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Threshold law for ionization of atomic hydrogen by positron impact
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The cross sections for the positron-impact ionization of the hydrogen atom near threshold has been
evaluated analytically with the final-state wave function involving three Coulomb functions. Contrary to the
earlier result thats vanishes exponentially, we find the threshold law ass;E3/2. @S1050-2947~96!08007-9#

PACS number~s!: 34.80.Dp, 32.80.Fb
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In a quantum-mechanical calculation the energy dep
dence of the cross sections for the positron-impact ioniza
tion of hydrogen atoms near threshold is determined t
large extent, only by the form of the final-state wave functi
used to calculate the transition matrix element. With o
attractive Coulomb function corresponding to full screen
of the target nuclear charge, one gets identical results
electron and positron impact in whichs varies asE3/2. For
positron-impact ionization with two Coulomb functions, on
attractive and the other repulsive, Geltman@1# gets a very
unphysical result; the cross section is almost insignific
over a considerable portion of the energy interval near
threshold due to the normalization constant vanishing ex
nentially. The phase condition@2# of the final-state wave
function in the asymptotic region, where both the positr
and the electron are far from the nucleus as well as from e
other, is satisfied in neither of these two cases of full scre
ing and no screening. On the basis of Coulomb dip
theory, Temkin @3# obtained a modulated linear law fo
threshold ionization cross section by positron impact.

In recent years a final-state wave function with three C
lomb functions that is asymptotically correct has been ext
sively used to calculate electron- and positron-impact ion
tion of atoms@4,5#, and the results thus obtained are in go
agreement with the experimental data at intermediate
high energies. Here, one of these three Coulomb function
always repulsive and therefore according to Brauneret al. @6#
the use of the three Coulomb function final state for
calculation of the ionization cross section near thresh
would lead to unphysical results due to the exponential v
ishing of the normalization constant.

In the present work we present the detailed evaluation
the matrix element for positron-impact ionization of atom
541050-2947/96/54~2!/1360~3!/$10.00
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hydrogen near threshold with the above three Coulomb fin
state wave functions to show how the exponentially vani
ing normalization factor due to the repulsive positron-prot
interaction is appropriately compensated for and a phys
threshold law,s;E3/2 is obtained. For electron-impact ion
ization near threshold the Wannier model@7# based on the
classical theory, which gives a threshold laws;E1.127 for
atomic hydrogen is, in general, considered to be more or
satisfactory. A quantum-mechanical extension of this mo
was attempted by Peterkop@8#, Rau@9#, and others. Klar@10#
has extended the Wannier model to positron-impact ion
tion and obtained analytically a threshold laws;E2.65 for
the hydrogen atom. Modification of the Wannier thresho
law for small but finite energy excess above the thresh
has been considered by Kazansky, Ostrovsky, and Serg
@11#. For positron impact the Wannier threshold law is rath
controversial. Dimitrijevic´ and Grujić @12# have obtained a
threshold laws;E1.64 for positron-impact ionization of the
hydrogen atom by their classical trajectory study. The cl
sical trajectory Monte Carlo calculations of Wetmore a
Olson @13#, on the other hand, agree with the power la
s;E3.01.

The total cross section in atomic units for positron impa
ionization of the hydrogen atom may be written as

s5~1/k!E E uM u2dkW1dkW2d~E2k1
2/22k2

2/2!, ~1!

whereM , the matrix element at threshold, is given by

M5~4p3k1k2k12!
21/2exp~2pa1!I , ~2!

with
I 5E exp~ ikW0•rW12lr 2!~1/r 121/r 12!exp~2 ikW1•rW12 ikW2•rW2!1F1„2 ia1 ;1;i ~k1r 11kW1•rW1!…

3 1F1„ia2 ;1;i ~k2r 21kW2•rW2!…1F1„ia3 ;1;i ~qr121qW •rW12!…drW1drW2 , ~3!
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54 1361THRESHOLD LAW FOR IONIZATION OF ATOMIC . . .
rW1 (rW2) andkW1 (kW2) are, respectively, the position vector an
momentum of the positron~electron!, kW0 is the incident mo-
mentum, k051 at threshold;l51, a151/k1 , a251/k2 ,
a351/k12, qW 5(kW12kW2)/2. Making use of the contour inte
gral representation@14#

1F1~ ia;1;z!5~1/2p i !E exp~zt!p~a,t !dt,

wherein

p~a,t !5t211 ia~ t21!2 ia,

and the Fourier transformation technique we can write
e
-

nt
gl
I 5 lim
m→0
h→0

S 2
d

dl D F S 2
d

dm D1S d

dh D G
3@1/~2p i !3#E E E dt1dt2dt3p~2a1 ,t1!

3p~a2 ,t2!p~a3 ,t3!J, ~4!

where

J58E dPW „@~PW 2qW t3!21~h2 iqt3!2#$@PW 1kW02kW1~12t1!#2

1~m2 ik1t1!2%$@PW 1kW2~12t2!#21~l2 ik2t2!2%…21.

~5!

On carrying out the contour integrations with respect tot1 ,
t2 , t3 and differentiating with respect tol,m,h we get
I 564E dPW ~P21 iPW •kŴ21PW •kW2!@~PW 1kW2!21l2#221 ia2@P21~l2 ik2!2#212 ia2@~PW 1kW02kW1!2#212 ia1@P#211 ia3~a1k1!

3@~PW 1kW0!22k1
22 i01#211 ia1@~PW 2qW !22q22 i01#2 ia31~a3q!@~PW 1kW0!22k1

22 i01# ia1

3@~PW 2qW !22q22 i01#211 ia3. ~6!
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Let us now putpW 5PW 1kW02kW1 , then

~PW 1kW0!22k1
22 i015p~p2X2 i01!,

whereX522kW1•pŴ .
In the very small region wherep,X, on account of the

negative imaginary infinitesimal phase2 i01 , we have

@~PW 1kW0!22k1
22 i01#2n1 ia1

5~21!nexp~pa1!p2n1 ia1~X2p!2n1 ia1.

Evidently the contribution from this region only to th
integral in Eq.~6! is significant since the effect of the van
ishingly small normalization factor exp(2pa1) in Eq. ~2! is
compensated for. Over this very small regionP2'k0

2 and

PW •kŴ2'2kW0•kŴ2 , etc. Thus considering only the domina
contribution we get after integration over the azimuthal an

I 5~8p/k1!~12 ikŴ0•kŴ2!exp~212 iC1pa1!

3E
«2

2k1
dpp212 ia1E

p1«1

2k1
~X2p!211 ia1dX, ~7!

where C5kŴ0•kŴ21kŴ0•qŴ . We next perform the integration
with respect toX. In view of the fact that
e

lim
«2→01

E
«2

2k1
p212 ia1~2k12p! ia1dp5B~2 ia1 ,11 ia1!,

which is proportional to exp(2pa1), we have

I 5~8p/a1!~12 ikŴ0•kŴ2!exp~pa1!

3@~«1/2k1! ia12~«1 /«2! ia1#. ~8!

The matrix elementM is now obtained by the substitution o
Eq. ~8! into Eq.~2! and finally after carrying out the integra
tions in Eq.~1! we get

s5321p212exp~22!~21/221!E3/2. ~9!

The experimental value@15# of s at E51.4 eV, the lowest
energy known to us, is 1.8310217 cm2 ~from graph!, while
our calculation gives 7.8310217 cm2. No other theoretical
value is available at such a low energy to our knowledge
should be noted that the Wannier law does not give the
solute magnitude of the cross section, which is required fo
quantitative comparison with experiment. Precise meas
ment of the ionization cross section very close to the thre
old is urgently required for a comparison with the theoreti
prediction.
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