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Ramsey patterns for multiquantum transitions in fountain experiments
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Ramsey patterns for radio-frequency multiquantum transitions among Zeeman levels of the ground state of
thallium, cesium, and francium have been calculated. The narrowing of these patterns observed earlier by
Gould is predicted to occur only when both static electric and magnetic fields are present.
[S1050-294{P6)04412-5

PACS numbg(s): 33.20.Bx, 33.40t+f, 32.10.Dk

INTRODUCTION static electric and magnetic fields to be present, and also

allows the total angular momentuf to be greater thas.
In preparing for a new generation of searches for an eleconly one hyperfine state was used in this calculation, how-
tron electric dipole moment, the new fountain technology onever. The static electric and magnetic fields were assumed to

trapped atom$l-3] is being considered. The most recently be parallel, along the axis; the radio-frequency fields were
obtained limit on the electron electric dipole momé#t-6]  taken to lie along the axis.

did not use this technology. 3 The Hamiltonian defining the energy levels is
Radio-frequency magnetic transitions among Zeeman lev-
els of the ground state of a heavy atom are used in these H=Hy—p-E—p-H, (1)

searches. The method of separated oscillating fields due to

Ramsey[7,8] appears to be a useful technique here for threguhere , is the part of the Hamiltonian independent of the
reasons. First, it arises naturally in fountain experimentsgtatic fieldsE andH. The energy levels associated with this
since atoms traversing the radio-frequency region on the wayjamjitonian were calculated using the method of Angel and

up will traverse it again on the way down. Second, the teChSandars[15] (see the Appendix For a geometry in which
nique generates very narrow resonance patterns, on the ordetu £ andH are along the axis the result is
of 1 Hz [9], since effects of magnetic- and electric-field in-

homogeneities are very nearly eliminated. Thirdly, the tech- 1 1 3M2—F(F+1)
nique reduces velocity-dependent systematic errors, because- o= e~ ———————
the average velocity of the atoms during the time between 2 °°7% 2 F(2F-1)
the two encounters with the radio-frequency field is zero. (2
The fact that resonance patterns from a single radio- N
frequency region associated with a multiquantum transitiorf1€ré as and  are the scalar and tensor polarizabilities, re-
are narrower than those associated with single-quantum tragPectively, andu, is the Bohr magneton. Since the first two
sitions was predicted by Salwéh0] and observed by Kusch terms in this expression are independentf, they were
[11]. Further theoretical work was done by Franzen andomitted in what follows since this paper is only concerned
Alam [12] and by Phillips and Koh13]. A corresponding Wwith low-frequency transitions among the energy levels as-
narrowing using the Ramsey technique was observed bgociated with one particuld value in the ground state.
Gould[14]. Standard time-dependent perturbation theory was em-
This study was undertaken to predict the conditions undeployed, with a perturbation Hamiltonian,
which narrowing occurred in Ramsey patterns associated
with multiquantum transitions within the levels of a single H'=—p-Hy=0ruoF- Hy, )
hyperfine state. In the cesium=4 levels for example, this
narrowing effect would make the eight-quantum transitionwhere
eight times narrower than the single-quantum transition,
thereby increasing the precision by nearly an order of mag- H=H (coswt)X (4
nitude.
There is another advantage of multiquantum transitionénd whereu, is the Bohr magneton.
for electric dipole moment searches. The direction of the The nonzero matrix elements &f' are
moment, if it exists, is expected to lie alorg, so that a
multiquantum transition fronM ¢ to —M g would completely
reverse the orientation of the moment.

EZ+grmoMeH, .

)
<M|H’|M+1)=§ YmCOswt, (5)

METHOD FOR CALCULATING THE TRANSITION 5
PROBABILITY <M|H’|M—1>=§ Y- mCoswt, (6)
The method of calculation used here is an extension of the
technique used by Ramsg§y,8]; this extension allows both where
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OrpoH The equations for the,, are
=7 — (F-M)(F+M+1) (7
Y-F
wg _r—Qrw)— Blbg+ —be_,=0, 18
and whereM is an abbreviation foMg . [(wr —¢=ew) = Albr 4 P 18
In writing the equations of the perturbation theory, the

quantity coswt in Eq. (4) is normally broken into two terms, ™ B . Y- _
1e'“t and3e~'“!, only one of which will be resonant. One 4 bu 1+ [(om, = Q) = Bloy + 4 by -1=0,
discards the nonresonant term, because then the time depen-
dence is easily separated from the equations of the perturba- —-F<M<F (19
tion theory. However, the resonant and nonresonant terms
can exchange roles at the level crossings, which occur be- Y-F

. o o b g = b =0, (20

cause both static electric and magnetic fields are present. For 4
example, in thé==1 hyperfine levels of the thallium ground
state, the terms exid (Eo—E_DIf—wlt} and

expli[(Eg—E_ DI+ wlt} occur. The first will be resonant

and constitute an eigenvalue problem for eigenvajgesd
eigenvectordy, .

when £,>€_; and the second whe§,<€_;. This reversal
occurs at the level crossingee Fig. 2 In order to unam-
biguously select the resonant term, the quantitigand(}y,
are introduced:

Em+1—Em
—— Em+17& (8)
= |5M+1_5M| Mrim oM
1, &u+1=Ewm 9
M
Quir= > 7w, M=-F (10
M'=—F
Q_(=0. (11)

Then, writing the wave function in the usual form,

=27 [M)By(t)e 'u, (12
M
the equations of the perturbation theory are
CdBr v-f i _
|—dt =1 Br_ e {(7F-107epF-1)t (13
 dBy  ym i _
i T By €' (M@ M1t
+ % BMile_i(”M*lw_wM,Mfl)t'
—-F<M<F (14
CdB_g  y-r i _
| gt =g Bora€7FeEacPl (1)
where
wM'M,Z(EM—EM,)/ﬁ. (16)

The time dependence in the equation above can be r

moved by lettingB,, have the following form:
BM:bMei[(wM,—F*QMw)*ﬁ]t_

7

Here theby, are time independent.

A standard computer package was used to calculate the
eigenvalues and eigenvectors. There afet+2 of these,
which are called3, andb{¥, respectively, the indek dis-
tinguishing the various eigenvalues:F=k=F. Thus the
Bu(t) for the atoms leaving the rf region the first time at
timet are equal to

Bu= 2, cibjfelllom - lue)=Adt (22)
k

where the coefficientg, are chosen so that the boundary
condition, the atom is initially in the statel,, is satisfied.
That is,

; Cib= S, (22)

This is an inhomogeneous linear set of equations incthe
and so another standard package was used in the computer
calculation.

As the atoms move in the fountain up and down, outside
of the rf region, the quantitie8,, do not change. If the
atoms reenter the rf region at tinfe then

Bu(T)=Bwm(t) (23)
is the boundary condition defining coefficient§ that de-
scribe By, in the rf region the second time. This is also an
inhomogeneous set of linear equations, and the same stan-
dard package was used in the computer calculation.

Finally, when the atoms exit the apparatus at timet,
the By, have the value

Bu(T+1)=2, cibWellom—r=Que)=AdT+0 (24
k

and the transition probability is of course jus,(T+1)|2.

The results reported below apply to the center of the Ram-
sey pattern. For a multiple-quantum transition, the center fre-
quency is not the the difference between the energies of the
initial and final states divided by the number of the quanta.
&or example, th&1=F andM = —F levels are degenerate
in a static electric fieldwith no magnetic field presenand
a multiple-quantum transition between these levels does not
occur at zero frequency but rather at the average frequency
of the single-quantum transitions between these levels. This
criterion for the central frequency also works when only a
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FIG. 1. F=1 hyperfine levels of the ground state of thallium as E; tkv/cm)

a function of static electric field. The static magnetic field present is ) ) )
0.002 G. The level crossing in the figure is in fact an “avoided”  FIG. 2. Schematic of the Ramsey patterns in fivel thallium

crossing; in the presence of a nonzédg, the crossing does not 9round state. In thé region, the one-quantum and two-quantum

occur. The two-quanturMg=1—Mg= —1 transitions at low and Ramsey patterns are predicted to have the same spacing; in region
high electric fields are indicated by the arrows. D, the two-quantum transition is predicted to have a Ramsey pat-
tern twice as closely spaced as the one-quantum transition. The dots

static magnetic field is present, and was employed as th@nhclose the region where the period of the rf oscillations is greater
definition of the central frequency in all the cases betweent,han the time the atoms spend experiencing the rf field, so that the
where both electric and magnetic fields are present. The efptoms experience less than one cycle of the rf during their transit of

ergies associated with these frequencies are shown by ttf&her of the rf regions.

arrows in Figs. 1, 3, and 7. When the electric field is Smalltwo-quantum transitions should have the same spacing. This

the arrows connect exactly to thé-=F andM = —F lev- X
els, with the levels in between being somewhat out of resoStatement should be independent of whether the atoms have a

nance. When the electric field is large and the magnetic fiel&’rof”ld velocity d|strlpgtlon, such as was frue in Gould's ex
is nonzero, then the arrows connect exactly to kie=0 periment, or a negligible one, as in contemporary fountain

level, with the other levels being somewhat out of resonance?Xpe”memS' . . .
In these calculations, the rf amplitude was chosen in each

(And when the magnetic field is zero, then the arrows con- L "
nect exactly to thél .= F andM .= —F levels as well as to case to have the value that optimized the overall transition

the M =0 levels) probability at the _resonant freq'uency. Figure 2 is roughly the
Thg results reported below assumed tifieandt of 0.3 same, howev_er, if the rf amplitude is held constant; in this
and 0.005 s, respectively case the vertical boundary_ between theand S regions is
' ' ' shifted somewhat, depending on the value chosen for the rf
amplitude.
RESULTS FOR THALLIUM F =1 GROUND-STATE The values ofy, andgy employed werey, = —3.74x 108
LEVELS Hz/(V/cm) [14], g =0.3342.
The energies of thé@=1, | =1, F=1 thallium ground-state Because the relevant levels in thallium have a small value

levels in the presence of both electric and magnetic fields aréf F, namely,F=1, a calculation by hand was attempted,
shown in Fig. 1. The two-quantum transitions between thesince this was a very surprising result.

Mg=1 and—1 transitions in the low-electric-field and high- ~ When the static electric field is zero, the levels are equally
electric-field cases are indicated by the arrows. The leve$paced due to the magnetic field, and the eigenvafuesn
crossing shown is an “avoided” crossing; in the presence offe expressed in terms of two parametdrs:geuoH /2%,

a nonzercH , magnetic-field component, it does not occur. the rf power parameter, angl=3(w; ot wo 1)~ , the fre-

The results of the calculations are shown in Fig. 2. In theduency deviation parameter. The latter is the distance in fre-
region labeledD, the Ramsey oscillations are predicted toduency units from the center of the resonance pattern. When
show the behavior found by Gould, while in regi@ the ~ 7<I" then the three eigenvalugbare
Ramsey patterns for the one-quantum and two-quantum tran-
sitions Zh%uld have the sameqspacing. The bour?dary between B==T+n n TItn (29

these two regions is somewnhat diffuse and fills the SPaChen, ift<T, the transition probability at optimum rf power

between the dashed lines. ;
etween theM =1 and—1 levels is
Thus, when run at the conditions that were used by Goulé) F
[14] (namely,H,=1 G andE,=240 kV/cm), the program |IB_,(T+1t)|?=cod'yT/2 (26)

gave the same result that he found, namely, the oscillations

of the two-quantum Ramsey pattern were twice as closelgo that the spacing between Ramsey fringe&#4s=24/T.
spaced as those of the one-quantum transition. However, When the static electric field is nonzero, but not so large
when either the static magnetic or static electric fields werghat the level crossing is reachéske Fig. 1, the parameter
set to zero, the calculations predicted that this effect should=(w, _1—3w; ;)/2I" is introduced as a measure of how
be absent, that the Ramsey patterns for the one-quantum antich the equal spacing of the energy levels has been dis-
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torted by the presence of the static electric field. In fgég
directly proportional to the square of the electric field:

3oyE2 7
 2grmoHy”
When both{<1 and »<T’, the eigenvalueg@ are
B=-T(1-¢+3)+n n TQA+{+3)+7.
(28)
To lowest order in the transition probability is
) T
|B_1(T+1t)|?°=co¢ 7—?S|n277T (29

under the limitationg<<1, »<I', t<T. Also, corrections to
the optimum power condition due to the presence ofere
neglected.

4845

spacing of the Ramsey fringes should be fundamentally dif-
ferent in this region that in the previous one.

The hand calculation was carried out to lowest ordef, in
with the assumptiong<<1l, »<I', andt<T as before, with
the result that

[B_1(T+1t)|?=(1—2{%)cod %T (31

provided again that the corrections to the optimum rf power
condition due to nonzerpwere neglected. This result shows
that to order??, no change in the spacing of the Ramsey
fringes was found in this region, in agreement with the com-
puter calculations.

Thus these hand calculations showed that the basic fea-
tures of Fig. 2 in the restricted regiodsl, »<I', andt<T
could be explained: The change in spacing of the Ramsey
fringes in the upper region of Fig. 2 is due to the unequal

Thus as¢ increases, more closely spaced Ramsey fringe§eparations between the energy levels because of the pres-

are predicted, arising from the presence of thé sifi term.
Of course, for large, terms higher order ig will participate

ence of the electric field. Then, because of the reversal of the
resonant and nonresonant factors in the perturbation theory,

so this prediction is necessarily quite rough. But one mighf© such change occurs in the lower region of Fig. 2.
expect the more closely spaced Ramsey fringes to arise for a

¢ value somewhere between 0 and 1. Ngw; whenE, is
about 25 kV/cm, so the presence ofbaregion would be

RESULTS FOR CESIUM F =4 GROUND-STATE LEVELS

explained if its onset occurred in the neighborhood of this The energies of thd=3, | =, F=4 levels of the cesium
value. The computer calculation predicted the onset ofthe ground state are shown in FiggaBand 3b). Arrows indi-
region between 20 and 30 kV/cm, which is consistent withcate the eight-quantum transitidth-=4 to —4, both in low

this requirement.

and high static electric field. There are many level crossings,

The onset of this effect should not be abrupt, but since iall of which are “avoided” crossings.

depends offE 4, it should occur over a rather narrow electric-

The results of the computer calculations for these cesium

field region. Furthermore, the onset should be independent afansitions are similar to those for thalliurfGee Fig. 4. A

the value of the static magnetic field sintés independent

region S is present where the Ramsey patterns for the one-

of H,. These conclusions agree with the results of the comguantum and eight-quantum transitions should have the same

puter calculation.

spacing. This region includes both the axes. The eight-

The solid line in Fig. 2 indicates the position of the level quantum pattern was predicted not to be sinusoidal, however,
crossing in this state of thallium. The discussion above apbut should have markedly narrowed central peaks, as shown
plies to the region above this line. But below this line, all thein Fig. 5a).
two-quantum Ramsey patterns had the same spacing as theThen there is a central regiorM, where the eight-

single-quantum ones. The boundary betw&and D re-

quantum transition is predicted to have a much more closely

gions directly follows this line. This boundary is found both spaced Ramsey pattern than does rediorThe boundary
using the central frequency defined above and also using thsetween these two regions is more diffuse than in the thal-

frequencyw, /2. No frequency was found which gaveba
region below this line.

lium case.
The level crossings which occur at the lowest values of

This is also surprising behavior. Of course at the levelelectric field [see Fig. 8)] lie very close to the curved
crossing, some of the resonant and nonresonant terms deeundary in Fig. 4, but without a hand calculation, it is not

scribed in the preceding section change roles so{hat2

above the dashed line arfd;=0 below it. Again a hand

possible to determine which of these crossings plays a vital
role in defining the boundary. Because of the high valug of

calculation was done. The frequency deviation parametesind the large number of level crossings, a hand calculation

was 7=w—3(w; g+ @_1 o). And since theM =1 and—1 lev-

would be very difficult and was not attempted.

els are degenerate when the static magnetic field is zero, the The possibility of using regioM for high-precision ex-

distortion parameter wals=w, _,/2I". The eigenvalueg had
the values

K
2 )

P++3)-5

(30

“T(A-¢+39) -5, Ty,

provided both{<1 and »<I'. The » dependence contains a

periments involves the following difficulty: In regio8 the
dependence of the transition probability on the radio-
frequency amplitude showed a series of broad peaks which
would be straightforward to employ in experiments, while in
regionM the dependence consisted of many rapid, irregular
variations that would be much more difficult to us€See
Fig. 6)

The F=3 levels of the cesium ground state behave simi-

factor of 3, which is absent in Eq(28), suggesting that the larly.
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FIG. 3. F=4 hyperfine levels of the ground state of cesium as a (b) 2 y_yo 2 4
0

function of static electric field. The static magnetic field present is
0.0003 G. The level crossings in the figure are in fact “avoided”  FIG. 5. Predicted Ramsey patterns in the-4 hyperfine levels
crossings; in the presence of a nonzetp, the crossings do not of the cesium ground statéa) The eight-quantum Ramsey pattern
occur. The eight-quantumd -=4— Mg= —4 transitions at low(a) in region$S, for H,=1 G andg,=0. (b) The eight-quantum Ramsey
and high(b) electric fields are indicated by the arrows. pattern in regiorM, for H,=1 G andE,=300 kV/cm.

The values ofe, and gz employed weree, =—0.3659
X10~7 Hz/(V/cm) [14], gr=0.2504.

100 ' ‘ RESULTS FOR FRANCIUM F=3 GROUND-STATE
3 5 E LEVELS
!l - 5 ; : M The energies of thd=3, | =3, F=3 levels of the fran-
: : : cium ground state are shown in Figgaj7and 1b). Arrows
A indicate the six-quantum transitiol -=3 to —3, both in
2 102 = ; : low and high static electric field. There are many level cross-
2 : ; - ings, all of which are “avoided” crossings.
= : 3 The tensor polarizability of th&=3 ground-state levels
o~ 08 o boee- Tt in francium has not been measured, so an estimate was made
: 5 using the cesium tensor polarizability value. This estimate is
o4 L S shown in Fig. 8. TheS andM regions are defined just as in
E . | i , the cesiumF=4 case.
3 (kV/é(r):) The g value employed was 0.3336.
FIG. 4. Schematic of the Ramsey patterns in Ehe4 cesium CONCLUSION

ground state. In th& region, the one-quantum and eight-quantum . » . .
Ramsey patterns are predicted to have the same spacing; in region "€ multiquantum transitioM=F to —F is useful in

M, the eight-quantum transition is predicted to have a Ramsey pafXPeriments searching for an electron electric dipole moment
tern eight times as closely spaced as the one-quantum transitiofiNCe in such a transition the electric dipole moment of the
The dots enclose the region where the period of the rf oscillations i@tom, if it existed, would completely reverse in direction,
greater than the timethe atoms spend experiencing the rf field, so giving rise to the maximum possible effect on the energy.
that the atoms experience less than one cycle of the rf during their The motional magnetic fieldX E/c arising from the mo-
transit of either of the rf regions. tion of the atoms through the electric field is a major source
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FIG. 6. Dependence of the transition probability on rf amplitude0.0003 G. The level crossings in the figure are in fact “avoided”
for Ramsey patterns in the=4 hyperfine levels of the cesium crossings; in the presence of a nonzetg, the crossings do not
ground statefa) for the eight-quantum Ramsey pattern in reg&n  occur. The six-quantunM=3—Mg=—3 transitions at low(a)

for H,=1 G andE,=0; (b) for the eight-quantum Ramsey pattern and high(b) electric fields are indicated by the arrows.
in regionM, for H,=1 G andE,=300 kV/cm.

of systematic errors in electric dipole moment searches, be-
cause its effects are similar to those associated with an
atomic electric dipole moment. In a representation where the
guantization direction is taken to be along the electric field
this term would not be diagonal and hence would not directly 10°1
influence the energy, a desirable state of affairs. To give an
observable effect thexE/c term would need to combine
with some other off-diagonal effect, such as an interaction
with anx or y component of the static magnetic field; such a
combined electric-magnetic perturbation was discussed by
Player and Sandaf46]. In order to rule out such terms, one 1073 =
would like to have the static magnetic field either zero or at oo
least parallel to the static electric field. I

109

T

10-2 e

Hz (gauss)

U U P U
N

Thus one might plan to have the magnetic field in an E L ,
electron electric dipole moment search as small as possible, 100
but then the closely spaced Ramsey fringes giving the most E, kV/cm)
sensitivity would not be observed. As seen in Figs. 1, 4, and
8, these only occur at nonzero magnetic field. But if the FIG. 8. Schematic of the Ramsey patterns inftwe3 hyperfine
magnetic field is nonzero, then it must be very accuratelyevels of the francium ground state. In ti® region, the one-
parallel to the electric field if systematic< E/c errors are to  quantum and six-quantum transitions have the same spacing; in
be avoided. regionM, the six-quantum transition is predicted to have a Ramsey
pattern six times as closely spaced as the one-quantum transition.
ACKNOWLEDGMENT The dots enclose the region where the period of the rf oscillations is
greater than the timethe atoms spend experiencing the rf field, so
The author thanks Dr. Harvey Gould for suggesting thisthat the atoms experience less than one cycle of the rf during their
problem. transit of either of the rf regions.
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APPENDIX with the result
The method of Angel and Sanddds] was used to evalu- (p-E)N(p-E)={prp}¥-{EE} @ +{prp}?.{EE}?.
ate the energy of the-p-E Hamiltonian. It relies on second- (A5)
order perturbation theory, the first-order term being zero on o ) ]
parity grounds The scalar and tensor polarizabilitiesand ¢, are defined in
(0lp- Eln)(nlp-E|0) terms of these operators. In the case that the electric field is
p-En)Xnip- along thez axis, these definitions are
E=&Et+ . Al '
0 rgo 50_5n ( )

(F.F{pAp} @ {EE}O|F,F)=—1aEZ,  (AB)
With the definition
(F,F|{pAp}?-{EE}?|F,F)=—3aE2, (A7)

[n)n|
=2 S-E (A2)  where|F,F) is |F,Mg) with Me=F. In terms of reduced
" matrix elementsg, and ¢ turn out to be
the energy becomes -
£=E+(0|(p-E)\(p-E)|0) (A3) a -2 Fiies 18 (A8)
0 P P ' * v J2F+1
This expression is recoupled using the spherical tensor iden-
tity, 4 2F(2F—1) 12 2
a=——= (FI{pAp}=[F).
[AKD. BD][Ctk2). D(k2)] V6 | (2F+3)(2F+2)(2F +1)
(A9)
:; (—Dlatket Akl Cke (0. {BlkD (2} (K, Then the expression for the energygiven above can be

directly evaluated using the Wigner-Eckhart theorem, giving
(A4)  the result quoted in the second section of this paper.
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