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Krzysztof PachucKi
Institute of Theoretical Physics, Warsaw University, B@9, 00-681 Warsaw, Poland
(Received 4 April 1996

The electron self-energy correction of the ordéZ «)2Er- to the ground-state hyperfine splitting in hydro-
genic atoms is calculated using a semianalytical method. The correction is divided into three parts by intro-
ducing two auxiliary parameters. The low-energy part corresponds to the nonrelativistic limit, where photon
energy is of the ordema?, and the effective hyperfine interaction is given&yr). In the middle-energy part
electron and photon momenta are of the onaer and m, respectively. This part is calculated using on-shell
electron form factors. The high-energy part corresponds t&thmtrix amplitude for the forward scattering.

The final value does not depend on auxiliary parameters and amouf&=td o/ 7)(Za)?Egx17.122. It is
larger than the previous value of Sapirsteiil5.10(29) and significantly alters theoretical predictions.
[S1050-294®6)08209-1

PACS numbse(s): 36.10.Dr, 06.20.Jr, 12.20.Ds, 31.30.Jv

I. INTRODUCTION sky and Ericso8] brings a rough value of 18.36(500); later
Sapirstein[9], applying his method used for the analogous
The hyperfine structurénfs) of hydrogenic atoms, behind problem in the hydrogen Lamb shift, obtained the value
the Lamb shift, is one of the stringent tests of quantum elec15.10(29). Our result is
trodynamics(QED). The high precision of the measurement
of the hfs in hydrogen1],

o
— 2
Eexp= 1420.405 751 766(B) MHz, (1) AE=—(Za)"Epx17.122. @

stimulates theorists to improve QED predictions and to cal-
culate higher-order corrections. Unfortunately, uncertaintie\lthough it differs from the Sapirstein result, it is in much

in the low-energy proton form factors limit the possibility of better agreement with the recent calculation of Nio and
significant progress in QED tests based on the hfs in hydroKinoshita[10].

gen. The leading nuclear structure correcfighas given by It is the purpose of this paper to present a method that we
5 3 think could be extended to intrinsic two-body problems. A

AE= E‘(Za) M f“d_p widely used Bethe-Salpeter equation allows for the deriva-

3 mm, Jo p? tion of appropriate formulas and the subsequent calculation.

5 ) The problem appears in th@(«®) and higher-order correc-
X[Gm(=P7)Ge(—p°)~Gm(0)Ge(0)] (2 tions to energy levels where the large number of terms make
the calculation less tractable. There are several other tech-

determined f h ) CTh bl 4 ; niques, which eliminate relative time from the Bethe-
etermined from the experiment. These problems do no ap&alpeter equation by introducing an effective interaction

pear in muonium, which consists of the electron and thq—|amiltonian. It is worth mentioning here the Lepage formu-

approximately 200 times heavier muon. This pure IeF)toni%tion of nonrelativistic quantum electrodynami®$RQED)

atom is the ideal system for theorists, since all nqn-QE 11] which simplifies the treatment of bound states. We have
effects could be accounted for. The current experiment

; g troduced an approaci2], which is similar in some as-
value of muonium hfs i$3] pects to the Lepage NRQED. In this approach, one calculates
E o= 4 463 302.8816) kHz. &) separately corrections at diff_erent energy s_cales, ch_oosing a
expt photon gauge and performing simplifications, which are
On the other hand, the theoretical predictions are mostly limproper for that scale. Higher-order electron self-energy and
ited by the electron-muon mass ratio. An improved measuret€coil corrections to the Lamb shift in hydrogenic atdrg]
ment[4] of this mass ratio and muonium hfs is in prepara-Were calculated in this way.
tion, making the evaluation of higher-order QED corrections
more attractive. The review of hfs in hydrogenic systems is
presented if5] and[6]. Recently a large class of two-loop Il. THE METHOD OF CALCULATION

corrections has been calculated[6] and[7]. In this paper The one-loop correction to the hyperfine structure in the

we present an improved calculation of the one-loop contriygnrecoil limit and Feynman gauge are given by the follow-
bution in the order ofx(Za)?. The first calculation by Brod- ing formulas:

could not be calculated precisely, beca@e and Gy, are

*Electronic address: krp@fuw.edu.pl AE=E;+E>;+Ej;, (5)
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¢ = _5
Elz_ezf dk 1 In(n)=In(2€)— 2 (12)

2m%i K _ .
to convert this dependence o The second term irf9),
which corresponds td&y, forces electron momenta to be
l// H

large, of the order of the electron mass. We may put here
external momenta on mass shell, and calculate the corre-
(6)  spondingS-matrix element for the forward-scattering ampli-
tude. This matrix element is infrared divergent due to the
) d*k 1 presence of lower-order terms, but they can be easily sub-
E,=—2e W K2 tracted out. The remaining term is finite due to the presence

of p. The sum of three parts,
1 1
X\ ¢y Y YA
H p—k=yV—m"" (p—+V-m)

1 1
X M A
<dj 4 p—k— yov—my ;()—Ik—yov—my“

l//>1 AE:EL+EM+EH, (13)

(7) does not depend oa and p and gives the required correc-

tion.
,f d% 1
Es=—Er€”| o~z 12
(2m)% k ll. LOW-ENERGY PART E,
1 1 In the nonrelativistic limit the effective hyperfine interac-
X w tion V¢ for S states is
by bk yOV—myoyﬁ—Ik—yOV—mYM ¥ F
2
€g
®) Ve=g &), (14
e
For its calculation we dividE into three partsg, , Ey, P
andE, by introducing two auxiliary parameters,and p. whereg, is defined by
The most important thing is that, after the expansionxin
the expansions ip and next ine are performed. This allows gpe o,
one to perform an appropriate simplification, which is spe- M= 5 m m, o (15

cific for any part. It also preserves the gauge independence.

The parametee is the cutoff of the photon frequenay on  Here and in the following we pi= 1. TheZ dependence is

the branch cut from the photon propagator. In the Bartve  restored in the final formulas. The radiative corrections take
have 0K w<e. We may use here a nonrelativistic approxi- g form

mation, where the effective hyperfine interaction is given by

the 6%(r) function. We chose a Coulomb gauge and calculate E . =E ;+EL,, (16)
the radiative correction to the energy shift due to thi¢r)
function. In the remaining two parts plays the role of in- 20 (e 1
frared cutoff. It is safe now to expand the electron propagator E 1= sz wdw< ¢’ PHi_Ero p(H —E) Vi ¢> ,
in the Coulomb field; all nonperturbative effects are con- 0 17
tained inE, . We introduce here a second parametén the
following way: 2w (e 1
A@=—i P59 x| 5 | i 22 ELZZ_EF37Tm2f0 wdw< Y P E+ w7 ¢>’
q 7 pmxq @ P2 e (18

® whereE is the nonrelativistic energ = — ma?/2. The term
The magnetic field from the nucleus magnetic moment ighat comes from the expansion of Scdlirger propagator
split into two pieces. The first piece, which will correspond 1/(H—E+ w) in V¢ does not contribute after the angle av-
to the E,, part, forces the electron momenta to be small,erage. By 1/d—E)’ one denotes the reduced propagator
namely, to be of the ordena. In this domain radiative cor- (i.e., without 1S state contributiopwith angular momentum
rections are described only by the modification of electrod =0. We use the formula
form factorsF, andF,,

1
R(ra,r)=(ro| —m——=1Ir1), (19
2_q, @ [ (m) 3 (H-E)
Fi(q )_1+37-rm2 In(ﬂ) sl (10
m? 5 1
,  a 92 R(r,0)= Tae’m‘” E—C—mar+ T —In(2mar)

TheF, is infrared divergent. It depends on the photon masgo convert our matrix elements to the form that is the com-
u. We use a formula bination of
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P(y)=<¢lpﬁ(mar)’pl¢> (1)
5+y 1
—64Wr(4+ ) fo dx X277 (1—7x)” (1— 7?x) "4, (22
where
v—1 ma?
=7 and v=-— m (23

For thew integration we subtract the terms that are divergerd and calculate them analytically:

o
AE=Er—a’F,
T
1156 2572 166In2) 2In(2)? 8In(a)?
F = >7 + 8 3 — —4In(a)+8In(2)In(a)— 3 (24
8In(a)in(e) 2In(e)?
+21In(e)—41In(2)In(e) + +n;+n,, (25

3 3
whereEg=8a*m?/(3 mem,,) andm; is a reduced mass. The remaining temmsandn, are integrated numerically with the
results

f g f _128h(1-v)% +1esg(1—u)2(:s+5u) . 16f(1—v)(—1+50v—31v2+190%)
M= [ av 3(1+0)° 3(1+0v)° 3(1+0)°

— —0.085 740 3, (26)

_fld 128(1—v)v® ,F1(1,2—v,3— v, %) 0,067 496 9 )
2= |, 9 3 a+0)’ 2—v ke ! @7
|
where whereF, andF, are given by(10) and(11). It is in agree-
ment with the Lepage formulation of NRQED, where the
x}7v-x 1 effective Hamiltonian is obtained from tH&matrix ampli-
f= v 1= X 72X (28 tude. This park, is in turn split into four subparts calculated
as follows.Ey,; is a correction due to the anomalous mag-
w1 netic momenta/(27) on the relativistic wave function:
9= v 1—nx’ (29)
kj j ak
. , Evmi= &5 2m<l’b| [p!, A ]| 4. (32
he i T (30
1-7°X (1= nx)(1+ 7)) The result in required order, expressed in terms of corre-

spondingF, is
This calculation was very similar to the nonrelativistic Lamb

shift calculation with one difference due to the presence of 1 2a
the 53(r) function. Fui=5|1-In i (33
IV. MIDDLE-ENERGY PART Ey Ewm2 is coming fromVg and the radiative correction to the

. ) Coulomb interactiorV g as given byF,; andF:
In this partw is bounded from below by and the mag-

netic field from the nucleus magnetic moment is regularized Ao
according to(9). All electron momenta are of the order Vge= Iz 5 In )é\g(r) (34
me. In this domain radiative corrections are described effec- m?

tively by on-shell electron form factofs; andF,,
and could be expressed as

_ i
= Y*FU@*) + 5070, Fo(d?), (31

1
EM2=2<¢‘VFWVRC ¢>- (39
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Using (14), (34), and(35) one obtains The value of this correction is
81 | 2a | m
FMZ__§ E_ n—y| 1IN ; . (36) 2a

Ewmz is due tog? dependence of magnetic interaction be-
tween the electron and the nucleus as giverFhyand F,.

The hyperfine potentidV/r is modified bysVe: The complete value for the middle-energy part usi®®),

svo__ €O [ @ [ [m) 3] a 1 (36), (38), and(40) is
P 3mem, | 3em?| "\ ] T 8T 2 &
1 1 e _8,(m, 3 (2a) 8 (m (2 "
a2 @37 Ll el e el o Ll R RS

The expectation value, after expandingpinis
V. HIGH-ENERGY PART Ey

F —4I(m) ! 38
M3™ n;__- (39

2 This part is calculated from the correspondiBgnatrix

forward-scattering amplitude. The magnetic potenfiais
Ewmas is a correction analogous ,,, but with negative en- regularized byp. It eliminates logarithmic infrared diver-
ergy states between the hyperfiie and the radiatively cor- gences that could appear, putting external momenta on mass
rected Coulomb interactions. One could not use here thehell. This amplitude is a one-loop radiative correction to the
nonrelativistic approximatio’/ and Vgc as in Ey,. The  scattering on the magnetic field and two Coulomb fields
correct relativistic expression i¥=—eyA, and the rel- coming from the nucleus, described by 13 nonequivalent
evant part for the Coulomb interaction is Feynman diagrams. It contains the terms that contribute to

: the lower-order hfs, and they are subtracted out by removing

_a a1 the pole in the relevant momentum. An expression for an
VRC———a—p,—. (39) . .
27 2m| " 'r example diagram is
d*k 1 [ d®p; d®p,
— a2
=2 o ie) s
S . SOk VI S I O IR
r —ie : ,
T el pm pk-m @+ Tpk-m” PZ t—k-m’

where t=(m,0,0,0), p;=y°m—py, and q=p;—p,. A similar integration is described in detail i2]. First, the two-
momentum integrgb, andp, is performed. The linear divergencemt=0 is simply removed, because it corresponds exactly

to the lower-order term. The result could be expressed in terms of logarithmic, dilogarithmic, and rational functions. Next, the
integrals with respect t& and afterwards in respect to are performed, leading to the result

943 27 190In(2) 21In(2)2 2In(e) 20In(2)|n(e)+2ln(e)2

Fv=~Ts" 3t~ 9 "3 T3 tT 3 3
107 In(p) 8In(2)In(p) 8In(e)In(p) 5(3)
Y3 3 3 4 43
The final result is the sum
o E AELLE. 1307 1372 407In2) 8In(2)? 37In(a) 16In2)In(e) 8In(a)? 5¢(3) 4
B L L TR T 12 3 3 ' 3 3 a4 @

The constant term is equal t@).

VI. CONCLUSIONS

The one-loop electron self-energy and vacuum polarization contributions to the muonium hyperfine splitting are

o

E=Er 2

2
- 281) a(Za) (

( 5) 8 a(Za)?
ta(Za)|In(2) = 5| = =3 ——In(Za)| IN(Za) = In(4) + ;o0 ) +

17.122- 22+ 2| @
2 3 280 122-7dn(2)+ 53] |- (49

225
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The new result alters theoretical predictions by 1.1 kHz inof positronium and the helium atom. In both cases, there is
respect to the previous value and it is about seven timekck of some effective method like this one, which will sim-
larger than the experimental error. The uncertainty in theplify the calculation compared to the Bethe-Salpeter formal-
theoretical predictions, apart from the electron-muon masgm and its derivatives.

ratio, is due to the unknown terms of ordefEr and

a3me/m#EF, Whic_:h are enhanced by la) and Inmb/me).. ACKNOWLEDGMENTS
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