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Atomic coherence and bistable lasers without inversion
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We examine a model of a driven two-level system with injected coherent atoms. We find a set of lasing
phase diagrams for the resonant excitations. We show that the laser field in the system is related to the initial
preparation of atoms, and that when the degree of this coherence is changed, the system exhibits bistability in
the inversionless region. We also discuss the crucial role of atomic coherence in achieving lasing action.
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PACS number~s!: 42.55.2f, 42.50.Hz, 42.65.Pc
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There has been considerable interest recently in the s
of lasing without inversion~LWI !. Many schemes have bee
proposed@1–15#. Most of these publications have focuse
mainly on the conditions for the onset of lasing action, an
few others have shown that inversionless lasers may h
some interesting statistical properties, such as narrower
widths due to reduced spontaneous emission noises@10~a!#,
and amplitude squeezing in three-level@11# and four-level
systems@7~c!#. Most recently, we have shown that@8# it is
possible to obtain optical bistability in the inversionless
gion for a driven two-level system with incoherent atom
injection.

Investigating various schemes for LWI, it is not difficu
to find that atomic coherence effects and external pu
field~s! are fundamentally important for achieving LW
Now the following questions are raised. What is the conn
tion between the atomic coherence and the external p
field? What is most important for achieving laser light?

The laser model we analyze here is similar to that in R
@8#. N two-level atoms are injected into a cavity and direc
driven by a coherent external pump field. The difference
that the atoms are prepared coherently before they are
jected into the cavity. Since the external pump field and
jected atomic coherence are included in one model, this
ables us to discuss the above-raised questions. S
interesting results have been obtained. We obtain a se
‘‘phase diagrams’’ for the model. There are three phase
gions: a monostable lasing region and two bistable regio
The bistability can be obtained even when the upper-le
population is almost zero. In all regions~i.e., for all choices
of parameters!, the system lases without the need for pop
lation inversion. A detailed analysis shows that atomic
herence~or polarization between transition levels of acti
atoms! plays a crucial role in achieving laser action.

A quantum-mechanical description of our model is giv
in the dipole and rotating-wave approximations by t
Hamiltonian
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u~ t2t j !~gas j
11g* a1s j !

1\(
j

u~ t2t j !~gpe2 ivpts j
11gp* eivpts j !1H loss, ~1!

wherea1 and a are creation and annihilation operators f
the cavity field, respectively; s j

15u2& j j ^1u and
s j5u1& j j ^2u are the usual raising and lowering operators
the j th atom;sz j5u2& j j ^2u2u1& j j ^1u is the inversion opera-
tor; g andgp are coupling constants of atoms with the cav
and with the pump field, respectively;vc , va , andvp are
frequencies corresponding to the cavity, atoms, and pu
field; and the step functionu(t2t j ) is 1 for t>t j ~injection
time of the j th atom! and zero otherwise.

By the same procedure as that in Ref.@8#, we obtain a
field equation of motion

^ḃ&52S gc

2
1 iDcD ^b&1S gc

2
1 iDcDgr

2 ig* (
j

u~ t2t j !^s̃ j&, ~2!

where the total field of the system has been introduced:

^b&5^ã1gr&5r 0eiF0. ~3!

ã(t)5aeivpt, s̃ j (t)5s je
ivpt, Dc5vc2vp, Da5va2vp,

gr5gp /g,gc andG are the cavity decay rate and the atom
decay rate, respectively, and^s̃ j (t)& can be solved to be
1604 © 1996 The American Physical Society
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^s̃ j~ t !&5exp@2G~ t2t j !#H ^s̃ j~ t j !&cos2ugur 0~ t2t j !1
g2

ugu2 ^s̃1~ t j !&e
i2F0sin2ugur 0~ t2t j !

1 i
g

2ugu ^sz j~ t j !&e
iF0sin2ugur 0~ t2t j !2 i

Da

2ugur 0
^s̃ j~ t j !&sin2ugur 0~ t2t j !

1
gDa

2ugu2r 0
^sz j~ t j !&e

iF0sin2ugur 0~ t2t j !J . ~4!

Because the atoms are initially prepared coherently, their initial conditions can be assumed to be

^s̃ j~ t j !&5 r̃21, ^s̃ j
1~ t j !&5 r̃12, ^sz j~ t j !&5r222r11, ~5!

wherer11, r22, andr̃215 r̃12* are the same for all atoms. By substituting Eqs.~4! and~5! into ~2!, and replacing the summatio
in ~2! with an integration over the injection timet j , ( ju(t2t j )^s̃ j (t)&→R*2`

t dtj^s̃ j (t)& ~whereR is the time-independen
injection rate!, it is possible to obtain

^ḃ&5
1

11
4g2r 0

2

G2

eiF0H Rg2r 0

G2 ~r222r11!2 i
Rg

G F r̃21e
2 iF0S 11

2g2r 0
2

G2 D 1
2g2r 0

2

G2 r̃12e
iF01

g2r 0

G2

Da

G
~r222r11!G2

RgDa

G2 r̃21J
2S gc

2
1 iDcD r 0eiF01S gc

2
1 iDcDgr , ~6!
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whereg andgp , for simplicity, are chosen to be real. Sep
rating Eq.~6! into a real part and an imaginary one, and
means of Eq.~3!, one obtains an equation for the effectiv
total field amplitudeE52gr0 /G,

Ė5
1

11E2 H gc

2
~r222r11!E1gcur̃21uFsin~u2F0!

2
Da

G
cosuG J 2

gc

2
E1

2gpA

G
cos~F02s!, ~7!

and an equation for its phase,

Ḟ052gcF ur̃21ucos~u2F0!

E
1

1

2~11E2!

Da

G
~r222r11!

1
1

E~11E2!

Da

G
ur̃21usinuG2Dc1

2gpA

GE
sin~s2F0!,

~8!

where gc52g2R/G2, A5A(gc /2)21Dc
2, tgs5Dc /gc /2,

and r̃215ur̃21ueiu. r̃21 is determined by the initial atomic
preparation. Equations~7! and ~8! are general forms of the
amplitude and phase of the total lasing field. To deal with
connections of atomic coherence with lasing action and w
bistable lasers without inversion, we focus on the reson
excitations, i.e.,Da5Dc50, and seek the steady-state so
tion of the lasing field. In this case,s50 andA5gc/2. From
Eq. ~8!, one can obtain the steady phase

tgF052
Gcur̃21ucosu

Gcur̃21usinu1Gp

, ~9!

where we have redefined dimensionless parame
Gc5gc /gc52g2R/G2gc and Gp5gp /G. Equation ~9!
e
h
nt
-

rs

shows that the steady phase of the lasing field is relate
the initial preparation of atoms. For a certain preparat
~i.e., given ar̃21), there are two possible solutions withF0
in the second and fourth quadrants, respectively. The co
sponding solutions of the lasing field amplitude, respective
are

E~r222r11!22ur̃21u
1

M
~Gcur̃21u1Gpsinu!

11E2

5
E

Gc
12

Gp

Gc

1

M
~Gcur̃21usinu1Gp!, ~10!

E~r222r11!12ur̃21u
1

M
~Gcur̃21u1Gpsinu!

11E2

5
E

Gc
22

Gp

Gc

1

M
~Gcur̃21usinu1Gp!, ~11!

where

M5@Gc
2ur̃21u212GcGpur̃21usinu1Gp

2#1/2. ~12!

Equations~10! and~11! show that the steady field amplitude
are relative to various possible atomic injection determin
by r̃215ur̃21ueiu. Now we discuss an interesting case for t
atomic preparation examined in@Ref. @6~a!##,

ur̃21u5~r11r22!
1/2, u5

p

2
. ~13!



-
he

1606 54GUO QIN GE, XUELI LUO, YING WU, AND ZAIGUANG LI
FIG. 1. Lasing phase diagrams determined by Eq.~15!. ~a! Phase regions corresponding toGp and Gc , the dimensionless pumping
field-atom and cavity-atom-coupling constants, determined by Eq.~15!. There are one~mono-!stable and two bistable regions. Values of t
cusp points of the three lines areGc58 andGp52.598. ~b! Variation of E with D5r222r11; parametersGc520 andGp52 are chosen
in the ‘‘stable’’ region.~c! Variation of E with D; Gc580 andGp58 are chosen in the ‘‘bistable 1’’ region.~d! Variation of E with D;
Gc580 andGp59 are chosen in the ‘‘bistable 2’’ region.
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In this case, Eqs.~10! and ~11! correspondingly become

ED2A12D2

11E2 5
E

Gc
12

Gp

Gc
~14!

for F05p, and

ED1A12D2

11E2 5
E

GC
22

GP

GC
~15!

for F050, whereD5r222r11 is the inversion parameter
and the conditionr111r2251 has been used. Now let u
discuss the properties of Eqs.~14! and ~15!. Equation~14!
has the solution only forD.0. However, in this case
]Ḟ/]F(F05p).0. This means that the phase Eq.~8! is
unstable, and so is the solution of field equation~14!. There-
fore, we do not discuss it any longer.

Now let us pay attention to Eq.~15!, where the solution
properties are significantly important. First of all, we w
emphasize that the solution of Eq.~15! exists for all possible
values ofD(21,D,1), i.e., the solution of the total effec
tive lasing field has no requirement of population inversio
Second, we obtain a complete phase diagram for the la
field. A detailed analysis shows that the properties of
lasing field are different in different domains of paramet
Gc and Gp . In other words, according to the properties
the lasing field, the values of parametersGc and Gp are
divided into three regions: a monostable region and t
.
ng
e
s

o

bistable regions@see Fig. 1~a!#. Three boundaries dividing
the regions are analytically obtained and given, from low
to upper respectively, by

Gp
~1!5

A3

2
AGc

2/321, ~16a!

Gp
25

1

2F FGc

2
211AGc

2

4
22GcG1/2

1Gc

FGc

2
211AGc

2

4
22GcG1/2

Gc

2
1S Gc

2

4
22GcD 1/2 G , ~16b!

Gp
35

1

2F FGc

2
212AGc

2

4
22GcG1/2

1Gc

FGc

2
212AGc

2

4
22GcG1/2

Gc

2
2S Gc

2

4
22GcD 1/2 G . ~16c!
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The three lines converge at cusp pointsGc58 and
Gp52.598. Now we analyze the properties of the solutio
In Fig. 1~b!, it is shown that the lasing field in th
~mono!stable region has only one steady-state solution
the region ‘‘bistable 1,’’ however, Fig. 1~c! shows that there
are bistable steady states in the inversionless reg
(D,0). The basic difference of the bistability from the co
ventional one is that the bistable states here are located in
inversionless region, and that the hysteresis loop varies
respect to the inversion parameterD rather than to the exter
nal input field. The solution in the region ‘‘bistable 2’’ show
that the bistability exists near where the upper-level popu
tion is zero. The bistable curve is cut off at the zero popu
tion in the upper levels. This property indicates that as lo
as there are particles on the upper level, the system l
until the particles on the upper level are decreased to zer
reasonable deduction for this may be quantum noise que
ing or squeezing due to initial atomic coherence@18#. The
physical origin of the bistability discussed here is similar
the conventional absorptive optical bistability@16,17#. How-
ever, because of the initial atomic coherence, the bistab
is changed here with degree of coherence, and the quan
fluctuation properties of the system are also modified@18#.

From the point of view of obtaining bistability and LWI
the system of injecting coherent atoms and injecting incoh
ent atoms have similar properties; however, they have dif
ent ‘‘phase diagrams.’’ In particular, if the pump field
removed from both cases, another important differe
comes to pass. In the case of injecting coherent atoms
system still lases without the need of population inversi
There is no threshold for such a system@see Fig. 2, where the
curve is determined by Eq.~15!. However, when injecting
incoherent atoms, the laser system must have population
version @@6~a!#, @8##. On the other hand, if one investigate
the coherence condition in this case, it will be found that
inversion condition is nothing but the coherence conditi
This can be seen from Eq.~4!. @The condition makes Im
^s̃ j (t)&.0.] It should be borne in mind that the so-calle
atomic coherence here means nonzero off-diagonal elem
of the density matrix of the atoms; in other words, the ato
are polarized. The above facts suggest that atomic coher
plays a crucial role in achieving lasing action. In order
achieve lasing action, atoms should be coherent. The thr
,
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old conditions for lasing action in some systems turn out
be required to reach atomic coherence, while threshold c
ditions are not required in some other systems simply
cause the atomic coherence has already been achieve
these systems, atoms are either prepared or driven co
ently. Consequently, we deduce that atomic coherence is
most important thing for achieving laser action. So we c
say that coherent light originates from the atomic coheren
i.e., from atomic coherence to optical coherence. The m
important property of the laser is its coherence, no ma
how it is produced, with or without population inversio
The above discussion is also suitable for the multilevel s
tem @7~b!#.

In conclusion, we have discussed a driven two-level s
tem with injecting coherent atoms. We obtained a set of l
ing phase diagrams which show that bistability can be
served in the inversionless region. Both stability a
fluctuation properties are modified due to the initial ato
coherence. Because the optical bistability has very impor
applications in optical switches and optical information pr
cessing, a study of bistable inversionless lasers may s
further light on the applications of inversionless lasers. W
have also discussed the role of atomic coherence in la
systems. We have shown that it is atomic coherence
plays the crucial role in achieving lasing action, no mat
whether it requires population inversion or not.

FIG. 2. Variation ofE with D. Here the pump field is removed
andGp50. The inversionless lasing determined by Eq.~15! is also
available, whereGc520.
A
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