-
sented. They are much more peaked towards forward angles
~indicating high multipolarities! than the RR cross sections,
which are stretched apart by the Lorentz transformation. It is
illustrated that at high photon energies, because of this
stretching, it is more practical to measure differential cross
sections for photoionization in the form of radiative recom-
bination. For a particular example, we show the difference
between REC calculations~based on the impulse approxima-

tion and Hartree-Fock momentum distributions! and RR cal-
culations for free electrons. The binding in the target leads to
a reduction of the cross section on the percent level.
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@14# Th. Stöhlker ~private communication!.
@15# H. Gould ~private communication!.

TABLE IV. Cross sections forK-shell photoionization of
U911 for the photon energyEg . See the caption of Table II.

Eg snon-flip sspin-flip s total

~keV! ~b! ~b! ~b! Ratio

241.81 2.14@ 2# 6.21 @ 0# 2.21 @ 2# 0.03
406.38 5.76@ 1# 3.56 @ 0# 6.12 @ 1# 0.06
680.67 1.68@ 1# 2.17 @ 0# 1.89 @ 1# 0.13
1229.3 4.59@ 0# 1.11 @ 0# 5.70 @ 0# 0.24
2875 9.27@21# 3.68 @21# 1.30 @ 0# 0.40
5617.9 3.29@21# 1.64 @21# 4.92 @21# 0.50

TABLE V. REC differential cross sections for 10.8 GeV/u
Au791 ions on Au targets at 90o laboratory angle. For all occupied
ns shells, the binding energyEb and the REC cross section per
target electron is given. The last column gives the ratio to the RR
cross section of 0.0163 b/sr. The numbers in square brackets give
the power of 10 by which the preceding number has to be multi-
plied.

Shell Eb ~keV! sREC ~b/sr! sREC/sRR

1 s1/2 7.37 @ 1#a 0.86 @–2# 0.52
1 s1/2 9.34 @ 1#b 0.79 @–2# 0.48

2 s1/2 1.24 @ 1#a 1.46 @–2# 0.90
2 s1/2 2.39 @ 1#b 1.40 @–2# 0.86

3 s1/2 2.97 @ 0#a 1.58 @–2# 0.97
4 s1/2 6.61 @–1#a 1.60 @–2# 0.98
5 s1/2 1.03 @–1#a 1.61 @–2# 0.99
6 s1/2 5.86 @–2#a 1.60 @–2# 0.98

aNonrelativistic Hartree-Fock energy.
bRelativistic single-electron energy.
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