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Using a complex basis-set expansion of the electronic wave function, we have calculated the induced shifts
and widths of the first few electronicS levels of the H2

1 molecular ion in the presence of a dc field, over a
range of internuclear separations. We have also calculated, through orderv2, the shifts and widths of the 1s
and 2p levels ~we use the field-free united-atom-limit quantum numbers! when an ac field of low frequency
v is present. In accord with Zuo and Bandrauk@Phys. Rev. A52, R2511~1995!#, we find that the 2p ionization
width exhibits peaks as the internuclear separation is increased. We attribute these resonances to the mixing of
the 2p state, which is localized in the higher well of the double-well electronic potential, with energetically
nearby highly excited states that are localized in the lower well; over-the-barrier ionization from the lower well
can proceed without the impediment of backscattering of the electron from the hump between the wells.
Finally, we have calculated shifts and widths of various vibrational levels of the electronic ground state and the
threshold intensities for dissociation of H2

1 from some of these vibrational levels. We compare our results
with the threshold intensity measured by Ilkovet al. @Phys. Rev. A 51, R2695 ~1995!# at the
CO2 laser wavelength.@S1050-2947~96!01411-4#

PACS number~s!: 33.80.Rv, 33.80.Eh, 33.90.1h

I. INTRODUCTION

The breakup of an atomic or molecular system by strong
low-frequency radiation is similar, in many circumstances, to
breakup by a static electric field. The notion of tunneling in
the presence of a slowly oscillating field was validated many
years ago by Keldysh@1#, who, in a seminal paper, calcu-
lated the modification to the formula for the tunneling rate
arising from the oscillations of the field. However, tunneling
is a quantum-mechanical phenomenon, and if the deBroglie
wavelength of the active fragment of the system is extremely
small compared to the width of the barrier through which
this fragment must tunnel, the rate for breakup by tunneling
is negligible. Therefore, while a molecule in the presence of
a dc or low-frequency ac field canionizeby electron tunnel-
ing, it is unlikely to dissociateby ion tunneling since the
deBroglie wavelength of a nucleus vibrating within a mol-
ecule is typically small, being proportional to~m/M !1/4,
wherem andM are the electron and proton masses, respec-
tively. On the other hand, a strong field distorts and sup-
presses the barrier through which a fragment must tunnel,
and at sufficiently large field strengths the active fragment
can simply pass over the top of the barrier, without tunneling
@2–5#. Over-the-barrier breakup is a classically admissible
process, which favors a smaller deBroglie wavelength since
the active fragment is less likely to backscatter from the top
of the barrier; a classical particle would not backscatter at all.
Hence a molecule readily dissociates once the field strength
exceeds the threshold at which it is classically possible for a
nucleus to pass over the top of the barrier.

In this paper we present results of calculations of ioniza-
tion and dissociation rates, and also level shifts, for the
H2

1 molecular ion in the presence of a dc field or a linearly
polarized low-frequency ac laser field. The rate for ionization
of H2

1 is relatively small at the equilibrium internuclear
separation of 2 a.u.; dissociation proceeds more easily than
ionization @6#. However, Zuo and Bandrauk@7# have shown

that ionization can become significant at moderately large
values of the internuclear separationR. They found that
when H2

1 is irradiated by intense 1064-nm light, the ioniza-
tion rate rises rapidly asR increases beyond 2 a.u. and ex-
hibits maxima asR varies, the most prominent peak being at
10 a.u. Our results for the ionization rate are in qualitative
agreement with theirs. However, our explanation for the ex-
istence of these resonances is slightly different from the one
given by Zuo and Bandrauk: In Fig. 1 we show the electronic
potential along the polarization axis whenR59 a.u. and a dc
field of strength 0.0533 a.u. is present. At nonzeroR the
electronic potential consists of two Coulomb wells, one cen-
tered at each proton;@8# an external dc field distorts the
wells, raising the outer edge of one well and depressing the
outer edge of the other well@3,7,9,10#. We indicate the po-
sitions of various discrete autoionizing levels~we calculated
both the positions and widths using the method described in

FIG. 1. Electronic potential for H2
1 along the polarization (z)

axis whenR59 a.u. and a dc field of strength 0.0533 a.u. is present.
We show some of the discrete~autoionizing! levels in the wells.
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Sec. II!. The levels labeled 1s and 2p ~these labels are the
united-atom-limit quantum numbers of the field-free states!
are the~autoionizing! ground-state levels in the lower and
higher wells, respectively. We also show some of the excited
autoionizing levels in the lower well and we have singled out
one of these levels by a thick line since it is degenerate with
the 2p level. Evidently, over-the-barrier ionization from the
2p state is possible and, following up on the earlier work of
Codling et al. @9#, Zuo and Bandrauk@7# argued that the
most prominent peak in the ionization rate arises from over-
the-barrier ionization out of the higher well. However, over-
the-barrier ionization out of the higher well is impeded by
backscattering of the electron from the hump between the
wells; we argue that at certain values ofR the electron can
escape more easily by undergoing a resonant transition to an
energetically nearby, but highly excited, state localized in the
lower well; the hump between the wells does not impede
over-the-barrier ionization out of the lower well.

We note that Seidemanet al. @10# have studied a one-
dimensional model of a molecular ion and have arrived at
conclusions similar to those of Codlinget al. and Zuo and
Bandrauk. In addition, they discusssed the occurrence of
resonant transitions from the higher to the lower well, fol-
lowed by tunneling from the lower well; but they implied
that this event was a feature of ionization fromhighly
chargedmolecular ions, occurring when the outer hump of
the lower well is above the energy of the ground state in the
higher well.

We have also calculated the rates for dissociation of
H2

1 from the first few vibrational levels of the ground elec-
tronic state, over a range of field strengths, for both dc and ac
fields. We find that the dissociation rate remains extremely
small until the field strength reaches a value not too far be-
low that at which a proton can pass over the top of the dc
barrier. We compare our calculated threshold field strengths
for dissociation with the threshold intensity measured by Il-
kov et al. @11# using a CO2 laser. We also comment on the
validity of the quasistatic picture of over-the-barrier dissocia-
tion in the context of the experiment. As Ilkovet al.pointed
out, the vibrational motion of the protons is not fast on the
time scale of one oscillation of the CO2 laser~wavelength 10
mm!; we find that the corrections due to the oscillations of
the field are small but non-negligible.

In our calculations we assumed that the H2
1 molecular

ion is aligned along the direction of the polarization axis of
the field. This approximation is justified as long as the field
is turned on rapidly~on the time scale of molecular rotation!
and to sufficient strength that a large number of rotational
levels are populated, with a wide distribution of angular mo-
menta; see, e.g.,@12#. For sufficiently strong fields, breakup
occurs rapidly on the molecular rotation time scale, but can
still occur slowly compared to the effective turn-on time of
the field. Consequently, we make the Floquet ansatz for the
wave function, whose validity rests on the periodicity of the
Hamiltonian. In addition, we neglect the coupling between
ionization and dissociation channels; in treating ionization
we freeze the nuclei, i.e., we calculate the ionization rate at a
fixed internuclear separationR, and in treating dissociation
we describe the motion of the nuclei within the Born-
Oppenheimer approximation, neglecting ionization.

In the next section we briefly describe the theory upon

which our calculations are based. In Sec. III we present our
results.

II. THEORY

We consider the H2
1 molecular ion in a linearly polar-

ized external electric field whose frequency isv, whose
peak field strength isF0, and whose polarization axis
coincides with the internuclear axis. In making the Floquet
ansatz we approximate the wave function of the molecular
system by a function that has the periodicity of the external
electric field, multiplied by a dynamical phase factor
exp@2iEac(F0 ,v)#t/\], whereEac(F0 ,v) is the ac quasien-
ergy. We express the ac quasienergy as

Eac~F0 ,v![E01D2 iG/2, ~1!

whereE0 is the unperturbed energy of the level of interest
and D and G are the field-induced shift and width. If the
nuclei are frozen in place,Eac(F0 ,v) depends on the inter-
nuclear separationR, in addition tov andF0.

At low frequencies an exact solution of the Floquet eigen-
value problem for H2

1 is difficult due to the large number of
photons that participate in the breakup process. However, as
shown elsewhere@13#, we can expandEac(F0 ,v) in an as-
ymptotic series in powers ofv2:

Eac~F0 ,v!5 (
m50

`

E~2m!~F0!v
2m. ~2!

This expansion describes only effects resulting from the
adiabaticvariation of the ac field;nonadiabaticeffects aris-
ing from the discrete nature of the photon, i.e., effects arising
from multiphoton thresholds and resonances, are not ac-
counted for. The leading termE(0)(F0) is just the average of
the dc quasienergyEdc(F) over all instantaneous valuesF of
the ac field during one cycle; thus, withF[F0sin(t) at the
instantt, wheret5vt, we have

E~0!~F0!5
1

2pE0
2p

dtEdc~F !. ~3!

The v2 expansion of the ac quasienergy is essentially an
expansion in the ‘‘perturbation’’2 i\v]/]t. Before writing
down the coefficientE(2)(F0) of the first correction, we need
to establish some more notation. LetHdc(F) denote the
Hamiltonian of the molecule in the presence of a dc electric
field of magnitudeF and letuFdc(F)& denote the eigenvector
of Hdc(F) with eigenvalueEdc(F). We require the general-
ized resolventGdc(F) for the dc Hamiltonian, defined as

Gdc~F !5
Qdc~F !

Edc~F !2Hdc~F !
, ~4!

where Qdc(F) is the projection operator that annihilates
uFdc(F)&. We also require the response vector

uxdc~F !&52 i\Gdc~F !Ḣdc~F !uFdc~F !&, ~5!

where the overdot indicates the derivative with respect to
t, with F5F0sin(t). The first correction in thev

2 expansion
is @13#
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E~2!~F0!5
1

2pE0
2p

dt^xdc
~* !~F !uGdc~F !uxdc~F !&, ~6!

where the asterisk on̂xdc
(* )(F)u in Eq. ~6! indicates that in

position space only the angular part, and not the radial part,
of the bra is to be complex conjugated. We do not give
explicitly further corrections here since we do not consider
them, but an iterative scheme for calculating all corrections
was given in Ref.@13#.

Following, e.g., Bates and Reid@14#, we resolve the elec-
tron position vectorr into prolate spheroidal coordinatesl,
m, andf where, with the polar axis along the internuclear
axis,f is the azimuthal angle, withr a andr b the distances of
the electron from nucleia andb,

l5~r a1r b!/R, ~7!

m5~r a2r b!/R, ~8!

with 1<l<` and21<m<1. The electronic Hamiltonian
is cylindrically symmetrical about the internuclear axis and
this remains true in the presence of the external electric field
~which we assume points along the internuclear axis!. We
consider onlyS states, so that the electronic wave functions,
at each fixed value ofR, have no dependence onf. The bare
electronic Hamiltonian is separable in prolate spheroidal co-
ordinates and is given as~hereafter we use atomic units,
unless specified otherwise!

Hel~R!52
1

2
¹ r
222

~Za1Zb!l2~Za2Zb!m

R~l22m2!
, ~9!

whereZa5Zb51 ~in the case of H2
1) and

¹ r
25

4

R2~l22m2! F ]

]l S ~l221!
]

]l D1
]

]m S ~12m2!
]

]m D
1S 1

~l221!
1

1

~12m2! D ]2

]f2G . ~10!

We have included the derivatives with respect tof in ¹ r
2 for

completeness only; as noted above, the electronic wave func-
tions aref independent forS states. In the presence of a dc
electric field whose strength isF, the ~dressed! electronic
Hamiltonian is

Hdc
el ~F,R!5Hel~R!1F~R/2!lm. ~11!

As in our earlier work@15# on multiphoton ionization of
H2

1, we represent the electron wave functions on a discrete
basis composed of functionsun(l) andvh(m), where

un~l!5A22ikReikR~l21!Ln„22ikR~l21!…, ~12!

vh~m!5Ph~m!, ~13!

whereLn(x) andPh(m) are Laguerre and Legendre polyno-
mials, respectively, withn andh non-negative integers, and
k lies in the upper right quadrant of the complex plane so
that the functionsun(l) can represent both closed~bound!
and open~outgoing-wave! channels.

As a preliminary test of our basis, we calculated the first
few electronicS energy levels of the bare molecule, i.e., the
eigenvalues ofHel(R), over a range of values ofR; we ob-
tained excellent agreement with Bates and Reid@14#. We
show some of our results in Fig. 2, and we note here some of
the salient features that are relevant to our discussion in the
following section. We have labeled some of the levels by
their united-atom-limit quantum numbers, i.e., by the princi-
pal and orbital angular momentum quantum numbers of the
He1 ion levels to which the molecular levels tend as
R→0. There are many degeneracies at both the united-atom
(R50) and separated-atom (R5`) limits. As discussed
above, the electronic potential consists of two Coulomb
wells, with a barrier in between@8#. Since, in the absence of
an external field, the two wells are similar and the electron
can sit in either well with equal probability, there is a two-
fold degeneracy in the separated-atom limit, and this degen-
eracy is approached rapidly asR increases due to the expo-
nentially small rate for the electron to tunnel from one well
to the other. For example, the 1s and 2p levels are practi-
cally degenerate atR510 a.u. and beyond, even though they
approach the separated-atom-limit energy20.5 a.u. rather
slowly ~as 1/R4, due to the polarization of the isolated H
atom by the distant proton!. As Zuo and Bandrauk@7# have
already remarked, this near degeneracy of the 1s and 2p
levels at only moderately large internuclear separations has
important consequences for the field ionization of the mo-
lecular ion. Besides the degeneracies in the united- and
separated-atom limits, there are also degeneracies at finite
nonzero values ofR. In fact, there are many true crossings of
the levels, but no avoided crossings, implying the bare elec-

FIG. 2. Some energy levels ofS electronic states of the bare
H2

1 molecular ion vs internuclear separationR. The Coulomb re-
pulsion between protons is not included. The levels are labeled by
united-atom-limit quantum numbers.
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tronic Hamiltonian has a high degree of symmetry. As noted
above, the Hamiltonian has cylindrical symmetry about the
internuclear axis; it is also invariant with respect to the in-
version of the electron coordinate through the midpoint of
the internuclear axis, so that parity, geradeg or ungerade
u, is a good quantum number. However, someS levels with
the same parity~e.g., the 2s Sg and 3d Sg levels! cross,
indicating a further ‘‘hidden’’ symmetry. This additional
symmetry is already implied by the separability of the bare
electronic Hamiltonian in prolate spheroidal coordinates at
all values ofR and is associated with an operator whose
eigenvalue is the separation constant~also a good quantum
number!. A simple form for this operator was given by Coul-
son and Joseph@16#. In the united- and separated-atom lim-
its, the electronic Hamiltonian is separable in parabolic co-
ordinates, accounting for additional degeneracies in these
limits. At asymptotically largeR the prolate spheroidal co-
ordinates are simply related to parabolic coordinates, e.g.,
R(l21) andR(m11) become parabolic coordinates cen-
tered about protona when r a!r b .

Finally, we consider the inclusion of the nuclear motion.
Let M denote the mass of the proton and letR be the posi-
tion vector of proton a relative to protonb. Working in the
center-of-mass frame of the molecule and neglecting correc-
tions of the order of the electron-proton mass ratio, the
Hamiltonian of the molecule in the presence of a dc field of

strengthF is ~with Za5Zb51)

2
1

M
¹R
21

1

R
1Hdc

el ~F,R!.

Let ucn(R)& be an eigenvector of the bare electronic Hamil-
tonian Hel(R), with discrete eigenvalue En(R),
n50,1, . . . . We nowreplaceHdc

el (F,R) by its matrix repre-
sentationHdc

el (F,R) on the basis$ucn(R)&%. This is consis-
tent with the Born-Oppenheimer approximation. In addition,
we restrict the nuclear motion to be along the polarization
axis of the external field and hence replace¹R

2 by d2/dR2,
with the boundary condition that the wave function vanishes
at R50. ~We therefore exclude the exchange of protons.!
The Hamiltonian for the vibrational motion of the nuclei
thereby becomes

Hdc
nu~F !51S 2

1

M

d2

dR2
1
1

RD1Hdc
el ~F,R!, ~14!

where1 is the unit matrix. We solved the eigenvalue prob-
lem for this motion using the discrete variable representation
method@17#.

FIG. 3. ~a! Real and~b! imaginary parts of the quasienergy vs
R for variousS electronic states of H2

1 when a dc field of strength
0.0533 a.u. is present. The ordinate in~b! is the half-width due to
ionization.

FIG. 4. ~a! Real and~b! imaginary parts of the quasienergy vs
the strengthF of a dc field for various electronic states of H2

1 at an
internuclear separationR52 a.u.
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III. RESULTS

A. dc shifts and widths of electronic levels

In Fig. 3 we show, over a range ofR, the real and imagi-
nary parts of the quasienergies@the eigenvalues of
Hdc
el (F,R)# of various electronic states of H2

1 in the pres-
ence of a dc field whose strength isF50.0533 a.u. Recall
that the half-width of a level, due to its decay, is, with a
change in sign, the imaginary part of the quasienergy of that
level. We continue to label the levels by the field-free united-
atom-limit quantum numbers since asF vanishes the dressed
electronic states reduce to the field-free eigenstates, except at
R50 andR5`.

We see in Fig. 3~a! that asR increases the real parts of the
1s and 2p quasienergies begin to diverge from each other at
aroundR53 a.u. Parity is no longer a good quantum number
and the field-free degeneracy of the 1s and 2p levels in the
separated-atom limit is removed. Rather, at largeR, the real
parts of the 1s and 2p quasienergies are split byFR since in
the field-free limit the electron, in a state of definite parity,
spends half the time about one proton and the other half
about the other proton, so it has a root-mean-square average
dipole moment of magnitudeR/2 about the midpoint~center-
of-mass! of the protons. Thus, whenR is moderately large
and increasing, the 1s level shifts downward byFR/2 and
the 2p level shifts upward byFR/2. In general, for every
pair of field-free levels of opposite parity that are degenerate
in the separated-atom limit, one level shifts upward and the

other downward whenR increases in the presence of a field.
As R increases beyond 4 a.u. the real part of the 2p

quasienergy undergoes severaltrue crossings with the real
parts of quasienergies of levels that, in the absence of the
field, would be at much higher energy. A true crossing in the
real ~imaginary! parts of two quasienergies is normally ac-
companied by an avoided crossing in the imaginary~real!
parts of these quasienergies@18#, and evidently this is the
case in Fig. 3. The avoided crossings experienced by the
imaginary part of the 2p quasienergy result in peaks in the
ionization width of the 2p level, seen in Fig. 3~b! at about
R55, 9, and 14 a.u. In the vicinity of a crossing the 2p state
is mixed with energetically nearby ‘‘highly excited’’ states
that have large ionization widths. As is evident from our
discussion of Figs. 4–6 below, these highly excited states
can decay through over-the-barrier ionization. Hence, once
the molecular ion is transferred to one of these states it
breaks up rapidly. Note that the peaks atR55 and 14 a.u.
are much weaker than the peak at 9 a.u. and peaks at still
largerR ~not shown! can be expected to be even weaker; we
explain this feature in the next paragraph, where we elabo-
rate further on the mechanism for enhancement of the 2p
width.

As already illustrated in Fig. 1, an external dc field dis-
torts the two-well electronic potential, raising the outer edge
of one well and depressing the outer edge of the other well.
In general, if the electron is in a state whose energy shifts
upward asR increases, the electron spends more time in the
higher well, and vice versa. Thus the breakdown of inversion

FIG. 5. Same as Fig. 3, but forR56 a.u. FIG. 6. Same as Fig. 3, but forR510 a.u.
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symmetry leads to the localization of the electron in one of
the wells @7,9,10#. Referring to Fig. 3 again, we see that,
beyond 4 a.u., the 2p level shifts upward through levels that
shift downward asR increases and hence at largeR the 2p
state is localized in the higher well, while the states corre-
sponding to these downward shifting levels are localized in
the lower well @19#. Therefore, the resonances in the 2p
width result from the resonant transfer of the electron from a
state in the higher well to a highly excited state in the lower
well. Over-the-barrier ionization from the higher well, when
it is possible, is impeded by backscattering as the electron
attempts to pass over two humps: the one between the wells
and the outer hump of the lower well; over-the-barrier ion-
ization from the lower well can proceed more easily since the
electron has to pass over only the outer hump of this well. As
R increases, the outer hump of the lower well becomes nar-
rower and less of an obstacle to over-the-barrier ionization,
but this is offset by the fact that the probability of a transition
from a state localized in the higher well to one localized in
the lower well decreases asR increases since the overlap of
the wave functions of the two states becomes small. Conse-
quently, the resonance peak at 9 a.u. is the most prominent
and resonances at very largeR are barely noticeable.

Incidentally, not only is inversion symmetry lost in the
presence of an external dc field, the hidden symmetry asso-
ciated with the separability of the electronic Hamiltonian in
spheroidal coordinates is also lost. However, at asymptoti-
cally large R this hidden symmetry is restored since the
dressed electronic Hamiltonian is separable in parabolic co-
ordinates.~In the separated-atom limit the external dc field
exerts a spatially uniform force on the isolated hydrogen
atom and in that respect it acts in a similar way to the iso-
lated proton.!

Zuo and Bandrauk@7# have calculated the dc widths of
the 1s and 2p levels at the field strength 0.0533 a.u., for
R56, 10, and 14 a.u. In Table I we compare our estimates of
these widths with those of Zuo and Bandrauk. Our estimates
are larger than those of Zuo and Bandrauk by a factor of
about 2 or 3.

In Figs. 4–6 we show the quasienergies of various elec-
tronic levels over a range of dc field strengths and for
R52, 6, or 10 a.u. We see that the widths of the more
excited levels, when plotted on a logarithmic scale, at first
rise very rapidly as the field strengthF increases~on a linear
scale!, but asF increases further these widths bend sharply
and subsequently increase more gently, as is characteristic of
the transition from electron tunneling to over-the-barrier ion-

ization @20#. At R56 and 10 a.u. the imaginary part of the
2p quasienergy undergoes avoided crossings corresponding
to the true crossings of the real part of the 2p quasienergy
with the real parts of quasienergies of highly exited states
~the avoided crossing of the 2p quasienergy atR56 a.u. is

FIG. 7. ~a! Real parts of the 1s and 2p quasienergies and~b!
imaginary part of the 2p quasienergy, vsR, to zeroth order in the
frequency when a linearly polarized ac field of intensity 131014

W/cm2 is present.

FIG. 8. 2p width, vsR, to zeroth order in the frequency~solid
curve! and through second order in the frequency~dotted curve!
when a linearly polarized ac field of wavelength 1064 nm and in-
tensity 131014 W/cm2 is present.

TABLE I. Comparison of our estimates~lower rows! with those
of Zuo and Bandrauk@8# ~upper rows! for the dc widthsG1s and
G2p , respectively, of the 1s and 2p energy levels of H2

1. The dc
field strengthF50.0533 a.u.

R ~a.u.! G1s ~a.u.! G2p ~a.u.!

6 2.231026 9.831024

5.6931026 1.8731023

10 1.331025 1.531023

3.9231025 2.2031023

14 2.531025 2.831024

7.3031025 6.7831024
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not so obvious; it would be obvious if we were to plot the
width out toF50.06 a.u., which we have checked but not
shown!.

B. ac shifts and widths of electronic levels

In Fig. 3 we showed the quasienergies of various elec-
tronic states vsR when a dc field of strengthF50.0533 a.u.
is present. A dc field of this strength corresponds to the peak
strength of a linearly polarized ac field whose intensity is
131014 W/cm2. In Fig. 7 we show the cycle-averaged dc
quasienergy, i.e., the~frequency-independent! zeroth-order
term in thev2 expansion, vsR for the 1s and 2p electronic
states when a linearly polarized ac field of intensity
131014 W/cm2 is present.~We do not show the imaginary
part of the 1s quasienergy since it is very small and would
not be visible on a linear scale.! Cycle-averaging results in a
significant decrease in the absolute heights of the peaks in
the 2p width, which is reasonable since the magnitude of the
ac electric field is small for part of the cycle. However, the
ratios of the peak heights are not substantially altered.

We now consider the effect of including the first correc-
tion E(2)(F0)v

2 to our estimate of the 2p width. At values
of R near a peak in the 2p width, this correction becomes
meaningless since the 2p dc quasienergy is nearly degener-
ate with one or more other dc quasienergies and thev2 ex-
pansion should be reformulated to take into account these
degeneracies~just as Rayleigh-Schro¨dinger perturbation
theory must be reformulated when degeneracies are present
in the absence of the perturbation!. We have not carried out
this reformulation. However, at values ofR not too close to
the peaks the first correction should be meaningful at suffi-
ciently low frequencies. In Fig. 8 we show the result of in-
cluding the first correction in the 2p width when the wave-
length is 1064 nm~and the intensity is 131014 W/cm2) and
whenR is not in the vicinity of a peak; evidently this cor-
rection is small.

Zuo and Bandrauk@7# have numerically solved the time-
dependent Schro¨dinger equation for H2

1, with nuclei frozen
at various values ofR, in the presence of a laser field, of
wavelength 1064 nm, that is turned on linearly in five optical
cycles ~17.5 fs! and then held at the constant intensity
131014 W/cm2. They find that significant population is
transferred from the 1s state to the 2p state. In their calcu-
lation the continuum flux was removed at the boundaries of
their numerical grid and they obtained a rate for ionization
by fitting the loss of flux in a boundary region to a single
exponential. In Fig. 1 of their paper, Zuo and Bandrauk@7#
present results for the ionization rate of the molecule vsR;
their results are qualitatively similar to our results for ioniza-
tion from the 2p state, shown in Fig. 7, although our reso-
nance peaks are at slightly different positions. Zuo and Ban-
drauk ~see also@9# and @10#! attribute these peaks to over-
the-barrier ionization directly from the 2p state @21#. As
indicated above, we attribute these peaks to the resonant
transfer of population out of the 2p state to one or more
energetically nearby highly excited states localized in the
lower well; over-the-barrier ionization from the lower well
can proceed relatively unimpeded by electron backscattering.

Incidentally, the dressed 1s level does not have near de-
generacies with other levels, over the range ofR considered

here, and therefore one might expect thev2 correction to the
1s quasienergy to be meaningful over this entire range of
R. However, the calculation ofE(2)(F0) involves an integral
over t; see Eq.~6!, recalling thatF5F0sin(t). In Fig. 9 we
show the real and imaginary parts of the integrand of
E(2)(F0) vs t for the 1s quasienergy and for various values
of R and an intensity of 131014W/cm2. The real and imagi-
nary parts of the integrand ofE(2)(F0) vanish in the limit
thatt tends top/2 since the derivative ofF0sin(t) vanishes.
The imaginary part of the integrand ofE(2)(F0) also van-
ishes in the limit thatt tends to 0 sinceF0sin(t) vanishes
and the ionization width is identically zero if there is no
external field. However, the real part of the integrand of
E(2)(F0) at t50 becomes extremely large~and negative! as
R increases since the field-free 1s and 2p levels become
degenerate asR increases. Hence thev2 correction to the
real part of the 1s quasienergy breaks down at largeR.

C. dc and ac shifts and widths of vibrational levels

Recently, Ilkovet al. @11# measured the rate for dissocia-
tion of H2

1 in the presence of a CO2 laser~wavelength 10
mm!. The molecular ion was produced primarily in the
v52 and 3 vibrational states after photoionization of the
neutral H2 molecule. The threshold intensity for dissociation
of the molecular ion was measured~after assuming a model
for fitting the data! to be (1.6560.2)31013 W/cm2. Using
the chaotic dissociation model of Goggin and Milloni@22#,

FIG. 9. ~a! Real and~b! imaginary parts of the integrand of the
coefficient of thev2 correction to the 1s quasienergy vs the inte-
gration variablet for 0<t<p/2, for R53, 5, 7, and 9 a.u., and
for an intensity of 131014 W/cm2.
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Ilkov et al. obtained the theoretical estimates 2.631013

W/cm2 and 1.331013W/cm2 for the threshold intensities for
dissociation from thev52 and 3 vibrational states, respec-
tively; these values are quite close to the measured threshold
intensity.

In Fig. 10 we show the potential experienced by the pro-
tons when the electron is in the 1s state and a dc field of
various strengthsF is present@23#. At nonvanishing but
moderately weak field strengths the potential has a wide bar-
rier through which the protons can, in principle, tunnel to
freedom, but, as noted in the Introduction, the tunneling rate
is extremely small due to the relatively small de Broglie
wavelength of a proton. AsF increases, the barrier is sup-
pressed and it becomes possible for the proton to pass over
the top of the barrier. At very high field strengths the barrier
disappears.

We have calculated the rates for dissociation by a dc field
from the first 14 vibrational levels of the ground electronic
state and we show our results in Fig. 11. As expected, the
rate is extremely small for field strengths below the threshold
at which over-the-barrier dissociation is possible. We have
plotted the peak energy of the barrier vsF; this is the thick
line in Fig. 11~a! and it is intersected by the real part of the
quasienergy of each vibrational level at the over-the-barrier
threshold for that level. Note we have used a linear scale to
plot the dissociation rate in Fig. 11~b!; on a linear scale the
rate rises dramatically asF increases beyond the over-the-
barrier threshold, making it easier to identify the threshold
for dissociation by a dc field with the over-the-barrier thresh-
old. The threshold field strengths for thev52 and 3 vibra-

tional states are 0.041 and 0.034 a.u., respectively, which
correspond to peak values of ac fields that have intensities
5.931013 W/cm2 and 4.231013 W/cm2, respectively@24#.
Cycle averaging the dc quasienergy results in threshold in-

FIG. 10. Potential experienced by the protons when H2
1 is in

the ground electronic state and a dc field is present. The strength of
the field varies from 0~upper curve! to 0.1 a.u.~lowest curve! in
steps of 0.005 a.u.

FIG. 11. ~a! Real and~b! imaginary parts of the quasienergies of
vibrational levelsv50,1,. . . ,13when H2

1 is in the ground elec-
tronic state and a dc field of strengthF is present. The thick curve
in ~a! is the peak energy of the barrier experienced by the protons.

FIG. 12. Imaginary parts of the quasienergies of vibrational lev-
els v5024 for a dc field~dotted curves! and an ac field of wave-
length 10mm ~solid curves! vs the peak strengthF of the field. The
ac widths were estimated from the first two terms of thev2 expan-
sion of the quasienergy.
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tensities that are about 20% higher and therefore substan-
tially higher than the values that were measured and calcu-
lated using the model of Goggin and Milloni.

Ilkov et al. have criticized the quasistatic picture of over-
the-barrier dissociation in the context of their experiment
since the vibrational motion of the nuclei is not fast on the
time scale of one oscillation of CO2 laser light. We note,
however, that since the dissociation rate increases so dra-
matically asF increases beyond the threshold field strength,
the probability for a proton to exit over the top of the barrier
should be significant even though the allowed exit time is
small on the time scale of vibrational motion. Furthermore,
the top of the barrier is not only suppressed asF increases, it
also moves to smaller values ofR so that a proton does not
have to travel so far to reach the exit. To investigate whether
the oscillations of the CO2 laser light invalidate the quasi-
static picture, we have calculated the first correction
E(2)(F0)v

2 to the cycle-averaged dc rate for dissociation
from thev5024 vibrational states at the CO2 laser wave-
length~10mm!. There are no degeneracies to worry about in
this calculation. In Fig. 12 we show our estimates of the
half-widths based on including the first two terms of the
v2 expansion and for comparison we show also the unaver-
aged dc half-widths~which are smaller than the cycle-
averaged half-widths!. We define the threshold intensity for
dissociation by a low-frequency ac field as follows: We first
observe that in the case of a dc field the half-width at the
over-the-barrier threshold has about the same value, roughly
731025 a.u., for all vibrational levels. Therefore a conve-
nient definition of the ac threshold intensity is the intensity
for which the ac half-width is equal to 731025 a.u. Using
this definition we find the ac threshold intensities for the
v52 and 3 vibrational states to be 5.331013 W/cm2 and
3.631013 W/cm2, respectively, which are 10–14 % lower
than the dc threshold intensities and about 30% lower than
the cycle-averaged dc threshold intensities, so that thev2

correction is non-negligible. Our values of the ac threshold
intensities are still a factor of 2 or 3 larger than the values
quoted by Ilkovet al., but the discrepancies could be due to
a number of factors.~i! There is no unique definition of the
threshold intensity.~ii ! Ilkov et al.fit their experimental data
to a model that assumes the dissociation rate is zero below
the threshold intensity and constant above, in conflict with
our results shown in Figs. 11 and 12. Using this fit they
obtain not only the threshold intensity but also the dissocia-
tion rate; they quote a rate of (1.760.4)3109 s21 compared
to our much larger rate of 331012 s21 ~corresponding to a
half-width of 731025 a.u.!. However, if we were to calcu-
late the rate for dissociation from, say, thev52 vibrational
level at the threshold intensity 1.6531013 W/cm2 quoted by
Ilkov et al., we would obtain a much smaller rate of
23107 s21. ~iii ! When Ilkov et al. used the model of Gog-
gin and Milloni they made approximations for the dynamical
quantities~e.g., potentials and dipole couplings! that differ
from our approximations.

Finally, we concur with Dietrich and Corkum@5# that
chaotic dissociation and over-the-barrier dissociation appear
to be related. Inspection of Fig. 11 shows that Chirikov’s
condition for the onset of chaotic behavior, that the spacing
between two neighboring resonances is smaller than the
combined widths of the resonances, is satisfied not far above
the threshold field strength.

Note added in proof. After completion of this work we
learned that M. Plummer and J. F. McCann recently per-
formed similar calculations of dc and ac widths of electronic
levels of H2

1. Their results@J. Phys. B~to be published!# are
in excellent agreement with ours, where comparison is pos-
sible.
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