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It is shown, under mild assumptions, that classical degrees of freedom dynamically coupled to quantum ones
do not inherit their quantum fluctuations. It is further shown that if the assumptions are strengthened by
imposing the existence of a canonical structure, only purely classical or purely quantum dynamics is allowed.
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[. INTRODUCTION ists at all, it will not enjoy the elegant mathematical struc-
tures common to classical and quantum mechanics. A similar
There is consensus among physicists that quantum meonclusion was reached by De Witt using uncertainty prin-
chanics is the correct description of nature, at least within th€iple argumentg7]. Since presently there is no widely ac-
range of presently observable scales. Nevertheless, some sgepted definition of what is meant by a semiquantized sys-
tems are routinely described using a classical, and thus aem., and in order not to discard potentially interesting
proximated, dynamics. This can be so either for simplicity orchoices, we should rely on properties as general as possible,

due to the lack of a consistent quantum theory. Einstein’&’hich must hold, in particular, for the purely classical and
theory of general relativity is an example of the latter. In anPUrély quantum cases.

excellent speculative papgt], Boucher and Traschen con-
sidered several physical systems that require a mixed de- Il. ASSUMPTIONS

scription in terms of qgantum and classical Qegreeg of free- |1 is assumedi) that the observables af@ an algebraic
dom, mutually interacting. A good example is provided by sengp constructed out of the coordinates and the conju-
early universe physics, where fully quantum matter fields argyate momentap;, i=1,... N, as well as the identitE.
coupled to classical gravitational fields. The traditional ap-These generators satisfy some commutation relations to be
proach to this problem has been to couple the gravitationadpecified. In classical mechanics we have the set of complex
fields to the expectation values of the quantum energyfunctions in phase space aBds the unity function. In quan-
momentum tensor; see, e.g., R#]. This kind of approach  tum mechanics it is the algebra of operators in the Hilbert
has been criticizefil] on the grounds that the classical fields space of the system. Here the word “observable” is being
evolve deterministically, hence the quantum fluctuations irused in a slightly wider sense than usual since it includes
these fields, induced by their coupling to the quantum fieldshonreal functions and non-Hermitian operators as well.
are missed. A second axiom(ii) refers to the time evolution of the
This criticism, as well as presumably the challenge it pre-observablegHeisenberg pictuje We assume that the evolu-
sents, has led to the search for a mathematically consistetion is a bijection that preserves the algebraic structure, that
description of semiquantized systems, i.e., mixed classicals, if two observablesA(ty) and B(tp) evolve toA(t) and
quantum system,1,4—§. These systems are considered byB(t), respectively, and,b are constant complex numbers,
themselves, that is, not as the limit of a fully quantum theorythe observableaA(ty) +bB(ty) evolves toaA(t)+bB(t)
The fact that the classical description is just an approximaand A(tg)B(tg) evolves toA(t)B(t). Certainly, this axiom
tion is disregarded in this context since the purpose is tdolds both in classical and in quantum mechanics and it is
define a mathematical structure with some physical inputhard to imagine an interesting formulation that would violate
Let us remark that the use of approximated treatments mixit. Note that we are referring only to the dynamic time-
ing classical and quantum degrees of freedom of enormoudependence of observables. On the other hand, it is not as-
success, particularly in molecular theory and optics, is nosumed that the system is conservative; there can be time
under debate here. Only the existence of mathematically exdependent external fields that break invariance under time
act and consistent semiquantization schemes is. translations. Similarly, time-reversal invariance is not re-
In this work it is shown that, in fact, there are severequired.
obstructions to constructing such a description and, if it ex- Some relevant conclusions can be extracted from these
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two axioms. If a set of elements generates the algebra, thisf a classical plus a quantum sector without relative cou-
property is maintained through time evolution. Also, the ob-pling, will find a strange behavidthe classical variables do
servableE is time independent. Finally, commutation rela- not commute and so ¢rust because there was or will be a
tions of the forn A(ty),B(tg) ]=CcE are also preserved since coupling among sectors at a remote time in the past or in the
they evolve td A(t),B(t)]=cE. In particular, if two observ- future. Such a lack of locality in time is avoided if the time
ables commute at any given time, they do so at any otheevolution preserves the algebraic structure of the observ-
time. ables. Further, if axiontii) is dropped it is problematic to
Another axiom(iii) is needed referring to the commuta- define the dynamics. For instance, in order to define the Pois-
tion relations since we have to specify in what sense ouson bracket one may assume, as done, e.g., in[Bgfthat
system is composed of a classical sector plus a quantum onidie classical variables commute at zero time. If the commu-
The classical dynamics is characterized by commuting coortation relations are not preserved by the evolution there will
dinates and momenta that evolve according to Hamilton’de a privileged time&=0: an observer in that world would
equations. On the other hand, the quantum dynamics satisfified that the “classical” degrees of freedom commigeg.,
the canonical commutation relations and the Heisenberg evare fully classical at some special time but not before or
lution equationdA/dt=—i[A,H(t)]. For the semiquantum after. This privileged time is universal since it is independent
dynamics it is postulated that the classical commutation reef the Hamiltonian. Such behavior is nonexistent in classical
lations hold among the classical generators and similarly fopr quantum dynamics.
the guantum sector. Furthermore, the generators of the clas- Now, from the previous assumptions, a quite strong result
sical sector commute with those of the quantum one. In othetan be derived, namely, the classical variables cannot inherit

words, the commutation relations are guantum fluctuations through their coupling to the quantum
ones. To simplify the reasoning, let us consider a system
[q:,9{1=[p;i,p:]=0, Cpi]=iNSE, with just two degrees of freedom—one of them §) quan-
%-0i1 =i pj] Lai - Pi=1hid tum and the otherxk) classical in the sense of the commu-
i,j=1,... N, (1) tation relations(1)—and let us denote the coordinates and

momenta att=t, by g, X, p, and k. At any time t,

where \; is zero ifi is the label of a classical degree of {E.d(t),p(t),x(t),k(t)} is a set of generators. Sinogt)
freedom and unityor #) if it labels a quantum one. These commutes with all these generators, it commutes as well
are the defining identities of the algebra of the semiquantize¥ith all other observables and, in particular, wihand p
system. and the same holds fdi(t). On the other hand, again using
This axiom can be justified as follows. Certainly, it is the commutation relations, every observaBlds uniquely
natural to demand Eqél) if the semiquantized system con- characterized by a set of coefficient€,p.q, with
sists of a classical sector and a quantum sector without ar§:b,¢.d=0,1,2 ..., aA=2 ;. CapcA*P*X°K'E. We im-
interaction among them. Since in both classical and quanturinediately see that any observable commuting wittannot
dynamics the commutation relations are unaffected by th&ontainp and vice versa. Therefore(t) must be of the form
choice of the interaction, one should expect that this is tru€cdCed()X°k°E and similarlyk(t). In other words, at all
as well in the semiquantized case and hence Bgdollow. timesx andk are commuting objects that evolve following
For another argument, assume that the coupling among thweell-defined trajectories, without fluctuations. On the other
two sectors can be switched on and off by playing with suit-hand,q(t) andp(t) may depend om(t) andk(t), which, in
able time-dependent coupling constants. Now we can imaghis regard, behave as external sources. This is the main re-
ine starting with an uncoupled system, which satisfies thé&ult of this section.
relations(1), and then switching on the interaction to end up ~ One realization of the above picture is the traditional ap-
with any given fully coupled system. Since the commutationProach to semiguantization, namely, the quantum degrees of
relations are preserved by time evoluti@ven for noncon- freedom move in the presence of the classical background,
servative dynamigsEgs. (1) will hold too in an arbitrary ~whereas the classical degrees of freedom are coupled to the
coupled semiquantized system. We think that these consicXpectation values of the quantum variables. Such an ap-
erations make axiortiii ) inescapable. proach is thus mathematically consistent. On the other hand,
Before extracting further conclusions, let us show thatconsider a naive approach in which both sectors are coupled
axiom (i) is needed in order to exclude unacceptable behawdirectly. To avoid ambiguities from operator ordering we
iors of the semiquantized dynamics. Assume that the twdake the case of two coupled harmonic oscillators
sectors, classical and quantum, are coupled only during some
time intervalt; <t<t,. If axiom (ii) is dropped the commu-
) ; ) : ; dqt) p(t)  dp(t) ’
tation relations will no longer be preserved during that time TR T —mo-q(t)—g(t)x(t), (2a
interval. As a consequence, one finds that, except in particu-
lar cases, they will not hold either even when the two sectors
are completely decoupled, i.e., befaret, or aftert=t,. dx(t) k(t)  dk(t)
This is evident since one simply has to consider an arbitrary ~ ——=—"  —g; —— MQ2x(t)—g(t)q(t). (2b)
nontrivial coupled evolution and match it with free evolu-
tions att<t; andt>t, using the values of the generators at
t, andt, as boundary conditions. This feature is certainlyAssuming the commutation relatior{d) at t=0, a simple
undesirable: physicists living before or after the couplingcomputation shows that[p(t),k(t)]=(N1—\,)ig(0)tE
takes place, who can check that their systems are composedO(t?), which only vanishes if eitheg=0, and thus the
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two subsystems are decoupled, Joy=X\,, i.e., the purely particular, the relationshipA,B)(t)=(A(t),B(t)) will be
classical case if they vanish or the purely quantum case igonsistent with the equations of motion. Such an identity is
they do not. Similarly[q(t),k(t)] breaks down aO(t?).  required if the canonical relatior(s) are to be preserved by
That is, Egs.(2) do not preserve the algebraic structure inthe canonical transformations and hence to prevent the same
general. As it is easily shown, this does not happen$tifis  kind of inconsistencies as noted for the commutation rela-
replaced by its expectation value in E@b), i.e., the tradi-  tions in Sec. li(e.g., lack of locality in time and the existence
tional approach. of universal privileged times in the dynamjc#fter some
algebra, it can be shown, in fact, that,p) differs from its
lll. CANONICAL STRUCTURE canonical value a®(t?) with the bracket in Ref[4] and at
O(t%) with that of Refs[1,3], for generic Hamiltonians. The

The canonical structure of both classical and quantum me;pticymmetry property of the bracket also seems to be an
chanics(Poisson bracket and commutator, respectivelys  op\ious requirement to guarantee that the energy is con-

been invoked in the literaturfel,4] as a guiding principle to served and that the evolution preserves HermitiEgg].

define semiquantized theories. From this point of view, itis | ig important to note that the brackedB) of any two

of Interest to can|der whether there exist canonical StUChpservables can be completely worked out using only bilin-
tures interpolating between the quantum and the classic

- . X o z?e'arity, antisymmetry, the product rule, and the canonical re-
I|m|t_s.. Let us th_en study whlph _corgramts are_found if, iN|ations (5), hence the bracket is, in fact, completely deter-
addition to previous assumptiofig—(iii ), a canonical struc-

) E ! he relati X mined. In particular, Jacobi’'s identity follows as a by-
::;eiéstﬁree?gr?; or convenience, the relatithsare rewrit- 1, ,4,ct[10]. On the other hand, the same is true for the

commutator using Eq3). We have to check whether both
sets of equations are compatible. Noting thgE vanishes,
[¢% ¢Pl=9PE, a,B=1,...,N, (3  we find the following chain of equalities for arbitrary
a,B,p,v=1,... N:

where the single symbap® has been introduced to denote
bothg; andp;, and »*# is an antisymmetric tensor.

The canonical structure is introduced by three postulates. 0=(¢"¢F, 9" E)= ("¢ [ ", ¢"])
First, therg existgiv) a Lie bracke't (,)(i.e.,.enjoying bilin- = Pl VOB PV BV pua cav i 6)
earity, antisymmetry, and Jacobi's idenjitthat generates
the (infinitesima) canonical transformations by
5,B=(A,B), A,B being arbitrary observables. In particular

. SR . ) ' The last equality follows from repeatedly applying the prod-
time evolution is a canonical transformation q Y P Y applying P

uct rule. Contracting this equation wi#t#, it is found that
consistency is achieved only §*#=i\e*# for some\. In
dA(t) fact, from Egs.(1), all the\; are equal to\. In other words,
T:(A(t)’H(t))' @ there can be just one sector. Furthermore,
[A,B]=i\N(A,B), for arbitraryA,B. There are only two pos-
sibilities: first, that\ is nonvanishing. In this case, we end up
with the usual purely qguantum dynamics. Secondy ¥an-
ishes, all variables are commuting. Moreover, since the
bracket is completely determined, it coincides with the Pois-
son bracket. That is, the dynamics is purely classical. This is
the main conclusion of this section. Note that this result is
consistent with that found regarding E(®), namely, the
canonical evolution generated by an arbitrary quadratic
Hamiltonian ¢%¢# does not preserve the semiquantized
(¢p% pP)=€*PE, a,B=1,..., N, (5)  commutation relationsl).

where the Hamiltonian of the syste(t) is an observable.
Second, it is assumed that) all canonical transformations
(not only time evolution preserve the algebraic structure.
This is equivalent to saying thal, is a derivation, i.e., it
satisfies the product (Leibniz) rule:
SA(BC)=(6,B)C+B(64C). Third, the following canonical
relations are assumeli):

where €% is dij ft_)r (di,p;) and vanishes forqi ,q;) or IV. CONCLUSION
(pi»p;). Such relations are common to classical and quantum
mechanics, of course with different meanings for the bracket We conclude that assumptiofig—(iii) prevent the classi-
in each case. The canonical structure encapsulates the infaral sector from inheriting quantum fluctuations and, further,
mation that the dynamics derives from an action functionalassumptions(i)—(vi) actually discard any nontrivial semi-
Axioms (i)—(iii ) allowed for much more general dynamics, quantized theory. Note that further details on how to actually
for instance, a classical sector evolving by itself with a quan-extract physical information from the observablesy., ex-
tum sector coupled to it. Such a violation of the action-pectations values in the quantum casee not required to
reaction principle is removed by the Lie bracket structure. reach the previous results. They are not completely conclu-
Before proceeding, let us point out the importance of Jasive, however. The seemingly harmless assumption of a
cobi’s identity since it seems to have been overlooked so farleisenberg picture formulation is, in fact, relevant to the
in this context[1,3,4. The identity can be written as conclusion. The Schdinger picture formulation of Ref1]
SA(B,C)=(8,B,C)+(B,5,C) and thus expresses that the is obviously free from universal privileged times and is thus
bracket itself is invariant under canonical transformations. Iinequivalent to(an antisymmetric version pRef. [4]. That
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both pictures are no longer equivalent in the semiquantizetbast elegantsemiquantization scheme since, after all, such a
context can also be seen from uncertainty principle consideoncept is not presently known to be physically required.
erations since the commutation relations are trivially pre-
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