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Dissociative ionization of H2
1 by fast-electron impact:

Use of a two-center continuum wave function
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The differential cross section of the dissociative ionization of H2
1 by fast ~2-keV! electron impact is

determined theoretically using a two-center continuum wave function for the slow~50-eV! ejected electron
satisfying the correct boundary conditions. The variation of the sevenfold differential cross section with the
scattering angle for fixed molecular alignment shows diffraction patterns, which differ from those obtained by
the multicenter atomic model of Messiah. The effect of the molecular alignment is studied for small, interme-
diate, and large scattering angles. This reveals preferential directions for the internuclear axis.
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I. INTRODUCTION

The dissociative ionization of H2
1 by electron impact is

one of the basic problems in the domain of (e,2e) reactions.
It is actually the subject of a growing interest because of
rapid development of multiple coincidence detection te
niques. The detection in coincidence with the scattered
ejected electrons and one of the protons can deliver infor
tion about the electronic structure and the mechanism o
multaneous ionization and dissociation, and permits us
study the dependence of the differential cross section on
orientation of the internuclear axis determined by the dir
tion of one of the emerging protons. These types of coin
dence detections are already performed in collision exp
ments involving multiply charged ionic projectiles and t
hydrogen molecules@1–3#.

Fundamental studies on the ionization of diatomic m
ecules by electrons are less frequent than those of at
@4,5#, especially in the theoretical domain, in spite of the fa
that gases are found abundantly in diatomic molecular fo
This could be explained by the fact that theoretically t
basic problem of the scattering of an electron by two C
lomb centers has not yet been described by an approp
approximation. The problem of the electron in the Coulom
field of two fixed nuclei is largely studied for the boun
electronic states@6–9#, where different types of wave func
tions @linear combination of atomic orbitals~LCAO!, di-
atomic orbitals~DO!, universal basis, etc.# are proposed. In
spite of the separability of the Schro¨dinger equation in sphe
roidal coordinates, no closed exact analytical wave functi
for the continuum states exist. In the multicenter scatter
problem, Messiah@10# proposes, for large internuclear di
tances, the consideration of one-center wave functions in
calculation of the transition matrix elements. This meth
was recently applied to the electron-capture problem of m
tiply charged ions from H2 by @1–3,11# and to the dissocia
tive ionization of H2

1 by some of us@12#. The main diffi-
culty with this atomic model is that the orthonormalizatio
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~in a box! of the final-state wave function is not clearly gua
anteed, and the boundary conditions are satisfied only f
the one-center point of view.

In this paper, we propose, for the slow~50-eV! ejected
electron, a description that satisfies the correct asympt
conditions based on a Pluvinage-type@13# analysis, by taking
a product of two functions that take into account the tw
scattering centers. We adopt a plane-wave description of
incident and the scattered rapid~2-keV! electron. This is a
reasonable approximation at high incident energy valu
Moreover, our first aim here is to compare the different
cross sections of the dissociative ionization of H2

1, obtained
under the same conditions with our procedure, to those
tained by the Messiah’s model in@12#, where plane waves
were also used for the incident and the scattered electro

II. THEORY

We define in Fig. 1~a! the system of axes, whose origi
coincides with the center of the H2

1 diatomic system. The
z axis is parallel to the direction of the impinging electro
The direction of the internuclear axis is determined byur

and wr , the polar and the azimuthal angles, respective
which are supposed to be fixed during the ionization proce
together with the internuclear distancer considered in its
equilibrium value. We will consider that the collision time
much smaller than the period of the rotational and vibratio
motions. Figure 1~b! shows the positions of the two nucle
and that of the bound and incoming electrons.

The differential cross section, in a general out-of-pla
detection of the two electrons and one of the H1, is seven-
fold and is given by

s~7!5
d7s

dVrdVedVsd~ks
2/2!

5
~2p!4keks

ki
uTf i u2, ~1!

where theV, Ve and theks , ke represent, respectively, th
solid angles and the moduli of the wave vectors of the sc
tered and the ejected electrons. This should be divided
1473 © 1996 The American Physical Society
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1474 54JOULAKIAN, HANSSEN, RIVAROLA, AND MOTASSIM
4p, if all the directions of the internuclear axis are consid
ered to be equally probable. The conservation of the ener
for fixed r gives

ki
2

2
1

1

r
5I 11

ks
2

2
1

ke
2

2
12Ep , ~2!

whereI 1 represents the ionization energy andEp the kinetic
energy of an out-coming H1 atom. TheT matrix element
Tf i is given in the case of an unpolarized electron beam b

Tf i5
1
4 up1qu21 3

4 up2qu2, ~3!

with

p5^C f
2~R,r !uVuC i~R,r !& ~4!

and

q5^C f
2~r ,R!uVuC i~R,r !&, ~5!

with

p~ks ,ke!5q~ke ,ks!. ~6!

Here the integration runs over all space coordinates de
ignated byR for the incident electron andr for the bound
one.V represents the interaction between the incident ele
tron and the target H2

1 @Fig. 1~b!#:

FIG. 1. ~a! The reference frame with the different wave vector
k i , ks , andke representing the incident, scattered, and the eject
electrons, respectively.us , ue denote the scattering and the ejection
angles, respectively.~b! The different position vectors of the inci-
dent and the bound electrons with respect to the two nuclei.
-
gy

y

s-

c-

V52
Z

R1
2

Z

R2
1

1

R3
. ~7!

A. The initial state

For the collision by fast electrons we will describe th
initial state by a product of a plane wave and a variatio
two-parameter solution of the 1sg fundamental state o
H 2

1,

uC i&5
eiki•R

~2p!3/2F1sg
~r ,r!, ~8!

with

f1sg
~r ,r!5N~r!$e2ar1e2br21e2br1e2ar2%, ~9!

wherer 1 and r 2 represent the distances from the two nuc
@Fig. 1~b!#, a50.224 086, andb51.136 03 are variationa
parameters that we have determined for the equilibrium
ternuclear distancer52 a.u. andN(r)51.2434. As we
show below, the use of a wave function of this type for t
ground state of H2

1 is necessary to ensure convergence
the basic integrals@Eq. ~19!#.

B. The final state

In the final state, the scattered fast electron will be d
scribed by a plane-wave solution, and the ejected electron
the two-center continuum~TCC! wave function given by

x~r1 ,r2!5
eike•r

~2p!3/2C~ke ,r1!C~ke ,r2!, ~10!

with

C~ke ,r j !5exp~2pae /2!G~12 iae!1

3F1„iae ,1;2 i ~ker j1ke•r j !… ~11!

and ae521/ke . This is inspired from the Pluvinage-typ
treatment@9# of the heliumlike systems, where one of th
nuclei of H2

1 replaces the second electron in the equation
He. Now in the asymptotic limit,

lim
r 1 ,r 2→`

@x~r1 ,r2!#

5~2p!23/2exp$ ike•r12aeln~ker 1ke•r !%,

~12!

which is the exact limit of the outgoing wave in the field
the two nuclei. The final state will be thus given by

C f
2~R,r !5

eiks•R

~2p!3/2 x~r1 ,r2!. ~13!

d
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FIG. 2. The sevenfold differential cross se
tion ~7DCS! of the (e,2e) ionization of H2

1 in
terms of the ejection angle,ue , and the scattering
angle,us . The incident and the ejected electro
energies are 2 keV and 50 eV, respectively. T
internuclear axis is at 135° with respect to th
incidence direction.
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C. The transition amplitude

Replacing Eqs.~8! and ~13! in Eq. ~4!, we obtain

p5
N~r!

2p9/2 exp~2pae!@G~11 iae!#
2@ I ~a,b!1I ~b,a!#,

~14!

where

I ~a,b!52Z$I 1~a,b!1I 2~a,b!%1I 3~a,b! ~15!

with

I j~a,b!5E dR

Rj
dr eiK•R e2 ike•r e2ar1

31F1„2 iae ,1;i ~ker 11ke•r1!…e2br2

31F1„2 iae ,1;i ~ker 21ke•r2!…, ~16!

whereK5k i2ks represents the momentum transfer. Usi
the Fourier transform for one of the centers, as shown in
Appendix, and considering thatR5R21r/25R12r/2,
r5r21r/25r12r/2, andR35R2r , we could reduce this
integral into a three-dimensional integral having the follo
ing form:

I j~a,b!5
e†i ~sjK2ke!•~r/2!‡

2p2K2 E dt ei t•r W~ke ,t,a!

3W~ke ,2h jK2t1ke ,b! ~17!

with

sj521, h j50 for j 51,

sj51, h j50 for j 52,

sj51, h j51 for j 53, ~18!
e

-

W~k,q,l!5E dre2 iq•re2lr
1F1„2 iae ,1;i ~kr1k•r !…,

~19!

which is a simplified Nordsieck-type@14# integral that has in
our case a simple analytical expression. Finally the thr
dimensional integral in Eq.~17! is determined numerically.

III. RESULTS

We chose the domain of relatively high incident ener
values~2 keV!. We also fix the ejected electron energy to
eV, as in our first paper@12#, and limit ourselves to the
coplanar geometry, where the internuclear axis, the in
dence, scattering, and the ejection directions are in the s
plane.

We begin by giving in Fig. 2 an overall image of th
variation of the sevenfold differential cross section~7DCS!
for a fixed direction of the molecular axisur5135° and
wr50° in terms of the ejection and the scattering ang
simultaneously. This presents the same characteristics o
graphs concerning the variation of the triple differential cro
section of an atomic system, with the usual Bethe rid
where the ejection direction is parallel to that of the mome
tum transfer, and the binary and recoil structures for sm
scattering angles, which are obtained when the recoil m
mentum of the target is optimal. Now comparing in this sit
ation our results for a particular, small scattering an
us51° to that obtained by Messiah’s model in Fig. 3 we s
that the TCC model favors the binary region, in contrast w
Messiah’s model, which favors the back ejection region l
in the atomic case. This difference in the behavior can
explained by the nature of the two models, as Messia
model considers the molecular transition matrix element@Eq.
~15! of @12## as a combination of simple products ofe6 iK•r

with one-center transition matrices, in contrast with the TC
model in which the ejected electron ‘‘belongs’’ to the mo
ecule as a whole. Now asK is small for small scattering
angles and hencee6 iK•r'1, the results obtained by Mess
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1476 54JOULAKIAN, HANSSEN, RIVAROLA, AND MOTASSIM
ah’s model have in this situation an atomic character~Fig. 3!.
To study in more detail the molecular aspect of our pro

lem we show in Fig. 4 the variation of the 7DCS in terms
the orientation of the moleculeur , and the scattering angl
us , simultaneously forwr50° and fixed incident energy o
2 keV. The ejection direction here is taken parallel to that
the momentum transfer, which itself varies slowly withus .
Three domains for the scattering angle appear. The first
small angles between 0° and 4°, second, for intermed
values, between 5° and 15°, and finally the large scatte
angle region, which goes from the intermediate region to
backscattering region untilus5180°, where the 7DCS
shown in Fig. 5 for a fixed direction of the molecule, h
very small values.

For the region of small scattering angles~Fig. 4!, where
the impact parameter is large, the 7DCS is very sensitiv
ur , and it takes a maximal value forup>140°. In this di-

FIG. 3. The sevenfold differential cross section~7DCS! of the
(e,2e) ionization of H2

1 in terms of the ejection angle,ue . The
incident and the ejected electron energies are 2 and 50 keV, re
tively, the scattering angleus51° andur5135°. The full line gives
the results obtained by the two-center continuum model, and
dotted line those obtained by Messiah’s model.
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rection the molecular axis is parallel to the momentum tra
fer direction. Recalling the spheroidal shape of the elect
cloud of the 1ssg state, this result seems physically plausib
as the velocity of the bound electron is oriented in this
rection. Now in Messiah’s model, the conclusion is the sam
but with smaller sensitivity tour for the same reason a
above, showing that the molecular aspect of the problem
this model should be small as the momentum transfe
small.

In the intermediate values ofus , we are in, what we call
in the atomic case, the Bethe region, where the momen
transfer is relatively large (.1 a.u.! and where the maximum
7DCS is obtained at zero recoil momentum of the target,
the situations where the momentum transferK is equal and
parallel to the momentum of the ejected electronke , as

K5k i2ks5ke1krecoil. ~20!

Now the Bethe ridge is found atus59° for the given energy
values. It is interesting to see that in our case, in Fig. 4,
maximum does not occur at the same position when the m
ecule is turned around. This means also that the zero of
recoil momentum of the center of mass of the molecule
not, like in the atomic case, the most favorable situation
the ionization in the momentum transfer direction.

It is also interesting to observe that in this region t
7DCS is not very sensitive tour , with a small advantage
given to the direction of the internuclear axis parallel to t
scattering direction. This means that the ejection in the m
mentum transfer direction is most probable when the m
lecular axis is parallel to scattering the direction. This diffe
ence of behavior of the 7DCS between the small a
medium scattering angle domain could be explained by
fact that in this region the interaction terms between the
cident electron and the nuclei are small, and that the inte
tion with the target electron prevails. Moreover, the rec
momentum is very small in this region, which means that
the momentum is transferred to the target electron. Now
incident electron is nearer to the electron cloud, as the imp
parameter is smaller here, so it will have a greater chanc

ec-

e

c-

d
ec-
o

FIG. 4. The sevenfold differential cross se
tion ~7DCS! of the (e,2e) ionization of H2

1 in
terms of the internuclear axis directionur and
scattering angleus . The incident and the ejecte
electron energies are 2 keV and 50 eV, resp
tively. The ejection direction is taken parallel t
the momentum transfer direction.
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FIG. 5. The sevenfold differential cross section~7DCS! of the (e,2e) ionization of H2
1 in terms of the scattering angleus . The incident

and the ejected electron energies are 2 keV and 50 eV, respectively. The ejection direction is taken parallel to the momentum tra
ur590°. The full line gives the results obtained by the two-center continuum model, and the dotted line those obtained by Messiah
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interacting with the target electron when the molecule
somewhat aligned in its direction.

To study the third domain for large scattering ang
(15°,us,180°), we will consider the variation of th
7DCS in two different situations. First we will fix the orien
tation of the internuclear axis perpendicular to the incide
direction (ur590°). Figure 5 shows this variation compare
to that obtained by Messiah’s model. In spite of the fact t
the values of the 7DCS are very small with respect to th
of the small scattering angle region, these curves revea
teresting ‘‘diffraction’’ patterns, whose interfringe depen
on the incident energy value and the direction of the int
nuclear axis. Now the ‘‘diffraction and interference pattern
obtained by Messiah’s model looks like that obtained by t
optical apertures. This is an expected result when we obs
the transition matrix element~Eq. ~15! of @12#!. Now the
diffraction pattern obtained by the TCC model presents
characteristic of that obtained by one optical aperture, as
the molecule is considered as a whole, and the atomic as
of the problem is less pronounced because of the TCC
scription of the ejected electron, which mixes up, as sho
in Eq. ~14!, the effect of the two centers. It should be me
tioned here, that a particular structure is observed aro
90°. We have observed that, when the orientation of
internuclear axis is changed, this central structure follows
new direction. This could be a very practical indication abo
the direction of the molecular axis of linear targets.

A second interesting situation in this domain of large sc
tering angles is obtained when the direction of the inter
s
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clear axis is taken perpendicular to the momentum trans
the ejection electron coming out always parallel to the m
mentum transfer. In this situation the recoil momentu
which is parallel to momentum transfer, will be perpendic
lar to the molecular axis and thus the molecule will beha
like an atom and its Bethe ridge will coincide with that of th
atom. Figure 6 shows this variation for the two metho
where we see that the diffraction patterns disappear in
two cases and the Bethe ridge is exactly at 9°.

IV. CONCLUSION

We have developed a procedure to determine the se
fold differential cross section of the dissociative simple io
ization of diatomic systems using, for the ejected electron
continuum description, which satisfies the correct bound
conditions. The results of our calculations for the case of f
incident electrons show that the momentum transfer play
role similar to that in the atomic case. By varying the dire
tion of the molecular axis and the scattering angle we h
revealed the molecular aspects of this problem and obse
diffraction and interference patterns of the 7DCS curves.
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FIG. 6. The same as Fig. 5, bu
here the internuclear axis is a
ways perpendicular to the ejectio
direction, which is parallel to the
momentum transfer direction.
APPENDIX

Determination of the integral †Eq. „17…‡

I j~a,b!5E dR

Rj
dr eiK•Re2 ike•re2ar1

31F1„2 iae ,1;i ~ker 11ke•r1!…e2br2

31F1„2 iae ,1;i ~ker 21ke•r2!…. ~A1!

Let us consider the function

G~r1!5e2ar1
1F1„2 iae ,1,i ~ker 11ke•r1!…

5
1

~2p!3/2E dt C~t!ei t•r1 ~A2!

with

C~t!5
1

~2p!3/2E dr1G~r1!e2 i t•r1. ~A3!

Importing this expression in~A1!, we obtained

I j~a,b!5
1

~2p!3/2E dR

Rj
dr eiK•Re2 ike•rE dt C~t!ei t•r1

3e2br2
1F1„2 iae ,1;i ~ker 21ke•r2!…. ~A4!

Considering that

R5R21
r

2
5R12

r

2
, r5r21

r

2
5r12

r

2
, R35R2r ,

~A5!
we can write

I j~a,b!5~2p!23e2 i ~ke–r/2!E dt ei t•r

3E dR

Rj
dr2C~t!eiK•Re2 i ~ke2t!•r2e2br2

3 1F1„2 iae ,1;i ~ker 21ke•r2!…. ~A6!

Now using the integral

E dR
eiK•R

Rj
5

4p

K2 ei ~sjK•r/2!eih jK•r2 ~A7!

with

sj521, h j50 for j 51,

sj51, h j50 for j 52,

sj51, h j51 for j 53, ~A8!

and defining the basic integral,

W~k,q,l!5E dr e2 iq•re2lr
1F1„2 iae ,1;i ~kr1k•r !…,

~A9!

we can write~A6! in its simpler form of Eq.~17!.
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