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In this paper we examine some effects of quantum interference on high harmonic generation. We demon-
strate in particular that preparing the initial state in a coherent superposition of bound states leads to a harmonic
spectrum with distinct plateaus with different conversion efficiencies. We show how this scheme may provide
a way of controlling the coherent output that is produced in an experiment.@S1050-2947~96!03611-6#

PACS number~s!: 32.80.Rm, 42.50.Hz

I. INTRODUCTION

While some aspects of harmonic generation are both theo-
retical and experimentally quite well understood, the way in
which the coherent radiation output can be controlled for
practical purposes is still a matter of debate. By controlling
harmonic generation we mean the possibility of modifying
the spectrum to our convenience, for example, by enhancing
only a narrow range of harmonics around a desired energy in
the total spectrum or extending the harmonic spectrum to
higher orders than the ones predicted by the well-known cut-
off law Ui13Up @1# ~whereUp5E2/4v2 is the ponderomo-
tive energy expressed in atomic units,v is the frequency of
the driving laser field, andUi refers to the ionization poten-
tial of the atomic state!.

The semiclassical model of harmonic generation@1,2# is,
in spite of its simplicity, correct in showing the importance
of the electron’s classical returning trajectories in the
harmonic-generation process. In particular, it suggests that it
should be possible to change the spectrum by modifying
these trajectories. Early work@3# using two different lasers
with commensurate frequencies interacting simultaneously
with an atom reinforces this idea. For that combination of
fields E1sin(vt)1E2sin(3vt1w), the plateau structure ex-
tends up toUi1kUp with k.3 ~hereUp still refers to the
ponderomotive potential of the fundamental field!. The value
of k is determined by the intensity of the fields as well as
their relative phase. The two-color field modifies the return-
ing trajectories and a classical analysis of those trajectories
once again gives an accurate prediction of the position of the
cutoff. Furthermore, when a second color is superimposed it
not only extends the spectrum to higher orders but also pro-
duces a clear enhancement~up to 2–3 orders of magnitude!
in the low-energy region of the spectrum~with energies be-
low Ui1Up) @4#. To our knowledge, however, it is not pos-
sible to enhance the higher-energy harmonics by modifying
the relative phase or the intensity ratio between both fields.
Achieving such a goal would require the selective injection
of electrons into the continuum only~or mainly! at those
times that correspond to returning trajectories with maximum
kinetic energy. At present this does not look as though it can
be straightforwardly achieved@5#.

It appears at first sight easier and more beneficial to
modify the classical aspects of the process, i.e., the recollid-
ing trajectories, than to modify the steps that deal with the

intrinsically quantum aspects of it. In this paper, however,
we shall demonstrate that more profound effects are pro-
duced when the ionization and rescattering events are modi-
fied. This can be achieved, for example, by tailoring the ini-
tial state to allow different paths in the recombination event.
If the initial state is prepared in a coherent superposition of
different bound states@6,7#, in which only the more loosely
bound state becomes ionized by the action of the field, the
harmonic spectrum contains two distinct set of harmonic pla-
teaus@8#. Our aim is to show how one may take advantage of
this feature~each plateau presents a distinct conversion effi-
ciency! to manipulate the harmonic spectrum.

The paper is organized as follows. In the next section we
shall introduce the model we use and discuss the main fea-
tures of the recombination event in terms of the values and
phases of the dipole matrices. In Sec. III we analyze the
dependence of the conversion efficiency on the initial states.
This aspect is further discussed in the Appendix. In Sec. IV
we shall demonstrate how to use these features to control the
harmonic generation. Finally, in Sec. V we discuss the fea-
sibility of the practical realization of the scheme we propose.

II. COHERENT SUPERPOSITIONS

Our results are based on quantum interference effects in
recombination via different states. We prepare the initial
state in a superposition of the ground stateug& and some
excited state denoted byue& with a fixed though arbitrary
phase difference between both states

C~r ,t !5$aug&1be2 ifue&% ~1!

(uau21ubu251). We shall takef50 to simplify the nota-
tion. The laser parameters (I andv) are chosen such that
only the excited state is depleted by ionization. We do this
because it is sufficient, and requires much lower intensities,
to promote the electron into the continuum from the excited
state. Since we aim to describe a rather general way of pos-
sible control over the harmonic emission, we perform our
calculations for a simple hydrogenic ion He1. At this point it
is worth pointing out that the results we present are not di-
rectly related to the structure of the atomic potential and
therefore can be straightforwardly extended to any type of
ion or atom.
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In a previous paper@8# we demonstrated that the har-
monic spectrum obtained from an initial state similar to the
one mentioned in Eq.~1! consists of two distinct plateaus.
We can see why this should be so by splitting up the various
contributions to the dipole acceleration for the coherent su-
perposition as

d̈~ t ![^C~r ,t !uz̈uC~r ,t !&

5^cg~r ,t !uz̈ucg~r ,t !&1^ce~r ,t !uz̈uce~r ,t !&

1^cg~r ,t !uz̈uce~r ,t !&1c.c. ~2!

The first two terms on the right-hand side of Eq.~2! are
simply the dipole accelerations one would obtain starting in
the ground and excited states, respectively. The third term
can be thought of as an interference between the two parts of
the solution. If we assume that the ground state is not de-
pleted and the excited state is not coupled to any other bound
state during the pulse, we can write the time-dependent wave
functions of the ground and excited states in the form

ucg~r ,t !&5ae2 iUgtug&,

uce~r ,t !&5b~be~ t !e
2 iUetue&1E dcbc~ t !e

2 iU ctuc&). ~3!

Herebe(t) andbc(t) are the time-dependent amplitudes of
the excited and continuum states and we have factorized out
the energy dependence of the bare states~atomic units are
used throughout! @9#. That means that only the last two terms
of Eq. ~2! will contribute to the harmonic generation, and
since continuum-continuum transitions have no significant
influence to harmonic generation, we can rewrite the relevant
contributions to the acceleration as

^ce~r ,t !uz̈uce~r ,t !&5ubu2E dcbe* ~ t !bc~ t !^euz̈uc&ei ~Ue2Uc!t

1c.c., ~4!

^cg~r ,t !uz̈uce~r ,t !&5a*bS be~ t !^guz̈ue&ei ~Ug2Ue!t

1E dcbc~ t !^guz̈uc&ei ~Ug2Uc!t D1c.c.

~5!

An inspection of the above equations show that if the ioniza-
tion of the excited state is small, at least in one optical cycle,
the time-dependent integrals of Eqs.~4! and ~5! differ only
by a factorei (Ug2Ue)t. In other words, the third term in the
dipole acceleration gives rise to a similar plateau to the sec-
ond term, but shifted in energy by an amount equal to the
gap between the ground and excited energies. This is the
second plateau observed in the harmonic spectra.@The term
proportional to^guz̈ue& in Eq. ~5! simply corresponds to the
transition between the initial states of the superposition. If
both states share the same parity, this term is equal to zero;
otherwise, the spectrum will contain a peak corresponding to
this transition.# We can gain further insight into our
interpretation of these expressions by comparing the
spectrum obtained directly from the dipole acceleration

^C(r ,t)uz̈uC(r ,t)& with the spectra obtained by projecting
the dipole acceleration@10# onto the ground and excited
field-free states, respectively, i.e.,

d̈~ t !pg5^C~r ,t !ug&^guz̈uC~r ,t !&

5a!bS be~ t !^guz̈ue&ei ~Ug2Ue!t

1E dcbc~ t !^guz̈uc&ei ~Ug2Uc!t D , ~6!

d̈~ t !pe5^C~r ,t !ue&^euz̈uC~r ,t !&

5ubu2E dcbc~ t !be~ t !^euz̈uc&ei ~Ue2Uc!t. ~7!

In Fig. 1 we show the harmonic-generation spectrum
computed numerically from the dipole acceleration
^C(r ,t)uz̈uC(r ,t)& ~full line! alongside the spectra
obtained numerically from the dipole
projections ^C(r ,t)ug&^guz̈uC(r ,t)& ~squares! and
^C(r ,t)ue&^euz̈uC(r ,t)& ~full dots!. The figure clearly shows
that the projection onto the ground state is mainly respon-
sible for the second~higher-energy! plateau, while recombi-
nation into the excited state gives the main contribution to
the first one. Figure 1 also shows that the projection onto the
ground state also gives a contribution to the first plateau and
therefore some interference between both contributions is
present. Finally, projecting the dipole acceleration onto any
other atomic bare state produces a harmonic signal several
orders of magnitude smaller than those shown in Fig. 1.

To fully understand the underlying physics of the har-
monic generation starting from a coherent superposition we
need a more complete description of the process than the one
provided by the dipole projections. It is important to keep
track of the fact that only those states that remain populated
during the pulse will contribute to the harmonic generation.

FIG. 1. Harmonic-generation spectra from the He1 ion at
I51.1531014 W/cm2 andv50.042 a.u. (l51 mm! starting from
a coherent superposition of the ground and the first excited state
(2s) with equally weighted populations (1/A2)(ug&1u2s&) ~solid
line!. Full dots correspond to the harmonic spectrum computed
from the dipole projection onto the excited state and the squares
correspond to the dipole projection onto the ground state.~The
pulse lasts 16 cycles and is linearly ramped in the two first cycles.!
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It is, after all, a coherent dipole transition between the con-
tinuum and the bound state that produces the emission@11#.
A bound-state amplitude is therefore a critical element of the
phase-locked dipole amplitude needed for coherent
harmonic-generation. To see this point more clearly we need
to invoke the periodicity of the harmonic-generation process
@12,13# as well as the phase of each harmonic~relative to the
fundamental! in the dipole acceleration@13–15#. We shall
use now the terminology of the semiclassical recollision
model, although the analysis of the process will be purely
quantum mechanical. We assume that in the tunneling re-
gime a wave packet is produced in the continuum every half
a laser cycle. In the conditions we have considered the con-
tinuum wave packet is only due to ionization from the ex-
cited state. We can characterize each single continuum wave-
packet function in the form

C f~r ,t !5C f0~r ,t !exp~2 iU et i !, ~8!

whereC f0 is identical for each wave packet created along
the whole pulse and there is a phase that keeps track of the
phase of the excited state at the time such wave packet was
created. Each wave packet is then driven by the laser field
and scatters off the core emitting a short burst of radiation.
To simplify the description of the tunneling and recollision
event, we do not consider here the spreading of the wave
packet along one recollision nor the effects due to multiple
recollisions with the core by the same wave packet. We shall
rather focus on the dynamics of single recollisions along the
whole pulse@13#. As we previously saw, the coherent part of
the radiation emitted comes from the induced dipoles be-
tween the continuum wave packet and each bound state of
the initial superposition. We shall analyze each of them sepa-
rately. In the recombination event, characterized by a time
t r , the induced dipole between the continuum wave packet
@Eq. ~8!# and the excited state will acquire a global phase
factor exp@iUe(tr2ti)#5exp(iUetc), where tc is simply the
time between the wave packet is created and recollides, in
other words, the recollision period. Equivalently, the induced
dipole between the continuum wave packet and the ground
state will acquire a global phase exp@i(Ugtr2Ueti)#. In this
case, the phase can be factorized as exp(iUetc)exp(iVtr),
whereV5Ug2Ue , that is, a constant phase plus a time-
dependent phase factor. Due to the periodic nature of the
driving field, the overall process of escape and recollision is
repeated every half a cycle. Because successive wave pack-
ets are created and therefore recombine at intervals
t l5T/25p/v, each successive burst of radiation due to re-
combination into the ground state differs from the recombi-
nation into the excited state by a phase factor exp(iVtl). The
effect of this phase factor is to shift the harmonic peaks in
the second plateau byV, and unlessV corresponds exactly
to an odd number of laser photons, they no longer occur at
the harmonic frequencies.

III. CONVERSION EFFICIENCIES

For an atom initially in the ground state irradiated by a
single laser field, the height of the plateau is found to be
proportional to the ionization rate, with a system-dependent
proportionality constant@10#. The effect of the depletion of
the ground state in the harmonic efficiency has been ana-

lyzed in some detail by Lewensteinet al. @14#, showing how
the ground-state depletion modulates the harmonic strength.
Although in our case the harmonics in each plateau are due
to the same recolliding wave packet, it is only the excited
state that becomes depleted. The depletion rate can be simply
thought of asube(t)u2;e2gt, whereg is the ionization rate.
Such an approach allows us to introduce the effect of the
depletion on the conversion efficiencies straightforwardly.
However, for our choice of initial state, efficiencies clearly
depend also on the weightsa andb of the initial preparation,
as shown in Eqs.~3! and ~4!. As the power spectrum is
proportional to the square of the dipole acceleration, the first
plateau~we denote it asSe) scales asubu4, while the second
one (Sg) scales asuau2ubu2. It is worth noting that since the
second plateau scales asuau2ubu2, the maximum conversion
efficiency occurs fora5b51/A2. However, even for an
equally weighted initial superposition (a5b), Sg is clearly
more intense than theSe . The reason for this is the distinct
strength of the dipole amplitudes^guz̈uc& and ^euz̈uc& con-
tributing to each plateau. Rather than evaluating these matrix
elements, we are interested in their ratio, i.e.,
^guz̈uc&/^euz̈uc&. For relatively low-order harmonics we can
obtain a reasonable estimate of this quantity using the bare
atomic states and Coulomb wave functions for the bound and
continuum states, respectively, and assuming that the accel-
eration can be approximated byz̈.2]Vc /]z, whereVc de-
notes the Coulomb potential. To simplify the analysis we
further assume both states of the initial superposition (ug&,
ue&) to be ins states, so that the only contribution from the
continuum comes from the states with angular momentum
l51, i.e., uck,l51&. One should note that if the energy of the
continuum state is large compared to the binding energies of
the atomic states, i.e.,k2/2@Ue ,Ug , the continuum states
can be approximated by plane waves and the ratio between
the matrix elements involved in the coherent superposition
behaves then asz^guz̈uck,1& z/ z^euz̈uck,1& z→n3/2, wheren is the
principal number of the excited state@16#. This result, how-
ever, cannot be used in the present case. This is because
when the relevant continuum states have energies close to
the threshold, i.e.,k2/2<Ue , and therefore the ratio between
matrix elements has to be calculated using exact Coulomb
wave functions, it then behaves more closely to
z^guz̈uck,1& z/ z^euz̈uck,1& z→n5/2. It is, of course, in that region
that the lower harmonics of each plateau are produced. From
the initial-state amplitudes, the distinct dipole strengths and
the depletion of the excited state we can derive a ratio for the
plateaus’ conversion efficiencies

Sg
Se

'2
~12e2gT!

~12e22gT!

uau2

ubu2 SUg

Ue
D 5/2, ~9!

where in the case of small ionization theg prefactor reduces
to 1, whereas for a complete depletion it reduces to a factor
2.

In the Appendix we show that the same result is also
obtained in the limit wherek2/2@Ue ,Ug . In such a case we
use the strong-field approximation of Ref.@14# to calculate
the ratio ~9!. Both of these results suggest that the relation
~9! holds always in practice, in excellent agreement with our
numerical observations.
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IV. RESULTS

So far we have demonstrated that different plateaus can
be generated by a purely quantum interference effect in the
recombination process. We shall now focus more specifically
on the issue of controlling the radiation output. It is impor-
tant to keep in mind that the recolliding wave packet deter-
mines the overall shape of the harmonic structure and since
both plateaus are generated by the same single wave packet
they share the same structure. In other words, they both ex-
tend up to 3Up presenting the same structure, but the second
plateau is shifted byV; the energy gap between the states of
the initial superposition. As a consequence, both plateaus
will overlap only if 3Up.V; otherwise the total spectrum
will consist of two well-separated sets of harmonic peaks.

To check the dependence on the binding energies as well
as on the population weightsuau2 and ubu2 of the initial
superposition, we solve numerically the time-dependent
Schrödinger equation for different cases. For example, the
results presented in Fig. 1 are obtained for an equally
weighted superpositionuC(r ,t50)&5(u1s&1u2s&)/A(2 ir-
radiated by a 1mm wavelength laser at a peak intensity of
1.531014 W/cm2. The intensity we use is above the satura-
tion intensity~the excited state is completed depleted before
the end of the pulsegT'1) for this wavelength and pulse.
For this choice of laser parameters the predicted cutoffs for
Se andSg are approximately at the 62th and 96th harmonic
orders, respectively, and 3Up51.98.Ug2Ue (51.50), so
the second plateauSg overlaps with the first oneSe . Because
the initial condition corresponds to an equally weighted su-
perposition, the efficiencies according to Eq.~9! depend only
on the ratio between the binding energies
2(Ug /U2s)

5/2.32, in good agreement with the numerical
results.

To test the relevance of the dipole strengths we now
modify the initial state to be uC(r ,t50)&
5(u1s&1u4s&)/A(2, where again ground and excited states
initially have the same amplitude. The laser field parameters
are chosen such that we reach the saturation intensity for the
excited state, i.e., v50.020 a.u (l52 mm! and
I58.7531011 W/cm2. For this case 3Up50.355!V51.88
and the plateaus are therefore clearly separated, as shown in
Fig. 2. Given the ratio between the binding energies for this
case, we expect a factor of 23(Ug /U4s)

5/2

.23(4)5.23103 between the conversion efficiencies. The
numerical simulations once again show good agreement with
this scaling law. As a final case, we repeat the previous cal-
culation but modifying the initial-state amplitudes so
a57b. The scaling law of Eq.~9! predicts now a difference
in intensity between both plateaus of 2(a/b)2(Ug /Ue)

5/2

'105. The numerical results are displayed in Fig. 3. It is
easier to compare the relative height of the plateaus by using
the spectra obtained from the dipole projectionsPpg and
Ppe instead of the dipole acceleration itself. In these~Fig. 4!
we observe that the harmonic set corresponding to recombi-
nation into the excited state is almost entirely hidden by the
background of the second plateau and, in fact, the second
plateau is approximately 105 times more intense than the first
one.

The above examples show the versatility of the scheme
we propose for controlling the harmonic generation. It is

important to point out that the intensities we have used in the
simulations correspond to rather weak lasers. For instance, it
would not be possible to generate harmonics up the order
100 ~with l51 mm! from the ground state of the ion He1

~Fig. 1! unless it is irradiated with very high intensities~up to
1016 W/cm2) and even in such a case the effect of the turn
on of the pulse will smear out any harmonic structure gen-
erated@17#. Although in the examples we have used the ex-
cited state shares the same parity of the ground state, this is
not an essential condition. The same effects will be present if
the excited state has an angular momentuml>0. The reason
for this is that the continuum is highly degenerate in angular
momentum states and many transitions from an energy level
of the continuum back to states with different angular mo-
mentum are therefore allowed.

V. PRACTICAL REALIZATION

The main difficulty in the experimental realization of the
scheme we propose arises from the coherence condition on
the initial preparation, that is, the requirement that all atoms
must have the same phase in the initial superposition

FIG. 2. Harmonic-generation spectra from the He1 ion at
I58.731011 W/cm2 andv50.02 a.u. (l52 mm! starting from a
coherent superposition of the ground and the fourth excited state
(4s) with equally weighted populations (1/A2)(ug&1u4s&). ~The
pulse lasts 16 cycles and is linearly ramped in the two first cycles.!

FIG. 3. Same parameters as in Fig. 2, but now with an initial
stateC(t50)5(1/A50)(7ug&1u4s&), i.e.,a57b.
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(ug&1eifue&). This is necessary in order to obtain a coherent
N2 enhancement, whereN is the number of atoms in the
sample. As we showed above, the second plateau is gener-
ated because the dipole amplitudes of the transitions corre-
sponding to recombination into the ground state differ by a
phase exp(iVtl)exp(if) from the dipole amplitudes corre-
sponding to recombination into the excited state. If different
atoms have different phases in the initial superposition the
interference coming out from the different atoms will sub-
stantially reduce any contribution to the second plateau. For
the same reason, in order to have a second plateau the precise
value of this phase is not important as long as it is shared by
all the atoms. Although there are several well-established
techniques for preparing coherent superpositions~e.g., adia-
batic transfer andp/2 pulses!, they may not be suitable in
cases where the energy gap between the two initial states is
large, as it is in our case.

Recently, Ve´niard et al. @18# have shown that two-color
multiphoton ionization of atoms can be driven using a strong
low-frequency laser field along with one of its~weaker!
high-order harmonics simultaneously. We can, in principle,
apply a similar procedure to prepare the initial coherent state,
but using now only a low-intensity harmonic pulse that
matches the energy gap between the ground and the desired
excited state. In this way we can transfer population from the
ground to the excited state with a single-photon Rabi transi-
tion. In theory, one could also prepare the initial superposi-
tion by means of multiphoton Rabi transitions; however, that
should require much higher intensities than in the single-
photon Rabi case. Once the initial state has been prepared, a
second low-frequency, relatively-low-intensity laser is used
to ionize the excited state, hence producing the two set of
harmonics.

We should remember that the initial preparation has to be
achieved before the population in the excited state starts to
ionize. Ions with large binding energies are the best candi-
dates to fulfill these conditions. We have done some numeri-
cal simulation of the preparation of the initial superposition
with this technique. The following case is just an example. In

our simulation we first irradiated He1 with KrF (v50.19
a.u.! at intensitiesI5831014 W/cm2. At this intensity the
depletion of the ground state is negligible and very few har-
monics are produced. The seventh harmonic pulse with pho-
tons of energy 1.4 a.u~38 eV! is ~after the fundamental has
been already switched off! used to pump population from the
ground to the 2p state (uUg2Ueu540.8 eV; in our numerical
results this energy gap happens to be of 38.5 eV!, creating,
therefore, the coherent superpostion. The intensity of the
seventh harmonic pulse is kept fixed at 831010 W/cm2, i.e.,
four orders of magnitude below the laser field intensity,
which is a reasonable assumption. Finally, a second very-
low-frequency laser (v250.042,l51 mm! with a moderate
intensity (I 251.531014 W/cm2) is used to ionize the ex-
cited state, producing the two sets of harmonics. The results
of the simulation are shown in Fig. 5. The inset shows the
time-dependent population of the corresponding excited
state. Att50 the atom is initially in the ground state; when
the harmonic field is switched on a Rabi flopping between
1s and 2p takes place. When approximately 3% of the popu-
lation is in the excited state we switch on the low-frequency
field (v2, I 2), which ionizes the excited state, producing the
two sets of harmonics. The harmonic spectrum shows the
main features previously pointed out: a second set of har-
monics starting at the energy gap between the excited and
the ground state (V51.4 a.u533v2) that extends up to
3.2U2p1Ug ~around the 91th harmonic!. One should note
that even for such a small population in the 2p state, the
interference effects are clearly present.

VI. CONCLUSION

In this paper we have presented some effects related to
quantum interferences in strong atom-laser interactions. In

FIG. 4. Conversion efficiency comparison between the plateaus
corresponding to the parameters of Fig. 3 by using the dipole pro-
jections spectra@see Eqs.~6! and~7!#. The scaling law displayed in
Eq. ~9! predicts for this case a conversion efficiency factor of 105

between both plateaus. The results obtained numerically are in a
very good agreement with such scaling law.

FIG. 5. Inset: Time-dependent population of the~2p) excited
state. In the simulation the seventh harmonic of a KrF laser
(v50.19 a.u.! operating at 831014 W/cm2 is used to transfer
population from the ground state to the 2p state~the intensity of the
harmonic is kept fixed at 831010 W/cm2). Immediately after the
coherent superposition has been created a second laser
(v250.0420 a.u.,I 251.531014 W/cm2) is switched on to ionize
the excited~2p) state. In the main figure the corresponding har-
monic spectrum is shown with a strong peak at the transition energy
gap plus a set of harmonics corresponding to recombination back to
the ground state.
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particular we have shown that modifying the ionization and
recombination events induces dramatic changes in the har-
monic spectrum. For instance, if the initial state is prepared
as a coherent superposition of different bound states, the
harmonic-generation spectrum is composed by different pla-
teaus with different conversion efficiencies. Our aim has
been to control the harmonic spectrum by means of this fea-
ture. Although the scheme we present is very simple and has
great versatility, we consider it just a first step in the control
of harmonic generation. We want to stress here that our
method does not allow one to generate shorter harmonic
wavelength than the ones obtained directly from the ground
state of the atom or ion~the cutoff will always be at
Ug13Up). It does, however, require much weaker intensi-
ties than in the later case, and the signal corresponding to
transitions back to the initial state are greatly enhanced com-
pared to the case in which all the population is initially in the
ground state. Finally, we have discussed the practical real-
ization of our scheme, showing that by means of a single
field and one of its harmonics it is possible to prepare the
initial coherent state.
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APPENDIX: OTHER ESTIMATES
OF CONVERSION EFFICIENCIES

It is possible to generalize the approach of Ref.@14# ~see
also @19,20#! to the case when initially the ground and ex-
cited states have nonvanishing probability amplitudesa and
b and only the excited state is essentially depleted. The gen-
eralization is straightforward when there is no coupling of
these bound states other than via the continuum. One can
then follow the lines of@19# and derive the expression for the
relevant parts of the time-dependent dipole moment

dpe~ t !5 i ubu2e2gtE
0

t

dt8E d3pWde* @pW 2AW ~ t !/c#

3exp@2 iS~pW ,t,t8!#E~ t8!de@pW 2AW ~ t8!/c#1c.c.

~A1!

In this expressionde@pW 2AW (t)/c# is thez component of the
field-free dipole transition matrix element between the
excited state and the continuum state characterized by
the velocityvW 5pW 2AW (t), pW denoting the canonical momen-
tum, AW (t)5@0,0,A(t)# the vector potential, andE(t)
52(1/c)]A(t)/]t is the electric field. Finally,S(pW ,t,t8) is
the quasiclassical action, describing the motion of an elec-
tron moving in the laser field with a constant momentum
pW ,

S~pW ,t,t8!5E
t8

t

dt9S ~pW 2AW ~ t9!/c!2

2
1UeD . ~A2!

Note that damping rate of the part of the dipole moment~A1!
is equal to the depletion rate of the population the excited
stateg.

Similarly, we obtain

dpg~ t !5 ia*be2 i ~Ug2Ue!t2gt/2E
0

t

dt8E d3pWdg* @pW 2AW ~ t !/c#

3exp@2 iS~pW ,t,t8!#Ez~ t8!de@pW 2AW ~ t8!/c#1c.c.

~A3!

Herede@pW 2AW (t)/c# is the correspondingz component of the
field-free dipole transition matrix element between the
ground state and the continuum. Note that this part of the
dipole moment is damped as the probability amplitude of the
excited state, i.e., with the rate half that of~A1!. Note also
that above expressions are, strictly speaking, only valid in
the tunneling limit, i.e., whenUp>Ue ,Ug .

To obtain the harmonic spectrum we have to calculate the
Fourier transform of the second time derivatives of the above
equation. A good estimate of the fivefold integral over
t,t8,pW can be obtained using the method of stationary phase
@20#. To do that we replace the integral by a sum of contri-
butions corresponding to stationary points of the Legendre-
transformed quasiclassical action

S~pW ,t,t8!2Kt ~A4!

in the case~A1! and

S~pW ,t,t8!2~K82Ug1Ue!t ~A5!

in the case~A3!, whereK andK8 denote the corresponding
harmonic orders.

To compare the plateau levels we take
K85Ug2Ue1K. That means that the same electron trajec-
tories provide the stationary points of the actions~A4! and
~A5!. As a result we obtain

Sg
Se

.2
uau2

ubu2U dg@pW 2AW ~ t !/c#

de@pW 2AW ~ t !/c#
U2SK8

K D 4, ~A6!

where the field-free dipole moments are calculated at the
stationary points, i.e., for the continuum state corresponding
to the electron returning to the nucleus at timet with the
appropriate velocitypW 2AW (t)/c. The factor 2 in above for-
mula comes, as in Eq.~9!, from the fact thatdpe(t) is
damped twice as fast asdpg(t), whereas the last factor in
~A6! is a consequence of the second time derivative.

To proceed further we limit our attention to the case when
the kinetic energy of the returning electronk2/2
5@pW 2AW (t)/c#2/2 is much larger thanUe ,Ug . In particular
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we consider the harmonics at the end of the plateaus,
K.3Up1Ue andK8.Ug13Up . In such a case the field-
free matrix elements can be calculated using the plane waves
as the continuum states@16#

de,g~pW !5 i
27/2~2Ue,g!

5/4pz

~pW 212Ue,g!
3
. ~A7!

From the stationary point equation for the action~A4!,
](S2Kt)/]t50, we obtain

@pW 2AW ~ t !#212Ue52K, ~A8!

so that

Sg
Se

.2
uau2

ubu2 SUg

Ue
D 5/2S KK8D

2

. ~A9!

Note that in the considered case the two plateaus overlap
(3Up.Ug2Ue) and K.K8, so that the expression~A9!
becomes, in fact,

Sg
Se

.2
uau2

ubu2 SUg

Ue
D 5/2. ~A10!

In this way we recover the expression~9! in the limit oppo-
site the one considered in Sec. III. This suggests strongly that
the result~A10! is universally valid.

@1# J. L. Krause, K. J. Schafer, and K. C. Kulander, Phys. Rev.
Lett. 68, 3535~1992!.

@2# P. B. Corkum, Phys. Rev. Lett.71, 1995~1993!.
@3# S. Watanbae, K. Kondo, Y. Abekawa, A. Sagisaka, and Y.

Kobayashi, Phys. Rev. Lett.73, 2692~1994!.
@4# M. Protopapas, A. Sanpera, P. L. Knight, and K. Burnett, Phys.

Rev. A 51, R2527~1995!.
@5# In a recent paper@P. Antoine, A. L’Huillier, and M. Lewen-

stein, Phys. Rev. Lett.77, 1239~1996!# it has been shown that
the macroscopic~i.e., propagated! harmonic signal consisting
of several high harmonics is locked in phase and appears in a
form of an attosecond pulse train. By combining such train of
pulses with the fundamental field and shifting it appropriately
in time, it is indeed possible to enhance an electron injection to
the continuum at certain times@P. Antoine, P. Salie`res, M.
Lewenstein, M. Gaarde, and A. L’Huillier~unpublished!#.

@6# F. I. Gauthey, C. H. Keitel, P. L. Knight, and A. Maquet, Phys.
Rev. A 52, 525 ~1995!.

@7# S. E. Harris, Phys. Rev. Lett.62, 1033~1989!; P. Mandel and
O. Kocharovyskaya, Phys. Rev. A47, 5003~1993!.

@8# J. B. Watson, A. Sanpera, X. Chen, and K. Burnett, Phys. Rev.
A 53, R1962~1996!.

@9# Note that such a factorization makes sense for the bound
states, since they are not strongly modified by the field. On the

contrary, in general, it cannot be applied for the states in the
continuum.

@10# J. L. Krause, K. J. Schafer, and K. C. Kulander, Phys. Rev. A
45, 4998~1992!.

@11# P. B. Corkum, Opt. Photon. News18, 1 ~1995!.
@12# M. Protopapas, D. Lappas, C. H. Keitel, and P. L. Knight,

Phys. Rev. A53, 2933~1996!.
@13# J. B. Watson, A. Sanpera, K. Burnett, and P. Knight~unpub-

lished!.
@14# M. Lewenstein, Ph. Balcou, M. Y. Ivanov, A. L. L’Huillier,

and P. B. Corkum, Phys. Rev. A49, 2117~1994!; M. Lewen-
stein, P. Salie`res, and A. L’Huillier, ibid. 52, 4747~1995!.

@15# C. Kan, C. E. Capjack, and R. Rankin, Phys. Rev. A52, R4336
~1995!.

@16# H. A. Bethe and E. E. Salpeter,Quantum Mechanics of One
and Two Electron Atoms~Plenum, New York, 1977!.

@17# J. B. Watson, A. Sanpera, and K. Burnett, Phys. Rev. A51,
1458 ~1995!.
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