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Several years ago, a resonance-shift phenomenon was predicted to exist, termed the stochastic realization
shift ~SRS!, which arises as a consequence of correlated amplitude and frequency variations in a resonant field.
An interesting aspect of the phenomenon is that the sign of the SRS in weak and strong fields has been shown
to differ. Here, we demonstrate that the SRS may be conveniently studied over a broad range of field strengths
via magnetic resonance in an optically pumped alkali-metal vapor. Specifically, we study the SRS in the
ground state 0-0 hyperfine transition of Rb87 for a field undergoing stochastic~yet correlated! amplitude-
frequency fluctuations. Under our experimental conditions we find no evidence for a change in sign of the SRS
as the field strength undergoes a transition from weak to strong. Further, our results show that in strong fields
the magnitude of the SRS may be influenced by the field’s spatial variations.@S1050-2947~96!07307-6#

PACS number~s!: 32.70.Jz, 32.80.Bx, 32.30.Bv

I. INTRODUCTION

During the course of some Monte Carlo studies examin-
ing ac Stark shifts induced by stochastic fields, Camparo and
Lambropoulas@1,2# found that a finite realization of a
fluctuating-field–atom interaction always gives rise to a shift
in the observed resonance frequency. Since their explanation
for the shift appealed to the fact that any finite realization of
a stochastic process violates the ergodic theorem, they
termed this phenomenon the stochastic realization shift
~SRS!. The effect, however, is more than a statistical artifact
as its name might imply, since the shift will persist even for
an infinite realization of a stochastic process if the field suf-
fers correlated amplitude and frequency variations. Evidence
for these theoretical claims first came from magnetic-
resonance experiments performed by Camparo and Klimcak
@3#, where a resonant microwave field was subject to sinu-
soidal ~as opposed to stochastic! amplitude and frequency
modulation. Later, van Exteret al. @4# were able to demon-
strate in an optical transition that the shift persists even if the
correlated amplitude and frequency variations are stochastic
in nature.

In the regime of weak fields, where resonance is often
operationally defined as the field frequency that maximizes
the atomic excitation rate, the SRS may be conveniently in-
terpreted in terms of a convolution between the field spec-
trum and the atomic absorption cross section. From first-
order perturbation theory it can be shown that the excitation
rate G for an atom interacting with a broad band field is
given by @5#

G~v f !5E
2`

`

S~v2v f !s~v2va!dv. ~1!

Here,S(v2v f) is the spectral density of the field, the peak
of which occurs at a frequencyv f , while s(v2va) is the
absorption cross section of the atom at frequencyv with
va the atom’s unperturbed resonance frequency. For a field
with positive ~negative! correlation between its amplitude
and frequency variations,S(v2v f) will be an asymmetric
function with a tail extending to high~low! Fourier frequen-

cies. Consequently, the convolution will be maximized for
v f,va(v f.va), giving rise to a negative~positive! shift in
the observed atomic resonance frequency.

In strong fields, first-order perturbation theory no longer
applies and the convolution model breaks down. Specifically,
not only is the convolution model incapable of predicting the
correct magnitude for the SRS in strong fields, it cannot be
trusted to predict the correct sign for the SRS@3#. Yet many
spectroscopic experiments require moderate to strong fields,
and some quantum electronics devices such as atomic clocks
operate just at saturation of an atomic transition. There is,
therefore, strong motivation for studying the SRS in the
moderate- to strong-field regime. Unfortunately, optical SRS
experiments in the strong-field regime are not without diffi-
culty. First, there is the issue of Doppler broadening. If this
is not eliminated in some fashion, either through the use of
sub-Doppler spectroscopic techniques or atomic beams, then
a straightforward interpretation of the SRS data could require
power broadening of the entire Doppler line shape. More-
over, optical pumping effects cannot be ignored in the
strong-field regime, as these can lead to line shape distor-
tions @6#. Finally, the generation of strong optical fields with
well controlled stochastic characteristics is a nontrivial labo-
ratory challenge@7#.

In this work we demonstrate that these experimental dif-
ficulties may be avoided by studying the SRS using magnetic
resonance in an optically pumped alkali-metal vapor. The
specific advantages to this approach are~i! the relative ease
of creating strong rf or microwave fields with well defined
stochastic characteristics,~ii ! the fact that optical pumping
does not confound an interpretation of the observed shift,
and ~iii ! the elimination of Doppler broadening as a conse-
quence of Dicke narrowing@8#. We demonstrate the ap-
proach by studying an SRS in the 0-0 hyperfine transition of
Rb87, which has application to atomic-clock technology.

Based on previous investigations, we expected the SRS to
change sign as the field strength underwent a transition from
weak to strong. As we will show, however, this was not
observed under our experimental conditions. Further, we will
show that a density-matrix computation of the SRS~no free
parameters! is in good agreement with experiment except in
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the regime of very strong fields. Although the sign of the
theoretical shift is consistent with experiment over all field
strengths, the magnitude of the SRS is not. To explain the
discrepancy we hypothesize that the strong field SRS is sen-
sitive to the field’s spatial variations, since these are not in-
cluded in the density-matrix computation.

II. EXPERIMENT

The experiment employed a standard optical-pumping/
magnetic-resonance arrangement as illustrated in Fig. 1@9#.
A pyrex resonance cell containing natural Rb~i.e., 72%
Rb85 and 28% Rb87) and 10 torr of N2 was placed in a
microwave cavity whose TE111 mode was resonant with the
(F52,mF50) - ~1,0! ground-state hyperfine transition of
Rb87 ~see Fig. 2!. Braided windings wrapped around the cy-
lindrical cavity heated the resonance cell to;70°C ~i.e.,
@Rb#>1.231012 cm3) @10#, and the entire assembly was
centrally located in a Helmholtz coil pair. Light from an
isotopically enriched Rb rf-discharge lamp optically pumped
the alkali vapor, providing a population imbalance between
the twomF50 sublevels of the Rb87 ground state, and the
transmission of this lamp light through the vapor was moni-
tored with a photodiode placed inside the microwave cavity.

As a consequence of optical pumping, light transmission
through the vapor is relatively high in the absence of reso-
nant microwaves. However, if the microwave field in the
cavity is resonant with the Rb87 0-0 hyperfine transition, the
degree of optical pumping is reduced and so is the level of
lamp light transmitted by the vapor. Thus, the 0-0 hyperfine
transition line shape may be observed in the photodiode out-
put by sweeping the microwave frequency across the 0-0
hyperfine resonance. In the present experiment, the magnetic
field provided by the Helmholtz coils was sinusoidally
modulated at 97.3 Hz about its average valueBo ~i.e., Bo
53.4 G andBp2p 5 0.064 G!, resulting in a sinusoidal
modulation of the 0-0 hyperfine transition frequency as a

consequence of the transition’s second-order Zeeman shift
@11#. A signal proportional to the transition’s derivative was
obtained by employing phase-sensitive detection, and the
signal’s zero crossing could be used to measure the 0-0 hy-
perfine transition’s resonant frequency.

The microwaves were derived from a voltage-controlled
crystal oscillator~VCXO!, which had a modulation band-
width of 10 KHz @12#, and whose output at;107 MHz was
multiplied up into the gigahertz regime before being ampli-
fied by a 30-dB solid-state amplifier. The microwave power
entering the cavity could be controlled with variable attenu-
ators~labeled as -dB in Fig. 1!, and these were calibrated to
microwave Rabi frequencyV by measuring the linewidth of

FIG. 1. Optical-pumping magnetic-resonance
experimental arrangement described in the text.

FIG. 2. Relevant energy-level diagram of Rb87. In thermal equi-
librium all Zeeman sublevels of the ground state are equally popu-
lated. However, optical excitation of one hyperfine manifold of
Zeeman states~e.g., theF52 manifold! by D1 ~794.7 nm! and/or
D2 ~780.2 nm! light will optically pump atoms into the nonabsorb-
ing hyperfine manifold.
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the hyperfine transition in the absence of noise@13#. Extrapo-
lating the linewidth measurements to zero microwave power
indicated that the intrinsic dephasing rate in our system,
g2 , was 230 Hz.

The white-noise output from a commercial synthesized
function generator~bandwidth limited at 15 MHz! was split
and passed to two preamplifiers. Preamplifier No. 1 had a
pass band of 0.1–106 Hz ~roll-off 6 dB per octave!, and its
output was used to generate VCXO frequency fluctuations.
Preamplifier No. 1’s output noise voltage was measured with
a spectrum analyzer, and from those measurements, along
with the transfer function of the VCXO ~i.e.,
uH( f )u2> kg VCXO

2 /(gVCXO
2 1 f 2) , where k5250.82 KHz

per volt andgVCXO 5 10 KHz!, we could infer that the
6834.7-MHz microwaves experienced bandwidth limited fre-
quency fluctuations,dv, with a standard deviation of 1.7
KHz. Preamplifier No. 2 had a pass band from dc tonhigh
~maximum value ofnhigh 5 300 KHz and a roll-off of 6 dB
per octave!, and its output provided the control voltageVc
for a voltage-controlled attenuator~VCA!. ~The VCA was a
modular, commercial device with a linear transfer function
of 24 dB per volt and a bandwidth on the order of 105 Hz.!
Since the noise had a mean of zero, it needed to be added to
some fixed dc voltage for input to the VCA. By mixing the
microwave signal just prior to and just after the VCA, we
could measure the relative amplitude noised« of the micro-
wave signal.~This measurement was accomplished with both
of preamplifier No. 1’s inputs grounded.! For the two experi-
ments to be described subsequently, the standard deviation of
the relative amplitude noise,sd« , was 0.37 and 0.29, respec-
tively, for nhigh5105 Hz. Note that since the amplitude and
frequency noise of the field were derived from the same
white-noise generator, they were highly correlated though
stochastic.

Using the above measured values for the field’s amplitude
and frequency noise, we numerically simulated a realization
of the stochastic microwave field for the case of positively
correlated amplitude-frequency fluctuations@14#. Fourier
transformation of the field’s autocorrelation function then
yielded the simulated microwave field’s spectrum, and this is
shown in Fig. 3~a!. The spectrum appears nearly Lorentzian
with a linewidth ~full width at half maximum! 2g f of 620
Hz. In combination with our estimation ofg2 , this would
imply that the actual atomic dephasing rate in these experi-
ments,G, was about 540 Hz (G>g21g f) @15#. However, as
illustrated in Fig. 3~b!, which shows the difference between
our simulated field spectrum and a Lorentzian, the micro-
wave field had a slight asymmetry to high Fourier frequen-
cies, as expected for a field exhibiting positively correlated
amplitude-frequency fluctuations.

The experiment was performed by slowly sweeping the
microwave frequency across the 0-0 hyperfine resonance and
recording the output of the lock-in amplifier with a signal
averager. Simultaneously, the signal averager also recorded
the ramp voltage applied to the VCXO. Several hundred
sweeps across resonance were averaged in order to improve
the signal-to-noise ratio, and the ramp voltage corresponding
to the averaged signal’s zero crossing was taken as a measure
of the resonance frequency. For givenV and n high, two
measurements were performed corresponding to^dvd«& 5
positive and̂ dvd«& 5 negative. The change from positive

to negative correlation could be performed easily by invert-
ing the output of preamplifier No. 1. Definingv1(v2) as
the resonance frequency for positively~negatively! corre-
lated amplitude-frequency fluctuations, the SRS5
(v12v2)/2. For fixed conditions, the results to be pre-
sented below represent averages of several SRS measure-
ments made in this way.

III. RESULTS

A. SRS dependence on the amplitude-frequency covariance

Given the transfer functions of the VCXO and preamp-
lifier No. 2, it is straightforward to show that the covariance
of dv andd« has a fairly simple expression:

^dvd«&[^dv~ t !d«~ t !&5
AnhighgVCXO

nhigh1gVCXO
, ~2!

whereA is a proportionality constant. Thus, the strength of
the amplitude-frequency correlation could be easily altered
by varying nhigh, and our results examining the SRS as a
function ofnhigh are shown by the filled black circles in Fig.
4 for the case of a moderately strong field~i.e.,V5525 Hz
and sd« 5 0.37!. SinceV>G, this field strength corre-
sponded to the onset of saturation. As a check of our ability
to measure an SRS, the noise input to preamplifier No. 2 was
grounded withn high 5 300 KHz, and the resulting shift is
shown by the filled gray circle in Fig. 4~i.e., without ampli-
tude noise there is no frequency shift!.

van Exteret al. @4# have argued that in weak fields the
stochastic realization shift arises because the ‘‘intensity-
weighted’’ average frequency of a field is not necessarily
equivalent to the ‘‘cycle-averaged’’ field frequency. Conse-
quently, in weak fields one expects the SRS to be propor-
tional to the amplitude-frequency covariance: SRS~weak-
field! ; 2^dvd«&. In strong fields, Camparo and
Lambropoulos@1# have shown that the SRS should also be
proportional to the amplitude-frequency covariance, but with
the opposite sign: SRS~strong-field! ; ^dvd«&. The solid

FIG. 3. ~a! Computationally simulated spectrum of the experi-
ment’s stochastic microwave field~filled circles! along with a
Lorentzian approximation~dashed line!. ~b! Asymmetry of the mi-
crowave field determined by taking the difference between the com-
puted spectrum and the Lorentzian approximation.
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line in Fig. 4 is a fit to the data using Eq.~2! with the
constantA as a free parameter. The agreement between Eq.
~2! and our experimental data clearly indicates a proportion-
ality between the SRS and^dvd«& in the intermediate-field-
strength regime.

B. SRS dependence on the Rabi frequency

Our primary motivation for initiating these studies was to
investigate the SRS as a function of Rabi frequency. The
results of those measurements are shown as filled black
circles in Fig. 5~i.e., nhigh 5 100 KHz andsd« 5 0.29!. As
expected, in weak fields the SRS was negative. However, the
SRS remained negative even when the field strength was
quite strong, i.e., Rabi frequencies roughly five to six times

larger thanG. Moreover, the magnitude of the SRS was ap-
proximately constant over the entire range of field strengths
that were investigated. These observations are qualitatively
different from those of Ref.@3#, where the SRS was exam-
ined as a function of Rabi frequency for a field withdeter-
ministic amplitude-frequency variations. This difference
prompted a Monte Carlo density-matrix investigation of the
SRS corresponding to our experimental conditions.

Figure 6 shows a schematic of the experiment from a
computational perspective. The phase~i.e., frequency! of a
resonant, stochastic microwave field is sinusoidally modu-
lated, thereby creating a corresponding modulation in the
population density of the two states coupled by the field. The
oscillating population density at each instant of time is mul-
tiplied by the original phase-modulation signal with a suit-
able phase delay,DF @16#; the mixer output is numerically
filtered in order to eliminate harmonics, and the filter output
is integrated. Resonance is defined as the microwave fre-
quency that zeros the integrator output.

The oscillating population density was computed via the
two-level density matrix equations@17#:

ds22

dt
5g1~s22

eq2s22!1@V1dV~ t !#Re@ ie2 iu~ t !s12* #,

~3a!

H d

dt
2 i @D01dv~ t !#1g2J s12

5
i @V1dV~ t !#

2
e2 iu~ t !~122s22!.

~3b!

Here,D0 is the detuning of the field from the unperturbed
atomic resonance;s22 is the population density in the upper
level with a value ofs22

eq in the absence of the field;s12 is
the coherence;dv anddV are stochastic fluctuations in the
field frequency and the Rabi frequency, respectively;u(t) is
the sinusoidally modulated phase of the stochastic field, and
for the present experiment we hadg15g2 . @In deriving Eqs.
~3!, normalization is assumed:s111s225 1.# It should be
noted that the above density-matrix equations do not include

FIG. 4. The SRS as a function of preamplifier No. 2’s high-
frequency roll-off,nhigh ~i.e., ^dvd«&). Filled black circles corre-
spond to the measurements, while the filled gray circle corresponds
to an SRS measurement without amplitude noise. The solid line is a
fit of the data to Eq.~2!.

FIG. 5. The SRS as a function of Rabi frequency. The atomic
dephasing rate in the experiments, including field bandwidth, is
denoted byG. Filled black circles correspond to the experimental
results. Filled gray circles correspond to the results from Monte
Carlo simulation.

FIG. 6. Schematic of the computational procedure used to cal-
culate an SRS as described in the text.
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any macroscopic effects~e.g., variations of the magnetic, mi-
crowave or optical fields over the resonance cell volume!
@18#. For a single realization of the dynamics, the density-
matrix equations were solved with a variable step-size,
fourth-order Runge-Kutta algorithm@19# and in order to
eliminate the significance of transient effects on the SRS the
integrator output was examined fromt50.5 to ~2.5610%! s
~note thatg2

21>0.005 s!. ~The final time was randomized in
order to avoid potential aliasing effects arising from the de-
terministic modulation.!

The filled gray circles in Fig. 5 correspond to the compu-
tational results with no free parameters. Consistent with ex-
periment, the computation predicts that there should be no
change in sign of the shift over the field strengths investi-
gated in our experiments. Although we do not yet have a
clear qualitative understanding of why these results differ
from those of Ref.@3#, two possible explanations may be
presented. It might be that our experiment did not achieve
the required microwave power levels necessary to observe a
change in sign of the SRS@20#. Alternatively, it might be
that constancy in the sign of the SRS is a basic consequence
of the amplitude-frequency variations’s stochastic nature.

In weak to moderately strong fields, the agreement be-
tween computation and experiment is good. In particular,
both computation and experiment suggest a slight ‘‘dip’’ in
the magnitude of the SRS forV ;100 Hz. In strong fields
~i.e., V.G), the results from computation and experiment
diverge. Although our computations indicate that the prob-
ability distribution for the SRS is asymmetric~i.e., u mean
SRSu . umodal SRSu!, this alone cannot account for the dis-
crepancy. As we discuss below, it is believed that spatial
variations in the microwave field can play an important role
in determining an SRS.

We note that the resonant mode of our microwave cavity
was a TE111mode, whose magnetic fieldz component has a
node along the cavity axis. This component of the micro-
wave field drives the 0-0 hyperfine transition in the alkali
~i.e., thez axis corresponds to the cavity axis, and is also the
atomic quantization axis!. Due to the presence of the N2
buffer gas in the resonance cell, the Rb atoms were ‘‘frozen’’
in place on the time scale of the Rabi period@21#. Thus, the
observed signal was essentially a sum of atomic signals from
groups of atoms that experienced different microwave field
strengths corresponding to their position in the cavity: atoms
near the cavity axis experienced weak microwave fields,
while atoms further away from the cavity axis experienced
stronger microwave fields. Given a spatially inhomogeneous
field, and a relative immobility of atoms, it has been shown
that the central portion of an observed line shape will be
dominated by those groups of atoms that experience field

strengths corresponding to the onset of saturation@22#. Thus,
even though the average Rabi frequency experienced by the
sample of atoms increased in the experiment, line center~and
hence an SRS! would have been determined by the relatively
constant Rabi frequency corresponding to the onset of satu-
ration. In the computations no account was taken of the mi-
crowave field’s spatial mode, so that beyond saturation one
might expect the experimental SRS values~black circles in
Fig. 5! and the computational SRS values~gray circles! to
diverge. Note also that this reasoning would imply a con-
stancy in the sign of the shift as well as magnitude, even if
computation predicted a sign change for the SRS at Rabi
frequencies higher than those studied here. If the field’s spa-
tial mode is important in determining an SRS, then perform-
ing the experiment with a TE011 mode cavity, whose micro-
wave fieldz component is maximized along the cavity axis,
would yield strong-field SRS data in better agreement with
computation.~The experiment should be performed with a
coated resonance cell that does not contain a buffer gas@23#
and/or a diode laser should be employed in place of the lamp
so that only the central portion of the cavity mode is probed
@24#.!

IV. SUMMARY

In this work we have demonstrated that stochastic realiza-
tion shifts may be conveniently studied in optical-pumping
magnetic-resonance experiments with alkali vapors. Specifi-
cally, we have studied the SRS in the ground-state hyperfine
transition of Rb87, which has application to atomic-clock
technology. We have investigated the SRS as a function of
Rabi frequency, finding no evidence of a change in sign of
the SRS as the field strength changed from weak to strong.
This result differs qualitatively from that of Ref.@3# and
might be due to the limited magnitude of the Rabi frequency
that could be achieved in the present experiments. Alterna-
tively, the constancy in sign of the SRS could be a more
general result associated with the stochastic nature of the
resonant field. The experimental dependence of the SRS on
Rabi frequency was found to agree quite well with a density-
matrix computation of the shift except in very strong fields,
where we hypothesize that the discrepancy is a consequence
of the stochastic field’s spatial distribution.
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