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Measuring nondipolar asymmetries of photoelectron angular distributions
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In theories of photoelectron angular distributions at soft-x-ray energies from 1 to 10 keV, first-order cor-
rections to the dipole approximation give rise to two nondipolar asymmetry parameters in addition to the
well-known dipolar asymmetry parameterb. The nondipolar parameters characterize the forward-backward
asymmetry with respect to the propagation vector of the photon beam. Experimentally, the measurement of the
nondipolar effect has been hampered because of the complications resulting from the three-parameter angular
distribution. In this paper, we suggest various experimental approaches to the measurement of the three
asymmetry parameters using partially linearly polarized x rays, corresponding to measurements on synchrotron
radiation beamlines. We describe methods to extract the asymmetry parameters using such approaches.
@S1050-2947~96!07908-5#

PACS number~s!: 32.80.Fb, 32.80.Hd
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I. INTRODUCTION

Atomic photoelectron angular distributions have been
tensively studied at lower photon energies in the vacu
ultraviolet ~VUV ! region, where the dipole approximation
the photoemission matrix element is usually considered to
a good description of the interaction@1–4#. In the dipole
approximation, the angular distribution for linearly polariz
light depends only on the angle between the photon polar
tion vector and the photoelectron momentum vector an
completely characterized by one asymmetry parameteb.
However, at higher photon energies in the VUV and in t
x-ray region, nondipolar interactions can modify photoele
tron angular distributions, resulting in a forward-backwa
asymmetry with respect to the photon propagation vec
@5–10#.

In theories which treat the photon-atom interaction b
yond the dipole approximation, a general expression for p
toelectron angular distributions, with angles referenced to
photon beam direction, can be given as an expansion
spherical harmonics:

I ~u,f!5(
L,M

bLMYLM~u,f!, ~1!

where the coefficientsbLM contain the dynamical informa
tion and the dependence on the polarization state of the
ton beam. Peshkin@5# has emphasized the use of the dens
matrix description of the photon polarization state and of
multipole expansion of the photon plane wave to sepa
polarization effects from dynamics and to determine
symmetry properties of angular distribution patterns impo
by conservation of angular momentum and parity. Assum
randomly oriented target atoms, the angular symmetry pr
erties of the photon-atom system are constrained by the s
541050-2947/96/54~2!/1463~10!/$10.00
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metry properties of the photon beam. TheL values in Eq.~1!
are determined by the number and type of multipole com
nents included in the calculation, but theM values are re-
stricted to 0,62 due to the unit spin, odd intrinsic parity, an
transversality condition of photons.

In specific calculations, the number of terms included
Eq. ~1! is usually limited by truncation of the multipole ex
pansion. At low photon energies, it is common to inclu
only the electric-dipole interaction. Consequently, onlyL50
and 2 terms are retained in Eq.~1!, and the angular distribu
tion is characterized by a single asymmetry parameterb. At
the high-energy extreme~'1 MeV!, Scofield @9# has indi-
cated that about 100 multipoles are needed in calculatio
which would give a very complicated form to the angul
distribution. In such a case, it would seem to be impracti
to measure all of the asymmetry parameters; instead, the
culations could be tested by measuring photoelectron in
sities at selected angles. However, in the photon energy
gion of '5–10 keV, recent calculations suggest that it m
be sufficient to characterize angular distributions via fir
order corrections to the dipole approximation, i.e., by inclu
ing interference terms between electric-dipole transition a
plitudes and amplitudes for electric-quadrupole a
magnetic-dipole interactions@8–10#. Terms of L50–3 of
Eq. ~1! are included in this approximation, giving rise to tw
‘‘nondipolar’’ asymmetry parameters in addition to the ‘‘d
polar’’ asymmetry parameterb.

General insight into the form of angular distributions co
rected to first order beyond the dipole approximation is giv
by the differential cross section for linearly polarized lig
derived by Bechler and Pratt@8#:

ds

dV
5

s

4p
$11bP2~ u«•p̂u!1~ p̂• k̂!@a1bP2~ u«•p̂u!#%,

~2!
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1464 54P. S. SHAW, U. ARP, AND S. H. SOUTHWORTH
where, as shown in Fig. 1,p is the photoelectron momentum
vector,« is the photon polarization vector taken along thez
axis, k is the photon propagation vector taken along thex
axis,b is the usual dipolar asymmetry parameter, anda and
b are the nondipolar asymmetry parameters. In contrast w
the dipole approximation, corresponding tok→0 in Eq. ~2!,
the corrected cross section depends on the photoelec
emission angles relative to bothk and «. The correction
terms redistribute photoelectron intensity with respect tok
and «, but do not contribute to the angle-integrated cro
sections calculated from the dipole amplitudes. The angu
distribution no longer possesses rotational symmetry ab
the « vector, as it has in the dipole approximation, but
retains reflection symmetry in thex-y and x-z planes. The
correction terms vanish in the plane perpendicular tok ~the
y-z plane!, so measurements made in this plane are sens
only to the dipolar terms. Angle-resolved electron spectro
eters designed to measures andb parameters by recordin
photoelectron intensities in the plane perpendicular tok, Ref.
@11# for example, will be insensitive to nondipolar correctio
terms in energy regions where Eq.~2! is valid. However,
other spectrometer systems designed fors and b measure-
ments, Refs.@12,13#, for example, detect electrons emitte
forward or backward with respect tok and will be sensitive
to nondipolar terms in Eq.~2!.

On the experimental side, in early measurements us
unpolarized soft x rays, Krause and Wuilleu˙mier observed
photoelectron angular distributions to be tilted in the forwa
direction with respect to the x-ray beam@14#. Only recently,
an experiment using tunable synchrotron x rays was p
formed by Krässiget al., who used 2- to 5-keV polarized
rays to measure forward-backward asymmetries for
Ar(1s), Kr(2s), and Kr(2p) subshells@15#. In agreement
with theoretical calculations@8–10#, the measured asymme

FIG. 1. The coordinate system used to describe the photoe
tron angular distribution. Here,u is the polar angle of the photo
electron momentum vectorp with respect to thez axis ~or the
photon polarization vector«! andf is the azimuthal angle define
by the projection ofp in thex-y plane, which is perpendicular to«
and contains the photon propagation vectork.
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tries for different atomic subshells display different ener
dependencies. At certain energies, Kra¨ssig et al. observed
enhancement of the photoelectron intensity in the backw
direction, while at other energies, the photoelectron inten
was enhanced in the forward direction. In analogy with stu
ies of theb parameter at VUV energies@1–4#, studies of
nondipolar asymmetries provide additional insight in
atomic photoionization at x-ray energies. With the advent
‘‘third-generation’’ synchrotron light sources, we expe
there will be increasing interest in measurements of non
polar effects.

In this paper, we assume that the form of the differen
cross section is adequately described by Eq.~2! and discuss
various experimental approaches to the measurementb
and the two nondipolar asymmetry parameters. We m
specific use of Cooper’s formulation@10#, in which the non-
dipolar parameters are denoted byg and d and have been
calculated for rare-gas subshells using a nonrelativi
central-potential model. Similar results have also been ca
lated by Bechler and Pratt@8#, Amusia and Cherepkov@6#,
and Scofield@9#, who used a relativistic central-potentia
model. Equivalent sets of parameters from alternative th
retical formulations@6,8,9# are compared withb, g, andd in
Table I. Inclusion of two more asymmetry parameters ma
the experimental measurement much more challenging
the singleb parameter measurement. It is further comp
cated by the fact that commonly used synchrotron x rays
not completely linearly polarized. The purpose of this pap
is to provide a road map for experimentalists by analyz
several experimental configurations and deriving formu
tions for the three parameters when partially linearly pol
ized x-ray beams are used. The requirement on the poin
accuracy of the photoelectron spectrometer is also discus

II. FORMULA FOR THE ANGULAR DISTRIBUTION

Cooper’s formulation for the differential photoionizatio
cross section using x rays linearly polarized along thez axis
and propagating along thex axis is @10#

S dsnl

dV D
z

5
snl

4p F11
b

2
~3 cos2u21!

1~d1g cos2u!sinu cosfG . ~3!

Here,b is the usual dipolar asymmetry parameter andd and
g are additional parameters that characterize the forwa

c-

TABLE I. Relationships of the dipolar and nondipolar param
eters,b, g, d, used by Cooper@10# and adopted by this paper, an
the B1, B2, andB3 of Scofield@9#, theb, a, andb by Bechler and
Pratt@8#, and theb, k, g, andh by Amusia and Cherepkov@6#. Note
that the equivalent table in Ref.@10# has an error in the relation
betweenb andB2.

Cooper@10# Scofield@9# Bechler and Pratt@8# Amusia and
Cherepkov@6#

b 22B2 b b
g 25B3 3b/2 25kh
d B11B3 a-b/2 k~g1h!
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54 1465MEASURING NONDIPOLAR ASYMMETRIES OF . . .
backward asymmetry. Theoretical expressions ford and g
involve radial dipole and quadrupole matrix elements a
continuum-wave phase shifts@10#. As shown in Fig. 1,u is
the polar angle of the photoelectron momentum vectop
with respect to thez axis or the photon polarization vector«,
andf is the azimuthal angle defined by the projection ofp in
the x-y plane, which is perpendicular to« and contains the
photon propagation vectork. Note that Eq.~3! can be de-
rived from Eq. ~2! by the substitutions u«•p̂u→cosu,
p̂•k→sinu cosf, a→d1g/3, andb→2g/3.

Equation~3! shows that the nondipolar terms are maxim
in the forward~f50°! and backward~f5180°! directions
with respect tok and vanish in the plane perpendicular tok.
That is, measurements in the plane perpendicular tok de-
pend only on the dipolar asymmetry parameterb. Further-
more, measurements made in the plane perpendiculark
and with u at the dipolar magic angle
u5cos21~1/)!'54.7°, are proportional to the angle
integrated cross sectionsnl , since the terms involving the
asymmetry parameters vanish. Equation~3! also shows that
the contribution of thed parameter is proportional to
sinu cosf, which is thex coordinate~or coordinate alongk!
of the unit vector alongp. The contribution of theg param-
eter is more complicated, depending in addition on a fac
of cos2u.

For the case when the polarization vector« is along they
axis, the angular distribution can be derived from Eq.~3! by
a 90° rotation of the coordinate system about thex axis. We
have

S dsnl

dV D
y

5
snl

4p F11
b

2
~3sin2u sin2f21!

1~d1g sin2u sin2f!sinu cosfG . ~4!

The angular distributions for unpolarized and circularly p
larized x rays are the same@5# and can be derived by ave
aging Eqs.~3! and ~4!:

S dsnl

dV D
unpol

5
snl

4p F S 11
b

4 D1S d1
g

2D sinu cosf

2
3b

4
sin2u cos2f2

g

2
sin3u cos3fG . ~5!

Notice that Eq.~5! is a function only of sinu cosf5p̂•k̂, the
cosine of the angle between the electron momentum
photon propagation vectors.

III. ANGULAR DISTRIBUTION BY PARTIALLY
LINEARLY POLARIZED X RAYS

X rays from a synchrotron radiation source are not o
linearly polarized in the plane of the ring but also elliptica
polarized outside this plane. To measure the dipolar and n
dipolar parameters, the general expression for the photoe
tron angular distribution by partially linearly polarized x ra
has to be used.

It has been shown@16# that the photoelectron angular di
tribution corresponding to elliptically polarized light is th
d
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same as that produced by two perpendicular, incoherent,
early polarized components aligned with the major and
nor axes of the polarization ellipse. LetI major and I minor de-
note the intensities of the components along major and m
axes, respectively. The elliptically polarized light can now
treated as a linearly polarized component with intensity

I pol5I major2I minor,

and an unpolarized component with the rest of the total
tensity.

The degree of linear polarizationP can be defined as th
ratio of linearly polarized intensity to the total x-ray intensi

P[
I pol

I total
,

whereI total is the total intensity of the x rays. For ellipticall
polarized x rays, we have

P5
I major2I minor

I total
.

It follows that 0<P<1, and havingP51 represents com
pletely linearly polarized x rays, while havingP50 corre-
sponds to unpolarized or circularly polarized x rays.

If we choose the coordinate system such that thez axis
aligns with the major axis of the polarization ellipse
shown in Fig. 1, the photoelectron angular distribution c
be expressed as

dsnl

dV
~P!5

I pol

I total
S dsnl

dV D
z

1
I total2I pol

I total
S dsnl

dV D
unpol

,

or

dsnl

dV
~P!5PS dsnl

dV D
z

1~12P!S dsnl

dV D
unpol

.

By using Eqs.~3! and ~5!, we derive@17#

dsnl

dV
~P!5

snl

4p H F11
b

4
2

3

4
Pb1

3

2
Pb cos2uG

1Fd1gP cos2u2g
~P21!

2 Gsinu cosf

1F3b

4
~P21!Gsin2u cos2f

1Fg ~P21!

2 Gsin3u cos3fJ .

With replacement of cos2f and cos3f with equivalent ex-
pressions using cos2f and cos3f, the angular distribution
becomes
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dsnl

dV
~P!

5
snl

4p H F11
b

8
~113P!~3cos2u21!G

1Fd1g cos2u1g
~P21!

8
~5 cos2u21!G

3sinu cosf1F3b

8
~P21!Gsin2u cos2f

1Fg ~P21!

8 Gsin3u cos3fJ . ~6!

It should be pointed out that the same expression as
~6! can be derived directly from Eqs.~3! and ~4! without
using Eq.~5!. However, the above derivation also demo
strates the case of x rays with circularly polarized com
nents as is the case of synchrotron x rays when not alig
with the plane of the ring.

In practice, there may be a tilt between the experiment
defined coordinate axes and the linear polarization com
nent. This situation is represented in Fig. 2, where the lin
component lies in they-z plane but at a tilt anglec with
respect to thez axis. The experimentally observed angu
distribution is then given by a rotation of the coordinate s
tem by an anglec about thex axis:

dsnl

dV
~P,c!5

snl

4p H F11
b

8
~113P cos 2c!~3 cos2u21!G

1Fd1g cos2u1
g

8
~P cos 2c21!

3~5 cos2u21!Gsinu cosf

1F3b

8
~Pcos 2c21!Gsin2u cos2f

1Fg8 ~P cos 2c21!Gsin3u cos 3f

2F3b

2
~P sin2c cosu!Gsinu sinf

2Fg2 ~P sin2c cosu!Gsin2u sin 2fJ . ~7!

Note that whenc590°, the above expression corresponds
the case when the linear-polarization component lies al
the y axis.

Equation~7! is in the form of the Fourier expansion of th
angular distribution in terms of thef angle, if theu angle is
fixed. Whenu is at the magic angle of 54.7°, the consta
term is proportional to the angle-integrated cross sectionsnl ,
as in the case of dipole approximation.

We shall use Eqs.~6! and ~7! to analyze several exper
mental configurations and formulate the dipolar and non
polar parameters for partially linearly polarized x rays. T
q.
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effects resulting from possible mechanical misalignment
the experiments will also be discussed, to help in design
such experiments.

IV. ANALYSIS OF EXPERIMENTAL CONFIGURATIONS

Angle-resolved electron-energy analyzers~EEA! are com-
monly used for measuring the angular distribution of pho
electrons excited from a specific atomic subshell. The an
lar distribution can be measured either by placing seve
fixed EEA’s around the sample or by placing one EEA on
rotational device@15#.

If the fixed or rotating EEA’s are arranged to measu
electrons with momentum vectors at a fixed polar angleu,
then the measured data as a function of azimuthal angf
will be the Fourier series expressed in Eq.~7!. The Fourier
coefficients can be extracted by numerical Fourier series
pansion, and the values of the dipolar and nondipolar co
ficients can be deduced. We consider several experime
configurations in the following discussion.

A. Polarization vector along thez axis

1. u fixed at an arbitrary angle

Equation~6! describes the angular distribution of af scan
at fixed u with the linear polarization vector pointing alon
thez axis as shown in Fig. 3. Here, the EEA is rotating abo
the photon polarization vector« or thez axis and measuring
photoelectrons with momentum vectorp, which are at a
fixed angleu with respect to thez axis. For a singlef scan,
the measured data can be fitted to a function of the form

a0@11a1cosf1a2cos2f1a3cos3f#,

and four coefficients can be obtained~a0, a1, a2, and a3!.
With these coefficients, we can yield four equations for fi
variables~snl , b, d, g, andP! from Eq. ~6!. In principle, if
one variable is known, all others can be solved. However,
an experiment with highly polarized synchrotron light,a2

FIG. 2. The coordinate system with the major polarization v
tor in they-z plane and tilted at anglec with respect to thez axis.
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anda3 are small because they vary asP21, and the solution
for the variables, despite the complex mathematical exp
sion, could have large error bars. A simpler configurat
with u fixed at the magic angle is discussed below.

2. u fixed at the magic angle

With u fixed at the magic angle of 54.7°, as was done
Ref. @15#, the constant term in the Fourier series of Eq.~6!
becomes unity, and independent ofb and P. Equation~6!
becomes

dsnl

dV
~P!5

snl

4p H 11Fd1g
~P13!

12 GA2

3
cosf

1b
~P21!

4
cos2f1g

~P21!

12
A2

3
cos3fJ .

As stated in Sec. IV A 1, the coefficients of the cos2f and
cos3f terms of the above expression are usually small
highly polarized synchrotron x rays~i.e., P is close to 1!, and
they cannot be used directly to precisely calculateb or g.
From the coefficients of the cosf and cos3f terms, we have

d1
g

3
5A 3

2 ~a12a3!.

Althoughd andg parameters cannot be separated accura
for highly polarized x rays in this configuration, a weighte
sum ofd andg can be determined, independent of the pol
ization P, and compared to theoretical values@15#. Figure 4
shows the photoelectron intensity as a function off for sev-
eralP values forb52, d50, andg51. Notice that whenf is
45°, 135°, 225°, or 315°, the intensities depend only
a12a3 and, therefore, are independent ofP. This result is an
example of a general symmetry property of angular distri
tions by which the dependence on the polarization state
the photon beam can be eliminated@5#.

FIG. 3. The coordinate system with the major polarization v
tor along thez axis. The trajectory for af scan with fixedu by the
EEA is also shown.
s-
n

r

ly

-

n

-
of

This configuration is most useful in cases whered50 ~i.e.,
excitation froms subshells in a nonrelativistic central pote
tial model @10#! and the above equation becomes

g5A 27
2 ~a12a3!.

Furthermore, ford50, the degree of polarizationP can be
calculated using

P5
a113a3

a12a3
,

provided thatg, or a12a3 , is large enough to yieldP with
good accuracy. We can also calculateP by using

P5
4

b
a211.

This expression is useful whenb is known from other mea-
surements or calculations, or when it is valid to assumeb'2
for an s subshell.

The a0 coefficient in the Fourier series is proportional
the angle-integrated cross section,snl . The x-ray energy de-
pendence ofsnl can be measured by scanning the x-ray e
ergy.

B. Polarization vector along they axis

1. u fixed at an arbitrary angle

When the polarization vector is along they axis, as shown
in Fig. 5, the EEA’s rotation axis, thez axis, is perpendicular
to the photon polarization vector«, or the y axis, and the
EEA is measuring photoelectrons with momentum vectorp,

-

FIG. 4. Photoelectron angular distribution as a function off,
with u at magic angle andb52, g51, andd50. The four curves,
corresponding toP51, P50.95,P50.9, andP50.8, are shown.
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which are at a fixed angleu with respect to the EEA’s axis o
rotation. The angular distribution can be derived by letti
c590° in Eq.~7!, to give

dsnl

dV S P,c5
p

2 D5
snl

4p H F11
b

8
~123P!~3 cos2u21!G

1Fd1g cos2u2g
~P11!

8

3~5 cos2u21!Gsinu cosf

2F3b

8
~P11!Gsin2u cos2f

2Fg ~P11!

8 Gsin3u cos3fJ .

Unlike the previous configuration discussed in Sec. IV A,
Fourier coefficients do not approach zero with highly li
early polarized light~i.e., P'1!. By fitting the data of a
single f scan, we have again four equations and five va
ables~snl , b, d, g, andP!. By knowing any one variable, th
other variables can be solved, although the general exp
sion for the solution can be quite complex. However,
note that the ratio ofg andb can be simply expressed by

g

b
5

3

sinu

a3

a2
,

where a2 and a3 are the experimentally best-fitted Fouri
coefficients discussed previously.

2. u fixed at the magic angle

Whenu is set to the magic angle, the angular distributi
becomes

FIG. 5. Same as Fig. 3, but with the major polarization vec
along they axis.
e

i-

s-

dsnl

dV
~P!5

snl

4p H 11Fd1g
~2P13!

12 GA2

3
cosf

2b
~P11!

4
cos2f2g

~P11!

12
A2

3
cos3fJ .

Again, none of the Fourier coefficients become insignifica
when P is close to 1. With the experimentally best-fitte
Fourier coefficients ofa1, a2, anda3, we have

b52
4

~11P!
a2 ,

g5212A3

2

1

~11P!
a3 ,

and

d5A3

2 S a11
32P

11P
a3D .

If the value ofP is known, allb, d, andg parameters can
be determined by a singlef scan. In addition, the energ
dependence of the total cross sectionsnl , can be determined
by the Fourier coefficient,a0. One can determineP from
these equations if eitherd or b is known. For example, in the
limit of a nonrelativistic central field model@10#, theory
shows thatd50 andb52 for s subshells. OnceP is deter-
mined by s-subshell electrons or other independent te
niques, theb, d, andg parameters for all other subshells ca
be measured by using the equations above.

For highly polarized synchrotron x rays, we can defi
DP[12P, and the expressions forb andg parameters can
be approximated for smallDP by

b'22S 11
DP

2 Da2 ,

g'26A3

2 S 11
DP

2 Da3 ,

and

d5A3

2
~a11a3!2

g

6
DP.

The above equations show that, for a 90% linearly polariz
x-ray beam, there will only be 5% change in the values ob
and g from those for a completely linearly polarized x-ra
beam. Also, for a value ofg around unity@10#, the change in
the value ofd is about 0.02. Judging from the theoretic
values of Ref.@10#, the influence of partial polarization from
a synchrotron x-ray beam on the measurement of theb andg
parameters is quite small in most cases. However, it can
quite significant for thed parameter.

3. u fixed at angle 90°

An interesting case to consider is when the polar an
u590° and the linearly polarized component of the x-r
beam lie along they axis. In this case, the EEA is rotating i

r
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the x-y plane, which contains the photon momentum vec
and the polarization vector. The angular distribution is e
pressed from Eq.~7!, with c590° andu590°, as follows:

dsnl

dV
~P!5

snl

4p H F12
b

8
~123P!G1Fd1

g

8
~P11!Gcosf

2F3b

8
~P11!Gcos2f2Fg8 ~P11!Gcos3fJ .

~8!

The constant term is dependent on bothb andP. Further-
more, the actual range off that can be measured is limite
by the physical size of the EEA, because it can block t
incident x rays, and a limitedf scan reduces the accuracy o
the Fourier-series fit. A better method follows from Fig.
which shows the angular distribution for several values ofg,
with d50 andb52. The angular distribution forg50 ~i.e.,
the dipole approximation! in Fig. 6 is given by

dsnl

dV
~P!5

snl

4p

3~P11!

2
sin2f,

which has a sin2f dependency and maximum intensity fo
f590°. As the value ofg is increased, the anglef that
corresponds to the maximum intensity gradually shifts aw
from the anglef590°. This is true because theg parameter
is mainly responsible for the forward-backward asymme
that deviates from the angular distribution given by the d
pole approximation. Mathematically, we can calculate t

FIG. 6. Angular distribution, as a function off, in the plane
containing both the photon propagation vectork and the polariza-
tion vector« for g520.4, g50, g50.4, andg50.8, and assuming
b52 andd50.
r
-

e

,

y

y
-
e

anglefmax that corresponds to the maximum intensity of Eq
~8! by setting its derivative with respect tof to zero. The
result is

g

b
5

3 cosfmax

123 cos2fmax
,

if we assumed50. Notice that the ratiog/b depends only on
fmax and is independent ofP. Furthermore, we can define
the phase shiftDf as

Df[
p

2
2fmax.

For a smallDf, theg parameter can be approximated by

g'b~3Df1 17
2 Df3!,

or, when we haveb52, g'6Df117Df3.
A method to determine the phase shiftDf in experimental

work is to measure a section of the angular distribution
aroundf590°, and the measured data can be fitted with th
function sin2~f1Df!. Theg parameter follows directly from
the best-fitDf value. The result of a simulation of this
method is shown in Fig. 7, where we plotDf as a function of
g with d50 andb52. The square dots in Fig. 7 represent
values ofDf obtained by fitting the theoretical angular dis-
tribution with the function sin2~f1Df! over a total range of
f of 40°, centered at 90°.

Although limited tos-subshell electrons, this method does
not require a large angle of rotation by the EEA. Rotation in
the x-y plane also reduces the mechanical complexity o

FIG. 7. The phase shift angleDf as a function ofg, for b52
and d50. The solid line is the actualDf, and the squares are the
best-fit Df. The functional form used to fit the calculated angular
distribution is sin2~f1Df!. The total range off for the fit is 40°,
centered atf590°.
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setting the magic angle as in previous cases. This metho
again independent of the polarizationP of the x-ray beam.

V. EFFECTS OF THE ROTATION AXIS TILT

In this section, we discuss the effects of misalignment
the EEA rotation axis with the polarization and propagat
axes of the x-ray beam. The sources of this error can be
mechanical uncertainty in positioning the EEA and the u
certainty in determining the direction of the polarization ve
tor. We can discuss the tilt angle of the EEA rotational-a
misalignment in two directions, one in they-z plane and the
other in thex-z plane.

A. Tilt in the y-z plane

When the major polarization vector is along thez axis, as
shown in Fig. 3 and discussed in Sec. IV A, the angu
distribution is expressed in Eq.~6!. By tilting the rotation
axis in they-z plane by an anglec the geometry is as show
in Fig. 2 and the observed angular distribution becomes
~7!. Comparing Eqs.~6! and~7!, we can observe two differ
ences. First, forcÞ0, two more terms appear in the Fouri
expansion, the sinf and the sin~2f! terms. Both terms have
a linear dependency onc, whenc is small, and they can be
identified from the Fourier expansion of thef-scan data.
Second, for the other Fourier expansion terms, the polar
tion P is replaced byP cos~2c!. It follows that the deriva-
tions discussed in Sec. IV A 2 remain unchanged, even
cÞ0, with the exception that the ‘‘effective’’ value ofP is
now multiplied by a factor of cos~2c!. The tilt in the y-z
plane bears no influence on the determination of theg pa-
rameter.

A similar argument can be applied to the case where
major polarization vector is along they axis, as discussed in
Sec. IV B. The expressions in Sec. IV B 2 of theb, g, andd
parameters are not affected by the tilt angle, except that
polarizationP in these expressions is replaced byP cos~2c!.
In addition, the magnitude of the sinf and sin~2f! terms in
the Fourier series can be used to estimate the tilt anglc,
even though the precise orientation of the polarization ve
in they-z plane is not crucial for determining the dipolar an
nondipolar parameters.

B. Tilt in the x-z plane

For a tilt in thex-z plane, the axis of rotation of the EEA
leans forward or backward with respect to the photon pro
gation direction. The general expression for the angular
tribution can be derived from Eq.~6! by a rotation of the
coordinate system about they axis. The result is much mor
complex, and we give only the first-order approximation
a small tilt angleh:

dsnl

dV
~P,h!5

snl

4p H F11
b

8
~113P!~3 cos2u21!G

1Fd1
g

4
~212P2~315P!sin2u!Gcosuh

1Fd1g cos2u1g
~P21!

8
~5 cos2u21!
is

f

he
-
-
s

r

q.

a-

r

e

he

r

-
s-

r

2
3b

2
~3P21!cosuh Gsinu cosf

1F3b

8
~P21!2

g

4
~P13!

3cosuhGsin2u cos2f

1Fg ~P21!

8 Gsin3u cos3fJ . ~9!

Unlike a tilt in they-z plane, a tilt in thex-z plane does not
generate new terms in the Fourier expansion, and the
cannot be identified easily from the Fourier analysis of
data. Comparing Eq.~9! with Eq. ~6!, we can see that the
perturbation introduced by the tilt angleh on the cosf and
cos~2f! terms of the Fourier series is substantial. We c
understand this effect by noting that the nondipolar para
eters result in the bending of the dipole angular distribut
forward or backward with respect to the photon propagat
direction. A tilt by the rotation axis of the EEA in the sam
sense will change the measured asymmetry properties,
therefore the calculated values, of the nondipolar parame

To quantify the effect of a tilt in thex-z plane, we set the
u angle in Eq.~9! at the magic angle and examine the resu
of Sec. IV A 2 depicted by Fig. 3. For the case whend50,
we have, from Eq.~9!,

dsnl

dV
~P,h!5

snl

4p H F12
gP

3)
hG1Fg

~P13!

12
A2

3

2
1

&

b~3P21!hGcosf

1Fb

4
~P21!2

g

6)
~P13!hGcos2f

1Fg
~P21!

12
A2

3Gcos3fJ .

The constant term in the above equation now includes u
and a correction term dependent ong, P, andh. This cor-
rection term is typically smaller than 0.01 for a tilt angleh of
about 1° andg around unity@10#, so it is usually negligible.

Following Sec. IV A 2, the expression forg now becomes

g53A3

2
~a12a3!1

3)

2
b~3P21!h.

The second term determines the uncertainty in measuring
from an unknown tilt angleh. For b52 andP'1, the last
term is approximately 10h. This result indicates that, if the
rotation axis of the EEA has a pointing accuracy of 1° in t
x-z plane, the uncertainty in measuringg is 0.17, which is
quite a significant error, considering that the theoretical v
ues forg are usually less than 1 in the soft-x-ray range@10#.

For the case where the major polarization vector is alo
they axis, as discussed in Sec. IV B 2 and depicted in Fig
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the approximate angular distribution for a small tilt angleh,
whenu is at the magic angle, is given by

dsnl

dV
~P,h!5

snl

4p H F11
1

)

S d1
gP

3 D hG
1F S d1g

~2P13!

12 DA2

3

1
1

&

b~3P11!hGcosf2Fb

4
~P11!

1
g

6)
~2P13!hGcos2f

2Fg
~P11!

12
A2

3Gcos3fJ .

As discussed in Sec. IV B 2, the advantage of this confi
ration is that none of the Fourier coefficients approach z
with the high degree of polarization of the x-ray beam.
simplify the above equation, we first note that the const
term in the Fourier expansion has a first-order term inh.
This term is typically smaller than 1% and can be ignor
With highly polarized x rays~P'1!, we can further approxi-
mate the above equation by

dsnl

dV
~P,h!5

snl

4p H 11F S d1g
~2P13!

12 DA2

3

1
4

&

bhGcosf2Fb

4
~P11!

1
g

3)
hGcos2f-Fg

~P11!

12
A2

3Gcos3fJ .

Following the same derivation as in Sec. IV B 2, we obta

b522S 11
DP

2 Da22
2

3)
gh,

g526A3

2S 11
DP

2 Da3 ,

and

d5A3

2
~a11a3!2

g

6
DP22)bh.

The above expressions show that theg parameter is not af-
fected by the tilt angleh, but substantial error could occu
for the b and d parameters if the tilt angle were not take
into consideration. For example, if we haveb51 andg51,
and the rotation axis of the EEA has a pointing accuracy
1° in the x-z plane, then the uncertainty in theb and d
parameters would be 0.007 and 0.06, respectively. Thd
-
o

t

.

f

parameter is roughly an order of magnitude more sensitiv
the pointing error of the rotation axis of the EEA in thex-z
plane than is theb parameter.

One method for determining the tilt angleh experimen-
tally is by making af scan fors-subshell photoelectrons
where we can assumeb52 andd50. Both h and DP can
then be calculated from the Fourier parametersa1, a2, and
a3, by solving the linear equations

&a3h2
a2

2
DP5~11a2!

4&h2a3DP5~a11a3!.

Onceh andDP are determined, the dipolar and nondipol
parameters for any other subshells can be measured.

The results of this section indicate that tilt errors in t
x-z plane are more problematic, for the measurement
asymmetry parameters, than are tilt errors in they-z plane.
For the configuration described in Sec. IV A 2, a high poi
ing accuracy for the rotation axis of the EEA is require
Fortunately, it is feasible to precisely position the rotati
axis of an EEA perpendicular to the propagation direction
the x-ray beam by the use of mechanical and optical ali
ment methods@15#. On the other hand, for the configuratio
described in Sec. IV B 2 the tilt angle can first be measu
by usings-subshell electrons, and then the tilt angle and
polarization can be used for other subshells.

VI. CONCLUSIONS

We described several experimental approaches for
tracting the dipolar and nondipolar parameters,b, g, andd,
using partially polarized light and Fourier-series data ana
sis. When the EEA is rotating about the direction of t
polarization vector, the expression for angular distributi
can be simplified with the angleu between the polarization
vector and the photoelectron momentum vector fixed at
magic angle. Measurement from this geometry can yie
independent of the degree of polarization, a linear combi
tion of g andd, whereasb cannot be determined for highl
polarized x rays. This geometry is most useful in measur
the g parameter fors-subshell electrons. When the EEA
rotating about an axis perpendicular to both the polarizat
vector and the photon propagation vector, allb, g, and d
parameters can be determined, provided that the degre
polarization of the x-ray beam is known. In addition, th
degree of polarization of the x-ray beam can be determi
by this geometry usings-subshell electrons. The mathema
cal expressions for theb, g, andd parameters were given fo
u fixed at the magic angle. A much simpler configurati
was discussed where the EEA is rotating in the plane c
taining the photon momentum vector and the photon pro
gation vector. In this case, the ratio ofg andb is a function
of the phase shift of the angular distribution, whend50, and
is independent of the degree of polarization of the x-r
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beam. When used to measures-subshell electrons, theg pa-
rameter can be determined. Finally, we showed that
pointing precision of the rotation axis of the EEA is critic
in the forward-backward direction. These approaches ca
used in experiments, so that the breakdown of the dip
approximation can be measured and compared with theo
,
.

s.
e

be
le
y.
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