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I. INTRODUCTION

Theoretical studies of positron-atom collisions@1–5# have
been promoted in recent years due to the technological ad-
vances that made possible the obtainment of high-intensity
positron beams. As a result of this progress, positronium
total cross-section measurements were performed over an ex-
tended energetic domain although at intermediate and high
impact energies the available data are still quite limited
@6–9#.

In this work, we study collisions of positrons impacting
on hydrogenic targets in the ground state leading to the for-
mation of positronium atoms also in the ground state. Gayet
@10# applied successfully the Dodd and Greider formalism
@11,12# to study the charge transfer in the proton-hydrogen
collision deriving the continuum distorted wave approxima-
tion ~CDW! @13# from the first order of the mentioned for-
malism.

Following Gayet’s ideas, Mandal, Mandal, and Mukher-
jee @3# have used this formalism to study the positronium
formation with neutral hydrogen targets. We generalize the
model of Mandal, Mandal, and Mukherjee to the case of
charged hydrogenic targets such as He1, Li21, and Be31

ions. We pay extreme attention to the correct asymptotic
Coulomb conditions that require the residual interactions in
the initial channel result short ranged. As in the model of
Mandal, Mundal, and Mukherjee, an intermediate potential
Vx related to the Coulomb continuum states of the positron
and the electron in the field of the residual target is included
in the final channel. AsVx is closely linked to the CDW
approximation, we call our model continuum-distorted-
wave–final-state~CDW–FS!. The charged target introduces
additional complications through the inclusion of a con-
tinuum state in the entry channel. We obtain with our
CDW–FS model differential and total cross sections at dif-
ferent impact energies and for several targets. It is well es-
tablished that the CDW approximation of Cheshire@13# con-

tains second-order terms associated to the classical two-step
Thomas’ mechanism. It is expected that our model gives
information on the existence of these processes in the case of
positronium formation. We use atomic units unless otherwise
specified.

II. THEORY

We consider the formation of positronium atoms in a col-
lision of a positrone1 with a monoelectronic~hydrogenlike!
targetT of nuclear chargeZT at high impact energies. The
reaction of interest may be written as

e11~T1e2!→~e11e2!1T, ~1!

where pairs of parenthesis indicate bound states. The geo-
metrical parameters of the collision are given in Fig. 1.ra
indicates the position ofe1 with respect to the center-of-
mass of the target.rb gives the position of the target nucleus
with respect to the center-of-mass ofe1 ande2.

In the frame linked to the center-of-mass of the whole
system, we may write the total HamiltonianH as

H5Ha1Va5Hb1Vb , ~2!

whereHa andHb are the Hamiltonians of the entrance and
exit channelsa andb, respectively.Va andVb are the per-
turbations relevant toa andb, respectively. Channel Hamil-
tonians must be defined so that asymptotic Coulomb condi-
tions are preserved. As the final channel is described in the
same way as in the model of Mandal, Mundal, and Mukher-
jee @3#, we only analyze in what follows the initial channel
that must be treated in a different way because net charged
fragments are involved. Therefore one may write in the en-
trance channel

Ha5Ha1ha , ~3!
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whereha is the Hamiltonian for the hydrogenlike target and
Ha is the Hamiltonian for the evolution of the positron. The
introduction of the Coulomb interaction (ZT21)/r a in Ha
preserves the required asymptotic conditions. The reduced
masses that appear in expressions~4! and ~5! are given by

ma5
MT11

MT12
ma5

MT

MT11
. ~7!

Let us introduce nowka and kb , the wave vectors for the
reduced positron in the entrance channel and for the reduced
positronium in the exit channel, respectively. So, the initial
wave function~eigenvector ofHa! is given by

Fa5w i~r !Fka

1 ~ra!. ~8!

The functionFka

1 (ra) introduced in Eq.~8! is an outgoing

Coulomb continuum wave function representing the positron
moving in the field of an effective ion of charge (ZT21), so
that

HaFka

1 ~ra!5
ka
2

2ma
Fka

1 ~ra!, ~9!

where

Fka

1 ~ra!5Nn
a8

1
exp~ika•ra!1F1~2ina8 ;1;ikar a2ika•ra!,

~10!

na85~ZT21!
ma

ka
, ~11!

Nn
a8

1
5G~11ina8 !expS 2

p

2
na8 D , ~12!

We write the final wave functionjb
2 in the form

jb
25Lb

2~r,rb!w f~r!, ~13!

where@3#

Lb
25Nb1

2 Nb2

2 exp$i~k1•ra1k2•r !%1F1~ib1 ;1;

2ik1•ra2ik1r a!1F1~2ib2 ;1;

2ik2•r2ik2r !, ~14!

with

Nb6

2 5G~17ib6!expS 7
p

2
b6D b65

ZTma

k6
. ~15!

The correct asymptotic behavior imposes to the vectors
k1 andk2 and introduced in Eq.~14! the following condi-
tions:

lim
zb→2`

~k2•r1k1•ra!52kb•rb , ~16!

lim
zb→2`

exp$ib2ln~k2•r1k2r !2ib1ln~k1•ra1k1r a!%

5eig, ~17!

with g a constant real number. Under the conditionMT@1,
which in turn implies thatra.R, the following equality must
be verified:

kb
2

2mb
.

k1
2

2ma
1

k2
2

2ma
, ~18!

so that

k1.k2.vb5
kb

mb
~19!

and

b1.b2.b5
ZT
vb

. ~20!

In this way,Lb
2 may be interpreted as a product of positron-

target nucleus and electron-target nucleus continuum wave
functions.

Finally, we write the CDW–FS matrix element in its
prior version

Tab
2,CDW–FS5Nn

a8
1
Nb1

2*Nb2

2* E dradr exp$ika•ra

1ikb•rb%w f* ~r!S 1r a
2
1

r D
1

F1~2ib1 ;1;

FIG. 1. Coordinates used in the text.
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ik1•ra1ik1r a)1F1~ib2 ;1;ik2•r1ik2r !w i~r !

31F1~2ina8 ;1;ikar a2ika•ra! ~21!

with the conditions given by Eqs.~19! and ~20!.
In the limit MT→`, expression~21! coincides with the

prior version of the first order distorted wave Born~DWB1!
matrix element given by Bransden, Joachain, and McCann
@4# for the case of neutral hydrogen targets. It is clear that
our CDW–FS model does not satisfy the time-reversal in-
variance. In this sense, it is an asymmetric theory that will
differ from the one obtained with apostform of theT-matrix
element where the initial bound state is distorted by a prod-
uct of positron-target nucleus and positron-electron wave
functions as is the case for neutral hydrogen targets@4,5#.
However, as we are interested in the description of Thomas’
double-scattering mechanisms in which after a first collision
between positron and electron, one of them should scatter in
the target nucleus field, we use in our work theprior version
of theT-matrix element. In this way, both required continua
are implicitly introduced by the distortion appearing in the
final wave function. Moreover, the distortion comes from the
use of the intermediate potentialVx introduced in the Dodd
and Greider formalism. The result obtained by Mandal,
Mundal, and Mukherjee@3# for the simpler case of neutral
hydrogen targets may be obtained up to an irrelevant phase
factor by makingna850 in our Eq.~21!.

If no distortions are included in the final channel through
the potentialVx , the Coulomb Born approximation~CBA!
@14,15# is obtained, whose matrix element in itsprior version
is given by

Tab
2,CBA5Nn

a8
1 E dradr exp$ika•ra1ikb•rb%w f* ~r!

3S 1r a
2
1

r D
1

F1~2ina8 ;1;ikar a2ika•ra!w i~r !

~22!

The projectile-target interaction in the initial channel is fully
included in the nonperturbed Hamiltonian. The residual per-
turbations in this CBA model are short ranged. A similar
model has been used to study electron capture by proton
impact @16#. This CBA differs from the Coulomb projected
Born approximation introduced by Geltman@17# where the
initial channel is described by a Coulomb function associated
with the projectile-residual target interaction. This leads to
long-ranged residual perturbations in the corresponding ma-
trix element. The CDW–FS model includes higher-order
terms than the CBA one. The potentialVx ensures that no
disconnected diagrams are present in the complete Dodd and
Greider’s series.

Finally, we obtain differential~DCS! and total ~TCS!
cross sections by using

ds/dV5
1

4p2

kb

ka
mambuTabu2 ~23!

and

s5E dV~ds/dV!, ~24!

respectively.

III. EVALUATION OF THE CDW –FS MATRIX ELEMENT

We have developed a partial-wave expansion technique to
evaluate theprior CDW–FS matrix element. This method is
useful at intermediate and not very high energies. In the fol-
lowing, we describe the technique.

For monoelectronic targets in the ground state, we have

w i~r !5R1s~r !Y00~ r̂ !, ~25!

R1s~r !52ZT
3/2e2ZTr , ~26!

and for the ground state of the positronium atom

w f~r!5R̃1s~r!Y00~ r̂ !, ~27!

R̃1s~r!5
1

&
e2r/2. ~28!

We indicate withYl ,m the spherical harmonics of order (l ,m)
and with r̂ ( r̂) the unity vector associated with the vector
r ~r!.

By using the approximationR.ra valid if MT@1, we
now write the expression of the CDW–FS matrix element
given by Eq.~21! in the form

Tab
2,CDW–FS5E dR Fk1

2* ~R!VT~R!Fka

1 ~R!, ~29!

where we have defined

VT~R!5E dr w f* ~r!Fk2

2* ~r !S 1R2
1

r Dw i~r !. ~30!

Fka

1 is given by Eq.~10! and

Fk6

2 ~R!5Nb6

2 exp~ik6•R!1F1~6ib6 ;1;2ik6R

2ik6•R!, ~31!

Nb6

2 being given by Eq.~15!.

The well known partial-wave expansion of the Coulomb
wave functionFk6 is given by

FK6~r !5(
l ,m

4p~i! le6id l
1

kr
Fl~kr !Yl ,m* ~ k̂!Yl ,m~ r̂ !.

~32!

The summation indexl runs from zero to infinity whereasm
runs fromm52 l tom5 l . The Coulomb radial function and
phase shift are given by

Fl~kr !5
1

2~2l11!!
uG~ l111 ih!ue2hp/2~2kr ! l11e2ikr

31F1~ l112 ih, 2l12, 2ikr ! ~33!

and
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d l5argG~ l111 ih! ~34!

with h being the Sommerfeld parameter.
For the particular case ofFk2

2 , we haveh52b2 and

k5k2 . Inserting the expressions ofwi andwf and Eq.~32!
into expression~30! of VT , we have

VT~R!5&~ZT!3/2(
l ,m

E dr̂ r 2dr e2r/2S 1R2
1

r De2ZTr

3~2i ! leid lYl ,m~ k̂2!Yl ,m* ~ r̂ !
1

k2r
Fl~k2r !.

~35!

We now define the functionJ~r ,R! as

J~r ,R!5e2r/2S 1R2
1

r D
5 (

l 8,m8

4p

~2l 811!
Jl 8~r ,R!Yl ,m8

* ~R̂!Yl 8,m8~ r̂ !,

~36!

with

Jl 8~r ,R!5
1

2
~2l 811!E

21

1

du e2r/2S 1R2
1

r DPl 8~u!

~37!

and

r5~r 21R222rRu!1/2, ~38!

Pl indicates the Legendre polynomial of degreel .
By using Eq.~37!, expression~35! reads

VT~R!5
8p

&
~ZT!3/2

1

k2
(
l ,m

(
l 8,m8

~2i ! leid lYl ,m~ k̂2!

3Yl 8,m8
* ~R̂!E dr̂ Yl 8,m8~ r̂ !Yl ,m* ~ r̂ !

3E
0

`

dr rJl 8~r ,R!
1

~2l 811!
e2ZTrFl~k2r !.

~39!

Since

E dr̂ Yl 8,m8~ r̂ !Yl ,m* ~ r̂ !5d l l 8dmm8 , ~40!

we finally obtain

VT~R!5
8p

&
~ZT!3/2

1

k2
(
l ,m

~2i ! leid ln l~R!Yl ,m~ k̂2!

3Yl ,m* ~R̂!, ~41!

with

n l~R!5E
0

`

dr re2ZTrFl~k2r !J̃l~r ,R!, ~42!

J̃l~r ,R!5
1

~2l11!
Jl~r ,R!, ~43!

nl being the radial part of the transition potentialVT .
In order to perform the partial-wave expansion of the ma-

trix element ~29!, the Coulomb wave functionsFk1

2* and

Fka

1 are expanded in the same way as expression~32! with

h5b1 , k5k1 andh5na8 , k5ka , respectively.
By using expression~41! into ~29!, we obtain the partial-

wave expansion of the CDW–FS matrix element

Tab
2,CDW–FS5

128p3ZT
3/2

&k2k1ka
(
l ,m

(
l i ,mi

(
l f ,mf

i l i2 l2 l fei~d l i
1d l1d l f

!

3E dR̂ Yl i ,mi
~R̂!Yl ,m* ~R̂!Yl f ,mf

* ~R̂!E
0

`

dR

3Fl i
~kaR!n l~R!Fl f

~k1R!Yl i ,mi
* ~ k̂a!Yl ,m~ k̂2!

3Yl f ,mf
~ k̂1!. ~44!

Choosing now thez axis along the vectork̂a , we obtain

Yl i ,mi
~ k̂a!5A~2l i11!/4pd0mi

, ~45!

and employing the following definitions and results:

Rl i l f
l 5E

0

`

dR Fl i~kaR!n l~R!Fl f
~k1R!, ~46!

l̂52l11, ~47!

E dR̂ Yl i ,mi
~R̂!Yl ,m* ~R̂!Yl f ,mf

* ~R̂!

5~21!m1mfF l̂ i l̂ l̂ f4p G1/2S l i0 l
0

l f
0 D S l i0 l

2m
l f

2mf
D ,
~48!

we have

Tab
2,CDW–FS5

32p2ZT
3/2

&k2k1ka
(
l i

(
l ,m

(
l f

~i ! l i2 l2 l fei~d l i
1d l1d l f

!

3 l̂ i~ l̂ l̂ f !
1/2S l i0 l

0
l f
0 D S l i0 l

2m
l f
mD

3Rl i l f
l Yl ,m~ k̂2!Yl f ,2m~ k̂1!, ~49!

where we have used the fact that Eq.~48! implies that
mf52m.

We now makek1.k2.vb . Therefore

k̂15 k̂25 k̂b . ~50!

By using the two following formulas:
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Yl ,m~ k̂b!Yl f ,2m~ k̂b!5(
L

F l̂ l̂ f L̂4p G1/2S l0 l f
0

L
0D

3S lm l f
2m

L
0DYL,0~ k̂b! ~51!

and

(
m

S l i0 l
2m

l f
mD S lm l f

2m
L
0D5

1

2l i11
dLl i, ~52!

with l i1 l1 l f52p and pPN, we obtain the simplified ex-
pression of the CDW–FS matrix element

Tab
2,CDW–FS5

8pZT
3/2

&vb
2ka

(
l i

(
l

(
l f

i l i2 l2 l fei~d l i
1d l1d l f

!

3 l̂ i l̂ l̂ f S l i0 l
0

l f
0 DRl i l f

l Pl i
~cosub! ~53!

with Rl i l f
l given by Eq.~46!.

IV. RESULTS

We have obtained differential and total cross sections
with our prior CDW–FS model for several hydrogenic tar-
gets and energies. As a check to our calculations, we have
compared our predictions with other existing theoretical re-
sults. In particular we have reproduced the differential cross
sections for hydrogen targets given by Mandal, Mandal, and
Mukherjee@3# at Ei5200 eV ~positron impact energy!. In
addition, our results for hydrogen targets atEi5100 eV and
500 eV are in agreement with the DWB1 results of Brans-
den, Joachain, and McCann@4# in its prior version. The
DWB1 results exhibit a markedpost-priordiscrepancy. The
difference betweenpostandprior DWB1 differential cross
sections is more pronounced at large scattering angles. In the
total cross sections, the gap between both versions decreases
as the impact energy increases. As discrepancies of this kind
are expected in our model, ourprior CDW–FS-results may
differ considerably from the respectivepostresults~not com-
puted in this work! particularly for the lower energies and
the above mentioned angular domain.

FIG. 2. CDW–FS ~full line! and CBA
~dashed line! differential cross sections fore11
He1(1s) → Ps(1s)1He21 at positron impact
energyEi5500 eV.

FIG. 3. Same as Fig. 2 but at positron impact
energyEi51000 eV.
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A. Differential cross sections

In Figs. 2, 3, 4, and 5 we introduce our results of differ-
ential cross sections for He1 targets at impact energies of
500 eV, 1 keV, 1.5 keV, and 2 keV, respectively. We com-
pare in each figure the predictions of our CDW–FS and CBA
models. In general, CDW–FS and CBA DCS differ consid-
erably in all the angular domain. In particular, for large angle
values, i.e., around 90°, they differ approximately by an or-
der of magnitude. At small angles, i.e., near the zero angular
region, the difference is lesser but still important. For ex-
ample, at zero degrees the CBA DCS are approximately
twice as big as the CDW–FS DCS. Moreover, the CBA DCS
exhibits a pronounced dip around 25°. This well-known dip
@4# comes from the cancellation of the contributions corre-
sponding to the attractive and repulsive parts of the residual
perturbation. On the contrary, the CDW–FS DCS do not
present this dip. Moreover, as the energy increases structures
appear in the CDW–FS DCS. AtEi51 keV, a flat protuber-
ance develops around 35° while atEi52 keV a sharper peak
is located around 40° along with a less prominent peak

around 55°. It is well established in the case of heavy pro-
jectiles that the CDW model includes higher-order terms of
the Coulomb potential and is able to describe the Thomas
peak in the DCS. The observed peak at 40° could be associ-
ated with the existence of Thomas’ two-step collision
mechanisms in the process of positronium formation. In the
case of positrons as projectiles, two different two-step clas-
sical processes~hereafter denotedA andB! could be real-
ized. BothA and B predict a critical dispersion angle of
uc545° for high-energy positrons. In processA, in the first
step the positron collides with the electron~considered as a
free electron! and the positron is disperseduc . In the second
step, the electron hits the target nucleus and emerges with the
same angleuc and velocity as the positron and capture can
take place easily. In processB, the roles of the positron and
the electron are interchanged. In the first step, the positron
collides with the electron and the electron is disperseduc .
The positron itself hits the target nucleus and emerges with
the same angleuc and velocity as the electron and capture
occurs. Shakeshaft and Wadhera@1# have predicted interfer-
ences between the

FIG. 4. Same as Fig. 2 but at positron impact
energyEi51500 eV.

FIG. 5. Same as Fig. 2 but at positron impact
energyEi52000 eV.
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amplitudes associated with the classical processesA andB.
The interferences are originated by the fact that the positron
and the electron have the same mass but opposite charges. In
particular, for the capture to theK shell of positronium atoms
from theK shell of hydrogenic atoms a destructive interfer-
ence is expected. Exact second-order Born calculations con-
firm this destructive effect but only for the imaginary part of
the amplitude@18#.

In Figs. 6 and 7 we show our results of CDW–FS differ-
ential cross sections for Li21 and Be31 targets at an impact
energy of 500 eV. We also include in each figure the predic-
tions of our CBA model. We analyze now the DCS at
Ei5500 eV for ZT52, 3, and 4. At this energy, the
CDW–FS DCS are lower than the CBA ones both in the
small ~around 0°! and in the large~around 90°! angle region.
As the charge of the target increases this difference between
the CDW–FS and CBA DCS increases. This is a measure of
the importance of the final channel distortion appearing in
the CDW–FS model. Around 0°, the CDW–FS DCS de-
crease monotonously as the charge of the target increases.

On the other hand, in the same angular region the CBA DCS
of Li21 are slightly higher than the ones of He1 whereas the
Be31 target exhibits the lowest DCS of all them.

B. Total cross sections

We have obtained CBA and CDW–FS TCS for He1 tar-
gets at several impact energies. The results introduced in
Table I give an estimation of the influence on TCS of the
distortions appearing in the exit channel. At all the energies
shown, the CBA TCS are greater than the CDW–FS TCS by
a factor of approximately 1.8 except for the lowest energy.
This fact could be understood recalling the above-mentioned
behavior of the DCS near the zero angular region and the
fact that at the energies considered the biggest contribution
to the total cross sections comes from the small angular val-
ues. In particular, the peak at 40° in the DCS for He1 at
Ei52 keV contributes little to the total cross section. At
higher impact velocities, the peak could be expected to be-
come more and more pronounced with an angular width of

FIG. 6. CDW–FS ~full line! and CBA
~dashed line! differential cross sections for
e11Li21(1s) → Ps(1s)1Li31 at positron im-
pact energyEi5500 eV.

FIG. 7. CDW–FS ~full line! and CBA
~dashed line! differential cross sections for
e11Be31(1s) → Ps(1s)1Be41 at positron im-
pact energyEi5500 eV.
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order (ZT/va). Therefore its contribution to the total cross
section could be more important. Unfortunately, our calcula-
tion scheme exhibits practical limitations: as the energy in-
creases the summation over the partial-wave indexl to
achieve convergence also increases. The method becomes a
high-computer-time-consuming technique preventing us
from introducing in this work DCS at very high impact en-
ergies.

V. CONCLUSIONS

We have introduced a distorted-wave model derived from
the first order of a Dodd and Greider’s expansion to study
positronium formation with hydrogenic targets. Extreme at-
tention is devoted to defining the corresponding channel per-
turbations so that asymptotic Coulomb conditions are pre-
served. The model includes distortions corresponding to
continuum intermediate states associated with the Coulomb
electron- and positron-target nucleus interactions in the final
channel. The model shows evidence of the Thomas’ two-step
collision mechanisms involved in the reactions through the
characteristic Thomas peak in the differential cross sections.
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TABLE I. CBA and CDW-FS total cross sections for positro-
nium formation with He1 targets.

Energy~keV! CBA ~a.u.! CDW-FS ~a.u.!

0.25 1.5@22# 5.7 @23#

0.50 9.4@24# 5.0 @24#

0.75 1.5@24# 9.0 @25#

1.00 3.5@25# 2.0 @25#

1.25 1.1@25# 6.6 @26#

1.50 4.3@26# 2.5 @26#

2.00 9.4@27# 5.3 @27#
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