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Applications of the complex geometric phase for metastable systems
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Garrison and Wright showed that upon undergoing cyclic quantum evolution a metastable state acquires
both a geometric phase and a geometric decay probability. This is described by a complex geometric phase
associated with the cyclic evolution of two states and is closely related to the two-state formalism developed
by Aharonovet al. Applications of the complex geometric phase to the Born-Oppenheimer approximation and
the Aharonov-Bohm effect are considered. A simple experiment based on the optical properties of absorbing
birefringent crystals is propose[51050-29476)06112-4

PACS numbes): 03.65.Bz

In quantum mechanics a state is defined up to an arbitrarijng towards the future and one evolving towards the past
phase. However, phase differences have physical meaningl1-13. In particular they showed that measured quantities
Therefore if a state evolves in such a way thatthat in the conventional one-state approach are real become
|4(T))y=e'"|¢(0)), the phase'® can be measured. The re- complex in the two-state approach. It has also been shown
markable property discovered by Berry in the case of adiathat measurements on metastable systems naturally fit into
batic evolution[1] and subsequently generalized by Aha-the two-state formalismhl4]. It is therefore natural that the
ronov and Anandaf@AA) to arbitrary evolutiof2] is that the  geometric quantity associated with the cyclic evolution of
phasee'® contains not only a dynamical term but also athe metastable states is described by the cyclic evolution of
purely geometric term, the Berry or AA phase, which de-two states and that it is complex.
pends only on the geometry of the circuit described by Garrison and Wrigh{GW) illustrated how the complex
|4(t)) in Hilbert space betweeh=0 andt=T. It is the = geometric phase arises in the case of an excited atom in a
holonomy acquired byi4(t)) when it is parallel transported cyclically varying laser field. The purpose of this paper is to
around the circuif3]. Explicitly it takes the form further analyze the properties of the complex geometric

phase and to propose several contexts of theoretical or ex-
. T perimental interest in which the complex geometric phase
¢" A= —iIn(p(0)[(T)) +i fo dt(y(t]ag(), (@) arises. In the Born-Oppenheimer approximation in the pres-
ence of metastable systems it can be realized as a complex
where the second term is the subtraction of the dynamicalector potential for the slow degrees of freedom. This could
phase. have applications when calculating the lifetime and energy

Berry’s and AA’s phase have been well verified experi-levels of excited electronic-vibrational-rotational spectra of
mentally in such diverse contexts as optics, NMR, and moinolecules. In the Aharonov-Bohm effect it gives rise to to-
lecular physics[4—7]. They have also surfaced in a wide pological decay probabilities in addition to the usual topo-
variety of theoretical contextg7]. Berry’s phase has been logical phase. Finally we suggest a simple experimental
generalized to cyclic evolution of degenerate stf8éandto ~ scheme in which to verify Garrison and Wright's complex
nonadiabatic evolutiof9]. geometric phase, which is based on the optical properties of

A generalization that has received little attention is Gar-absorbent birefringent crystals.
rison and Wright's(GW) application to metastable states Letus first recall Garrison and Wright's derivation of the
[10]. Garrison and Wright considered a metastable statéomplex geometric phase. The time evolution of a meta-
which undergoes cyclic evolution. They showed that if theStable system is
metastable system has not decayed during the Tintleen its .
state| #(T)) coincides with the original stafes(0)) up to a _ _-f
phase, Whi>Ch can as expected be decomposed >into a dynami-w(t)> exp( I odtHeﬁ) |#(0))+(decay products
cal and a geometrical term. However, a new feature arises in (2
this case, namely, the probability for the metastable state not
to decay during the cyclic evolution can also be decomposedhere Hq is the effective Hamiltonian, which acts on the
into a dynamical and a geometrical factor. This is describednetastable statgl5]. The most interesting situation arises
by a complex geometric “phase,” the real part of which when there are several coupled metastable states that are
corresponds to the geometric phase and the imaginary part teearly degenerate. For a review of some physical systems in
the geometric decay probability. The complex geometriowhich this occurs, segl6]. We shall denote the space of
phase is associated with the cyclic evolution of two statestmetastable states/. One can then consider thate; acts
contrary to the AA phase, which is associated with the cycliconly in H. The eigenvalues; of Hg; are complexwe shall
evolution of one state. suppose them nondegenepat€he left and right eigenvec-

Recently Aharonov and co-workers have shown how taors of Heg ({ di| wi=(i|Hesr and Herl #4i) = w;i| 7)) each
describe quantum systems in terms of two states, one evolferm a nonorthogonal basis dft. They obey the mutual
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54 APPLICATIONS OF THE COMPLEX GEOMETRIC PHASE ... 4771
orthogonality condition( ¢ ;) = &;;{ ¢i|¢;), which follows  alization of geometric phases to systems described by two
from the double equality (¢i|Henle)=wi(dily;)  states[11]. When the two states coincide one recovers the
= wi{$i| ;). Using this orthogonality condition we can ex- AA phase Eq(1).

pressHqg as The real part of¢g,, is the geometric phase and the
imaginary part yields the geometric decay probability. There
Hog= S [ i) i 3) is, however, an important difference between the real and

eff 4 @i (bil ) - imaginary parts of ¢gw. Indeed the geometric phase

[=Re(¢gw)] is defined only for cyclic evolution. On the
Let us now suppose thatle is slowly changing with ~other hand, the geometric decay probabilityIm(pcw)] is
time. The amplitude for the metastable state not to decay igefined even for noncyclic evolution. This is because the
the solution of the effective Schdinger equation decay probability is defined at all times. One verifies that the
i 9y ) =Heg(t)| ). We can decomposdey) into the basis of imaginary part of Eq(7) is a geometric quantity even for
instantaneous eigenkets noncyclic evolution since it is independent of the choice of
phase for ¢;| and|¢;) and it is independent of the reparam-

[t etrization of the path. In this paper we shall mostly consider
|¢>:Z ai(texp —i Odt“’i(t) | (1) the case of cyclic evolution for which the analogy with Ber-
ry's phase is closest.
Inserting this expression into the effective Salinger equa- For cyclic evolution, the integral in Ed7) is around a
tion and taking the scalar product witi;| yields contour, denoted, in the product;H®H, of the space of
metastable states. It can be reexpressed as the integral of a
(il o) t complex two-form over any surfac# with C as boundary
5tai+ai—:_2 ajeX[{ _|f dt(wj—wi))
(dil i) i 0 i
b =ff dx@A\dx°B,p, (8
X<¢i|5t1/fj> @ ew ac a
(diln)

_(dloa) (GubloN o)
For a sufficiently slowly varying Hamiltonian the right-hand (a=b). (9

B..=
_ ! _ an the T {elw) (ol)?
side of this equation can be neglectede discussion belgw
Thus if the initial statg(0)) coincides with the eigenstate Garrison and Wright illustrated this formula in a particular
|4), in the adiabatic limit the solution of the effective Schro case for whichpe,, could be interpreted as a complex solid

dinger equation is angle, in generalization of Berry’s result.
Let us return to the condition of validity of the adiabatic
|w(t))=ex;< i ftdtw) approximation in Eq(4). This is not straightforward because
: the right-hand side of Ed4) contains exponentially growing

. terms(since thew; are complex However, it was shown in
Xexp{ _f dt<¢i|07tl/fi>/<¢i|l/fi>)|¢/i(t)>- (5) [17] that in the t_:ase_of Hem_n_tlan I-_|am|Iton|ans_the ampli-
tude for nonadiabatic transitions is exponentially small.
) ) Since the formal expression for the nonadiabatic transitions
When Hert has evolved cyclically the second factor is ajg the same in both cases, the adiabatic approximation will be
purely geometric quantity associated with the cyclic evolu- 4jig provided Ref;—w;) is much larger than the other

tion of the metastable state: frequencies that appear in this problem.
. _ It is interesting to also consider the opposite limit wherein
o detM:'_fT (il degn) —(ondil i) the timeT it takesH ¢ to change cyclically is much less than
o (dilm) 2Jo (il |w;j— |~ (but T must nevertheless be long enough to en-

sure that the concept of an effective Hamiltonian remains
+adn( iV (1)) ®  Vaid at al times. Then Hys can be reexpressed as

. _ _ . Her= 02| i) ¢il/{ ¢i| ;). In this case the cyclic time evo-
The conditions y;(T))=|4i(0)) and(¢;(T)|=(¢;(0)| im- el @=il#i7 A GilTL Pl ¥
ply that the boundary term in the second equality vanisheé.u'[Ion is given by the operator

Further manipulation yields an expression &y, which is T R T
independent of the choice of phase in the definition of eXp(_ij dtHeﬁ>=ei‘”tTeX[(if th(t))
(i()| and|y'(1)): 0 0

i (i (0)]gi(T)) iJT (il o) — I il i)

Sow= g mIaon 2l T (alu

. (il o)
A(‘)"izj "”i>—<¢i|wi> (il (10)

(7) .
where T is the time ordering operatoA(t) is a “non-
This expression exhibits the symmetric role @b;| and  Hermitian non-Abelian gauge potential,” which generalizes
|4y and shows explicitly thatg,, is associated only with to metastable states the non-Abelian gauge potential found
the cyclic evolution of the two states and not with the struc-by Wilczek and Zed8] in the case of cyclic evolution of
ture of the effective Hamiltonian. Thus E() is the gener- degenerate states.
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We now consider several applications of the complexwherep is the charge per unit length of the charged line and
geometric phase. We first recall that the Berry phase wa$ is the angle around the axis in cylindrical coordinates.
originally introduced in the context of the Born- Consider the amplitude for the particle to go from
Oppenheimer approximation where it appears as a nontrivia?,;=(r,6,,2;) to P,=(r,,6,,z,) in time t. We express it
vector potential for the slow degrees of freedpt8]. In a  using the Feynman path integral and decompose the sum
similar way one can consider the Born-Oppenheimer apever paths in terms of the winding number of the path:
proximation for a system composed of rapid but metastable
particles coupled to a slow system. The total Hamiltonian for

such a system is K(PZvP:Lat):f D(x)eiSm)

2

P [ - ™ i
Her=5p7 + V(Q)+he(a,Q), (11 =gz Ty, KPPy e,

(16)

where g is the fast degree of freedom ad is the slow
degree of freedom. Ld/;(q,Q)) and(#;(q,Q)| be the in-
stantaneous eigenstates of the rapid Hamiltohigiq, Q).
Postulating a wave function of the form

|TYy=1xi(Q)) #i(q,Q)), one obtains foly;) the equation

where

Kp= D(x)e'S*#=0 (17)

fpaths with winding numbesn

1
N[P_Ai(Q)]Z"" Vi(Q) [Ixi) =il xi), (120 is the contribution of paths with winding number when

w=0. The factore'**" is the AC phase. It affects interfer-
ences between contributions with different winding number.

where(}; is the complex energy of the eigenstate and . .
! P 9y g Let us now turn to the case when the particle with mag-

1 (&3 (dildow)? netic moment is metastable. Suppose that there are several
Vi(Q)=V(Q)+ wi(Q)+ —( QT 1TTR 1, nearly degenerate metastable states. Then as before there is
2M L (i) (il ) an effective Hamiltoniarh!i*™ that acts in the space of
metastable states. The left and right eigenstateb!ff™
Ai(Q)=—i<¢i|&—Ql’lji>. (13 Will be denoted(s"||y") and their eigenvalues;. The
(il i) essential point in the derivation of the complex AC phase is

) ) ) ) that if the particle is in the eigensta|t¢§m) and if the cou-
The complex vector potentidi;(Q) that arises in this case pjing of the magnetic moment to external systems is suffi-

could have measurable effects on the lifetimes and energyany weak and slowly varying, then the effective value of
levels of excited electronic-vibrational-rotational molecularthe magnetic moment of the particle {the proof is given

stateq7]. _ , below, see als§14])
Among the most interesting problems that can be ana-

lyzed using the concept of geometric phase are the <¢int|lu|l//int>
Aharonov-Bohm(AB) [19] and Aharonov-CashéAC) [20] pm (18
effects. In this case the phases are purely topological, i.e., (oi1")

they depend only on the winding number of the trajectory. ,

We shall show that in the presence of metastable particle§his expression fop' is nontrivial if the magnetic moment
there is also a topological decay probability, i.e., a decaypperatoru does not commute withi ™ whereupor' can
probability that depends only on the winding number of thebe complex. If the conditions fqu to be effectively given by

trajectory. This feature arises because the AB or AC phaskq. (18) are satisfied, the amplitude for the particle to go

becomes complex in the presence of decaying particles.
Let us recall the AC effectfor reasons that will be dis-

from P, to P, and not to decay can be expressed in analogy
with Eg. (16) as

cussed below, this would be easier to realize experimentally

than the AB effect It consists of a particle with a magnetic

K(P,,P1,t, no decay= ei#z¢(%2~ fv/2m

moment moving in the presence of a charged line. The

charged line is taken along tteaxis. The Hamiltonian for
the particle ig 20]

H (14)

1 2
P AP V(r),

whereu, is the projection of the magnetic moment along the
z axis. In the cylindrically symmetric gaugr) takes the
form

al’:aZ:Ov (15)

xS KO(P,,Py,t)ei#ern.
" (19

As before there is a topological phase given éﬁ@e(”iz)f’”.
There is also a topological decay probability given by
e (ke which depends only on the winding number of
the path. In addition there is an overall geometric decay
probability e~ M(#2p(62-02)/27 \yhich depends on the angle
betweenP; and P, but is independent of the details of the
path betweerP; andP,.
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We now derive this result in a more rigorous fashion. Several remarks are in order. First, recall that whereas the
When the particle is metastable one must add to the Hamilgeometric phase is defined only for cyclic evolution, the geo-
tonian equatior{14) the effective Hamiltonian governing the metric decay probability is not. However, the decay prob-
internal state of the particle ability is topological even for noncyclic evolution since it

depends only on the end points of the trajectory and the

1 ) internal winding number, not on the details of the trajectory. Second,
Heti=5 [P+ 1N ]+ V(r) +he (200 note thata was taken in the cylindrically symmetric gauge.

As shown in[21] this is the simplest gauge to use when the

with a once more given by Eq15). Let us postulate a so- magnetic moment operator does not commute with the full

lution of the effective Schidinger equation of the form Hamiltonian. The analysis in other gauges is possible but

|\I,i>:Xi(r)|(/I:nt>efiwit. Inserting this ansatz into the effec- more co_mpllcated and necessitates the m?roductlon of non-
tive Schralinger equation and taking the scalar product Withconven'glonal commutation .r.elatl.ons. Third, in order to obtain
<¢gm| yields topological decay probabilities in the AB effect it would be

! necessary to take the solenoid to consist of one metastable

1 A particle. This is probably very difficult to realize experimen-
—idxi= 2—(p—M'Za)2+V(r) Xi» (21)  tally. (It is obviously impossible to have an effective com-
m plex electric charge since charge is a conserved quantity
We now consider howpg,, could be measured in optical
experiments. We recall that one of the simplest ways to mea-
2,212 1200 TN Q2 sure Berry’s phase is to pass polarized light through a coiled
(ea%am) (il el i) Bil ) = 12 optical fiber. The cyclic change in propagation direction of
One can further verify that nonadiabatic transitions are conthe lightimplies a cyclic change in polarization direction and
trolled by terms of the form hence a geometric phase that can be materialized as a rota-
tion of the direction of polarization of the light after exiting
(il md i) pil i) (a: p)/mle i(@imept from the fiber[4]. A simple generalization of this scheme
would be to use an optical fiber made up of absorbing dich-
and roic material. In such media the different polarizations are
, absorbed at different rates and therefore the polarization
(il 2| W) { dil i) (@[2m)e™ (@i ept, eigenstates are in general nonorthogdi2d]. The coils of
o the fiber will then give rise to a cyclic change in polarization
All these terms can be neglected when the particle is SUffIdirection and hence to a geometric phase and a geometric
ciently far from the line of chargéso thata is smal) and is  attenuation of the beam.

where we have neglected a term of the form

moving sufficiently slowly(so thatp is smal). It is then An alternative approach would be to change cyclically the
legitimate to replacg. by its effective valueu'. The solution  composition of the absorbing dichroic material through
for x; is then(in the WKB approximatioh which the light is passing. For instance, consider a beam of

polarized light that passes through vacuum and two different
absorbing dichroic crystala andB (note thatB could con-
sist of the same crystal a but rotated through an angle
#). If the beam passes successively through vacufm,
and one obtains a similar expression for the(kef| solution  yacuum,B, vacuum thenpg,,=0. However, if the sequence
of the effective Schidinger equationd(®i|=(®|Het. To  is vacuum,A, B, vacuum then the polarization eigenstates
make a connection with the geometric phase, consider thgescribe a nontrivial circuit anggy#0. A comparison of
case of cyclic evolution and insgi®;| and| W) into EQ.(7)  the two sequences allowsg, to be measured. In this ex-

(22

. r .
Xi= e"Ei‘exp{ i f (p+ uha)-dr

to yield periment the different interfaces play a similar role to the
successive reflections [b].
dow= fﬁ (p+pza)-dr=nuzp+ f]g p-dr, (23 | would like to thank Y. Aharonov, S. Popescu, and L.
Vaidman for very helpful discussions and comments about
wheren is the winding number of the trajectory. this work.
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