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Formation of metastabledtp molecules intp(2s)-D, collisions
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The formation process of metastalllew molecules inD,-T, mixtures is investigated. Thetu molecule
exhibits a series of three-body resonances embedded inthead scattering continuum just below the
tu(2s)+d threshold. These states can be formed in collisionsxaited j.(2s) atoms withD, molecules,
whereby the excess of binding energy is absorbed by the rovibrational degrees of freegm\Vidé present
a scattering-theoretic model for this process, and perform a numerical calculation of its cross section. The
essential transition amplitudes are obtained from three-body wave functions fattgheubcluster, and
adiabatic wave functions for the entire hybrid system in the final channel. It is found that the effective
formation rate is limited by the Auger-transition rates of the molecular complex formed. The calculated cross
sections exhibit broad “peaks,” with magnitudes large enough for the formation process to favorably compete
with deexcitation oftu(n=2) atoms via radiative and collisional processes. The formation of metastable
dtu can therefore be one of the fastest processes depleting=tt# levels of thetx atom in hydrogen
mixtures, of importance for low-energy muon science, electroweak physics, and muon catalyzed fusion.
[S1050-294{@6)03107-1

PACS numbds): 36.10—k, 03.80:+r, 33.15-¢e

I. INTRODUCTION excited muonic atoms and hydrogen molecules.
In Sec. Il the theoretical framework is given, leading to a

Muon catalyzed fusion 4CF) as we know it today is Breit-Wigner cross section featuring two essential compo-
supposed to proceed mainly via the bound states of thgents, the entrance width and the reactive width. In Sec. I
dtu molecule with angular momentuth=0 [1]. There are relevant energy levels and wave functionsdaf.* are cal-
several reasons for this, notatfly although the muons enter culated, while Sec. IV is concerned with the evaluation of
the «CF cycle in highly excited states of the muonic atomsthe reactive width. In Sec. V effective formation cross sec-
du andtu with main quantum numben=11 [2], within  tions are calculated, leading to estimations)\chM*. The
t=10" s they will cascade down to theu(1s) ground credibility of our model is tested by evaluation of well-
state via various deexcitation and transfer proce¢geghe  Known entrance widths for the formation béundstates of
so-called Vesman mechanidi8] facilitates a very effective ddu anddty.
formation of dtx molecules in collisions otu(1s) with
D, or DT molecules.(iii) Even though the loosely bound Il. THE FORMATION PROCESS
state formed by Vesman’'s mechanism is of angular momen- 1pe interesting feature of muonic molecule formation is

tum J=1, subsequent Auger transitions prom@tg in fast  that it may occur as a virtudi.e., intermediate process in
fusing (\=1.2x10'*s™*) bound states of angular momen- the t;,(2s) collision, without participation of a third body.
tum J=0. Indeed, the formation event may be related to the ‘“first
However, recent investigations have demonstrated thaitep” of the higher-order scattering process proceeding via
the bound(or de facto semiboungl spectral structure of intermediate molecular states, including resonances. The

dtu is richer than expected. A series of metastable stategansition matrix element foru(2s)+d scattering is given,
below thetu(2s)+d threshold that may be associated with in the “prior” form, by

the adiabatic 3 potential has been discovergd—7]. If

these states, from now on labeldtu*, are formed during TH(E)=(yi " [Vil#1)

the cascade of thdtu cycle they will decay into highly

energeticdu(1s) or tu(ls) atoms[8]. The decay into :<¢f V-+Vf;.v-¢->
du(1s) is expected to increase the fracti®j” of muons ' E-H+ie | ™

reaching the ground state dfu atoms and holds the poten-

tial for removal of the persisting disagreements between the :<¢f|\/i|¢i>+f > <¢f|vf|¢'><¢r_|vi|¢‘>’
experiment and theory regarding the precise vaIueE"l’rQ‘f E-E tie
[9]. 1)

In order to be definite about the influence of the side path
thus appearing in the muon catalyzed fusion cycle, it is necwhereV;, V¢ specify the initial and final channel interactions,
essary to evaluate excited-state scattering cross sections tafa, ¢+ are the initial and final free waves describing the
higher degree of precision. In what follows we will present achannel motion with relative collision energiés, E;, re-
detailed scattering-theoretic model for the process of formaspectively, andy$ ), y{") are the scattering solutions to the
tion of metastable muonic molecules in collisions betweerfull Hamiltonian H. The summation is over the discrete
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I, FIG. 2. The three rearrangement channels ofithe system and
their Jacobian coordinates.

FIG. 1. Coordinates of th&u—D,) system. with v being the vibrational an& the rotational quantum
number of the hybrid molecule. The cross section for the

spectrum oH, which in our approach includes also the reso-above reaction is given by the Breit-Wigner relation
nant states. The transition amplitude consists of a direct and
a resonant term of which only the latter is relevant for the _7 Uend r
f . . . (Econ) = 2 7)
ormation process considered here. The quantity k (Ecol— Ered?+ % (Dgnet I'))2
[( 4| Vi| #i)|? is called the partial width foenteringthe reso-
nance from channel, while [(#¢|Vi|¢,)?> is the partial  with the Vesman resonant energy,s satisfying the energy
width for leavingthe resonance and going to chanh¢lLO]. conservation condition
The first step of the nondirect scattering process dictates the
size of the “entrance width” for the formation of the reso- Erest Ep’=AE ouip+ AE py, (8)
nant statep, . 3. o )

We notice that the resonance formation may occur notvhereEy” is the binding energy with respect to the(2s)

only during the elastic scatterinde(=E,V;=Vy), threshold of the metastable molecular state labeled by vibra-
tional and rotational quantum numbearsand J. AE,y, IS
tu(2s)+d—tu(2s)+d, (2)  the difference between the rovibrational levels of the hybrid

molecule] (dtu*)dee€],x and theD, molecule ground state,
but also during the direct deexcitation procesg; ( While AE is the difference in hyperfine splitting between
#E:,V,=Vy) tu anddtu levels.
I, is the reactive scattering width, given by

tu(2s)+d—tu(ls)+d, 3

#(28)+d=tu(ls) ® T =Tp+T(+T 4T, (9)
which may also occur with muon transfelf & B¢,V # Vi) Here,I', is given by the rate of Auger deexcitations of the
metastable moleculd;; is the fusion width, whilel', and
I', are the widths for Coulombic and radiative decay into

o eitherdu(1s)+1t or tu(1s)+d.
This is because the resonances belowtjag2s) threshold The entrance width o, is discussed in Appendix A.

connect the entrance channel with two energetically OP€Rhere we derive the following formulas, equivalent to the

arrangement channels with lower thresholds, namel ; . :
X n ined fronR-matrix theor Lang11]:
tu(ls)+d and du(1s)+t. Hence the formation can be %nes obtained fro atrix theory by Lang11]

tu(2s)+d—du(1s)+t. (4)

viewed as the first step of the above-mentioned processes, Amk .
with the entrance width in all cases given by Fent=(47)2% f dKIN(K)|? (10)
I‘:277'|<¢’r|vi|¢i>|2- (5)

N(K)=(W(Ry1— r2)Pym,(M31.7ty)

The matrix element in Eq5) is “off the energy shell” in K (T
1) 9y X[V W o (110 7as(r,) € 03 Ry (1)

that it connects the initial state in the entrance channel
[tu(2s)+d] of the molecular continuum with th@nder- In the ab ion. the final functi fth i
threshold metastable state with total enerBy<E. Here we h the above expression, the Tinal wave function of the entire

assume that, in analogy with the ground-state case, the fo?yStem Is written i_n a product approximat_io_n. In the initial
mation is facilitated by a third body, which absorbs the ex-channel @), o, Is a wave function describing the nuclear
cess of the binding energy. Since several of the resonancéRotion of D, in the electronic Born-Oppenheimé@O) po-
are located within the dissociation energylf (= 4.5 eV)  tential, n,s is the atomic wave function dfu, and the rela-
below thetu(2s) threshold, we will consider the Vesman tive motion ofD, with respect tau is described by a plane
mechanisn{3] as a third body interaction, whereby the ex- wave of momentunk. In the reaction channekf), ¥« is
cess of binding energy is transferred to the rovibrational dea BO wave function describing the motion @fwith respect
grees of freedom of the hybr[ddtu.*)dee] molecule in the  to dtu treated as a point charge, adthy (rs;.fy,) is the

process complete three-body wave function of quasiboudhige of
angular momentund. The sum oveM is to be taken over
tu(2s)+Dy—[(dtu*)deg] « (6)  the magnetic quantum numbevs, andM . Coordinate la-
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beling is explained in Fig. 1V, is the three-body potential we have

acting between thew atom and the target nucleus, while the _ _
interaction V3, between thety atom and the spectator W ok, (r1p)€ 7 R2=W o (R—hrgyelk (et o),
nucleus has been neglected.

Atomic unitsm.=%=e=1 are used throughout this pa- |f opne assumes that the rangergf integration, determined
per if not otherwise explicitely stated. It is convenient to pyy the factorV, @y (Ta1 Ty, is much less than the range

express the other coordinates in terms of; and of R, then an approximation fo¥ o, comes from the first

R=Rg;—r>. . -
Defining the projection coefficients terms of its Taylor expansion:
my (Mg + M+ my) m, Mg ok, (R=hrg) =Wox (R) —hrg- VW, (R) (13

- (mg+my)(my+mg)’ 9= m;+m,’ h= my+mg
(12 andN(k) becomes

N(K)=(D 3y, (F31, 1) [Varl 726(11,) €7 3(W i (R) ok (R)E1IHF)
—h{(® 3, (ra1,1,) V3l rslﬁzs(rtﬂ)eifk'r3l>'<q’vK(R)|V‘I’0Ki(R)eigk'R>- (14
In order to reduce the complexity of expressidd) we choose to investigate it fd¢; = 0. We then have

N(K)=(D (P31, Te) [ Varl 726(1,) €€ T3 (15, (R) Vi (R) 10 R) Yoo R) €9 F)

. — ~ |~ d A .
—h{(® 3, (r31,71) [ Vaal r31725( ry,) €' 3. < %(R)YKMK(R)’ R%%o( R)e'gk'R> : (15

where ¢, is the vibrational part of th€BO) D, wave func- 00 00\ 2 2h o omiel
tions FCen=4mK (ThoT,0) "+ ?TgoTVngoTvo,

Vool R)=o(R) Yol R), k(R =16, (R) Yy, (R). 7 e
(16) + 1_5(th0-|-]}0_) y

The muonic matrix elementén ther;; space are calculated
using the propertysee Appendix 2h

9 the propertfsee Append B [ amk S(TI8T 2 2 T AT
(D, MJ(rslyrt,L)|V31| 72s(Ty,,) €' 131)

. 1 8h
=B(Xua(ra) Yom (s [EP’l" ) (17) +3(hTTE )P e Tho AT Tin,
with 8h? 556
F e TIATS AT 4 2 hTHTE )2,
B=(DPawm,(Na1:T) | 7251, (18
and x,;(rsp) is the pseudo wave function obtained by inte- 10 _ u0T€0\2 @ n0Te0Tulrel
grating CIDJMJ over the muon coordinate. Ten=4mK 3(T31T,0) 3 TorTooTuiTuo_

Details of the integration over angleg andRin (15) are 1
given Appendix C, resulting in formulé&C6). Defining the + = (hTH4TS )2},
radial matrix elements 3 -

TUMJLE,B<XuJ(r31)| EEJ“Lj l3-|(fkra),

2h
e amk o(TETY R 5 TR T

_ d\t
T§k+z<¢y<R>‘j|K+L<gkR> d—R) ¢0<R>> (19

2_ 4N

1
S (NTHTE )P S TISTR T
FJer'ft(k) is evaluated by squaring expressi@b), integrating
over anglesk and taking the sum ove; and My . Four

2
- nlrTel (2
combinations of) andK appear: * 3(hTU1TV1+) } (20
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TABLE . EnergiesEﬁ,J of dtu* resonances below the.(2s)
threshold, given in eV. First column gives values obtained by as-

U suming a pure Coulombic interactidrf. . The second is obtained
R when including the vacuum polarization potentgl, in the three-
X body Hamiltonian ¥eg=Vc+Vpo).

10 N\ v Et’(Vo)  Eb(Vew  ERH(Vo) b (Ver)
0 —217.889 —217.829 —212.543 —212.480
1 —139.728 —139.642 —135.362 —135.271
2 —79.119 —79.013 —75.673 —75.565

-20 3 —36.619 —36.501 —34.237 -34.117
4 —17.463 —17.341 —16.336 —16.213
5 —7.251 —7.138 —6.482 —6.360
6 —3.578 —3.458 —3.187 —3.068

30 7 —-1.732 -1.614 —1.514 —1.397
8 —0.832 —0.718 —0.713 —0.601
9 —0.396 —0.288 —0.324 —-0.219
10 —0.181 —0.087 —0.146 —0.060

40 11 —0.070 —0.050
4o —11.421 —11.296 —10.490 —10.366
27 —19.157 —18.922

-50 o

08 087 08 08 095 091 bounds of the resonance energies. Instead we apply the sta-

bilization techniqud 7], where one introduces a real scaling

FIG. 3. EigenvaluegeV) below thetx(2s) threshold as a func- Parameterr through the transformations
tion of the scaling parameter. Ny,=2700,J=0.
r—ra, T—Tla? V—Vla, (23
Having five metastable states of each angular momentum
J situated within the Vesman formation regidd2] we whereT andV are the kinetic and potential energy matrix
should investigate the magnitude of the matrix elementelements, respectively. Varying one obtains a stabilization
T#} and TSg  for each possible formation path. For this graph as shown in Fig. 3.

purpose, we need accurate energy levels and wave functions Horizontal lines approximate the real part of resonance

for the metastablétu* molecule, as well as for the hybrid eigenvalues, while cont_inuum eigenvalue; will traverse
molecule[ (dtu*)ded] x . E-space from above. Using up to 3000 basis functions we

obtained stabilized eigenvalues fb+=0 andJ=1 as shown
in Table 1. Also given are the energies obtained with a direct
inclusion of the first-order vacuum polarization potenfil

The three-body wave functiorn®,(r,R) were obtained The probability densities corresponding to pseudo wave
variationally by use of the coupled rearrangement channdunctions y,;(rq) were obtained fromb,,, by integrating
method deviced by Kamimurfil3]. ®;, is expanded in over the muon coordinate in chanrel
terms of Gaussian basis functions spanned over the three
rearrangement channels shown in Fig. 2.

IIl. WAVE FUNCTIONS

2_ 2 PR
m
|x0a(rapl J|(DJM(rdtar )|%dr,dF, dig.  (24)

d;y=2,c¢ - .
M % mdm Some examples are shown in Fig. 4. Note the irregular shape

for binding energies less than 20 eV, arising from a strong
gn=r'"Rie~ ("~ (RR Y (oY, (R)],y. (21) Mixing of the adiabatic 3 and 4 potentials. The Born-
Oppenheimer classification used to enumerate the series of

The nonlinear variational parametersandR, are chosen as Mmetastable states below the=2 threshold in Refs4,5] as
well as in Tables | and Il thus will be adequate only for

ry) - /-1 Ry| (!~ V/(N=D) estimations of energy levels, not for wave-function-
ri:rl(ﬁ) ' RI:Rl(R_1> - (22 dependent properties such as lifetimes and transition matrix
elements.
The geometrical progression allows for an accurate de- The matrix elementﬂ'g‘JL were evaluated by approximat-
scription of both short- and long-range behavior. iNg x,3(r3)=x,3(rqt), calculating the probability density in

Since the resonances sought for are embedded in thghannelc according to(24) and manually putting signs on
double scattering continuum of frég(1s) anddw(1s) at-  consecutive lobes. Results in the linkit-0 are given in
oms, the Rayleigh-Ritz procedure will not yield absoluteTable II.
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FIG. 4. |x,(rq0|? superimposed on thed3
and 4o potentials.Np,e=2700,J=0.

Notice that even though the matrix element d>  K(K+1)
{xva(r3)|rs1) grows with increasing, the potentialVs; d—Rz—ﬁR—+2M[EVK—V(R)] u,k(R)=0,

present inT#} introduces a “cutoff” that is manifested in
the factorEy” multiplying { x,5(r31)|rs1). Further, the inclu-
sion of the vacuum polarization potential causes a shift in _ux®)
Ep’, which suppresses the magnitudeTdf for high values R
of v. B,; was estimated by observing that the siNfE ob-
tained when evaluating the binding energi including  using the nuclear potential calculated by Kolos and co-
the vacuum polarization potential, is related to tiedtbital ~ workers[15], the reduced maddl being that ofD, for the
admixture in the dtu* wave function. We write initial state, and that df(dtu)deé] for the final. The bound-
B%=1—AE/AE,s, where AE,s=0.236 eV is the vacuum state energies found agreed within 0.2 meV with values ob-
polarization shift of the freéu(2s) atom andAE is derived  tained by taking nonadiabatic effects into accolifi]. Re-
from Table I. Comparing with the exact calculation@for  sulting T in the limit k—0 are displayed in Table IV.
J=0 made in[14], our estimation is in error by less than
2%.

The wave functionsy,x were calculated in the Born- IV. THE REACTIVE WIDTH I,

Oppenheimer approximation solving the one-dimensional The first attempts to estimate Vesman formation rates for

Schralinger equation for the nuclear motion muonic molecules were not concerned with the nescessity of

TABLE II. The matrix elementd*“} for dtu* resonances asso-

ciated with the first ten vibrational states of the adiabaticpten- . .
tial, calculated in the limik— 0. Also given areT*; for the single backdecay of the hybrid molecu{8]. Later it turned out that

vibrational states associated with the and 27 potentials. Atomic ~ the reactive widthl", appearing in the cross sectidf) is

having a stabilizing process transferring the loosely bound
state formed into a more tightly bound before the event of

units are assumed. essential for both qualitative and quantitative descriptions of

the formation process.
Boo ™ Bo1 ™ In the present case, where a metastable stath ofis to
be formed,I’, has four components: the widih, for Auger

<

0 0.864 0.0769 0.856 0.0042  ransitions between metastable states, the fusion Wigfor

1 0.797 0.0362 0.783 0.0032  direct fusion of the particular statE, representing the Cou-

2 0.742 0.0330 0.736 0.0030  |ombic lifetime ofdtu*, andI", giving the rate of radiative

3 0.707 0.0206 0.701 0.0027 decay.

4 0.695 0.0225 0.692 0.0033 A formalism for calculatingl’; for metastable states was

5 0.722 0.0175 0.695 0.0054 developed in[7]. Preliminary extensions of those calcula-

6 0.701 0.0095 0.704 0.0050 tions indicate thal'; for any of the states here concerned is

7 0.707 0.0079 0.710 0.0044  |ess than 18 s 1.

8 0.719 0.0074 0.725 0.0053 The width for the radiative decay can be estimated by

9 0.736 0.0048 0.745 0.0046 realizing that the muon of thdtu* molecule is strongly
clustered ort, the deuteron only weakly interacting with the

d 0.686 0.0176 0.689 0.0032 tu atom.I', is thus well approximated by the radiative decay

2 0.065 0.0001 rates oftu(2s) andtu(2p). For thedtu* states within the

Vesman region, we have
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Fyz(l_ﬁz)ripﬂls(w)zg,x 1010 g1 (26)  Auger electron being ejected from the hybrid molecule. The
sum is to be taken over the magnetic quantum numbers
The width for Coulombic decay was recently calculatedM; andM,.
by K|n0 and Kam|mura to be“ 1011 -1 [14] Implylng that Rewr|t|ng the d|po|e Operator as
the main contribution to the reactive widify comes from
the Auger transition

[(dtp*), 5 ded—[(dtu*), s del +e™.  (27)

der b — (32)
H m,,+ My

we may use the fact that the muon of tihieu* molecule is
strongly clustered ort [14] to make the approximation
[r,<ra,a=my,/(my,+mg),3?=0.5 for both initial and
FA=27Tp(E)Ef G (28) final state}

The width for(27) can be found from Fermi’s golden rule,

. . L. <(Df(r!R)|d|q)l(r!R)>
where|f) and|i) are final and initial states of the system and
p(E) is density of final states for a given energy. The inter- ~ r)Y t.)lar r)Y £,
action operatoH, can be approximated Hii7] {Xoa(Fad) Yoo, ( av)|arad xv,s,(rav) My (Fa))

(33
re:d , . : ,
Hi=— —o, (299  The electronic matrix element is calculated by taking the
Fe atomic wave functions
where the dipole moment operator is A . A A Fy(1k:kr) i
Wi(re)=2e "eYore) Ve(le) = T kr. 'wlle
d=r+rg—r, (30 le 34

andre,r,rq,r, are the particle coordinates with respect to the
center of mass ofitu*.

Writing the initial and final states as a product of the
electronic and muonic wave functions and assuming that th
density of final states is the same as for plane waves,

k=+V2(AE,—E))

as approximations for the actual two-center wave functions,
F_ being the regular Coulomb function. The wave number
k of the ejected electron is

p(E)= 2K/, (28) becomes (35)
hereE,=15.426 eV is taken as the ionization threshold of
r Z (D(r,R)|d|®(r,R)) w = 1
2 H, [18] and AE,=E}’—E} ",
2 The electronic matrix element as function of the kinetic

(3D energyE ,=k?/2 of the Auger electron is displayed in Fig. 5.
The radial part of the muonic matrix element for each tran-
sition of interest is given in Table I, with entries ordered
with respect to increasing, . Note that the magnitude of the
resulting widthl" , decreases &s, increases. It is found that
the transition from the initial statev(J) =(8,0) has the larg-
est width. This is partly due to the statistical factor
1/(23;+1), partly due to the spatial behavior of the wave
<‘Pf|fe/re3|‘l'i> functionsy,;, featuring a pronouncedsdcomponent.

< f(re)

Here®(r,R) is the three-body wave function dtu*, in its
initial and final state, an@' (r.) is the wave function of the

‘I’ (re)>

0.8

0.7

V. EFFECTIVE FORMATION

Since the magnitude of cross sectigh is limited by the
smallest of the widthd'.; andTI’,, the effective formation
rate can be quite different fromig;.

TABLE Ill. Radial muonic matrix element$y|argydyx;) and
widths ", for Auger transitions relevant to theétu* formation
process. Entries are ordered with respect to incredsing

02
o1 Ea (V) vi I v X xlaralx)  Tas™h
E, [eV] 0.069 8 0 4 1 0.024 7610

0 0.518 7 1 4 0 0.031 42101

1 2 3 4 5 0.549 9 0 4 1 0.010 4210

1.314 8 1 4 0 0.020 1:810'3

FIG. 5. The electronic matrix elemefi¥ |r./r3|¥;) as func-  1.518 9 1 4 0 0.021 2010

tion of the kinetic energ¥, of the ejected Auger electron.
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0.008 0.008
no
0.006} "\ Tgq 0.006
T
0.004 0.004\
po
T, 1
0.002 r & 0.002 ﬁ Th
0.000 0.000
Ecoll Econn
0.002 -0.002 FIG. 6. The matrix elemenfs;s andTSg as a
0.05 0.10 0.15 0.20 0.05 0.10 0.15 0.20
function of the center-of-mass CO||ISSIOn energy
E.or (V).
0.025 0N T coll
03
0.020 T ;g Tel
0.015 02 20
0 01
0.010 To
0.0
0.005
0 Ecol] -~ -01 ECOll

When comparing Tables I,

0.05 0.10

0.15 0.20

0.10

0.15

ergy conservation conditiofB) into account, one finds that
even thoughl' ., is largest for the formation configuration
v=9,»=1 of angular momentund=1 the most favorable
configuration is forv=8,»=3 andJ=0, with EZ°=0.718

eV, which has the largest reactive width=I",. Thus we
as func-

evaluate the relevant matrix elemefit& and TSk
tion of the initial collision energyE.;, and display them in

Fig. 6.

The concomitant entrance widt

. are displayed in

0.20

II, IV, and Il taking the en- the entrance widths given in Fig. 7. One must also consider

the same resonances fgi(2s)+DT collisions, wherel g
will be more or less identical, while&E, is shifted to
E%L=0.079 eV ancE®=0.074 eV.

The cross sections for the four formation configurations
thus appearing are displayed in Fig. 8. The collision energy
dependence is quite different from what the Breit-Wigner
formula usually provides, Fig. 8 not showing any sharp reso-
nance peaks. This is beacause bbth; andI", are of the
same order of magnitude &s, i.e., 0.1 eV. Thus the ther-

Fig. 7. We find that the entrance width is of the same ordemal distribution ofD, energ|es that should be taken into

of magnitude as the width of the stabilizing Auger process.account when transforming:°¢

We can now write the Breit-Wigner formul@) for the
cross section as

T 3k(Econ) =

where EXX

res

™

| N AN

ent

1.2
k (EcoII_E\r]eK 2+

F (Dt Ta)?

(36)

is the center-of-mass collision energy fulfilling
the energy conservation condition for the particular forma-
tion path. Neglecting the difference of hyperfine levels at the
n=2 level, we haveE’L=0.159 eV andcE%=0.154 eV for

TABLE IV. Rovibrational energy IeveIE_Vl of the hybrid mol-

ecule[(dt,u)dee] assuming a pointlikeltu, which give transition

energiesAE! S, =E,1—
D,, with Ego= —4.556 eV. The matrix elementy; are calculated
in the limit k—0.

v E_ul AE;lolwb Tig Tﬁ

0 —4.5825 —0.0265 0.998 0.041
1 —4.2709 0.2851 0.023 3.501
2 —3.9698 0.5862 0.059 0.527
3 —3.6787 0.8773 0.015 0.472
4 —3.3976 1.1584 0.009 0.227
5 —3.1265 1.4295 0.005 0.157
6 —2.8651 1.6909 0.003 0.079

Eqo with respect to the ground state of

into the laboratory frame
will not diminish the magnitude of the cross section as much
as in the case of sharper peaks. It is important to realize that
even though the cross sections have their maxima appearing
at nonthermal energies, they will be accessible g§2s)
atoms with high kinetic energies. Measurements on the ki-
netic energy distribution ops atoms in excited statd49]
have shown that a substantial fraction carried nonthermal
energies, due ta—n’ deexcitations in higher levels. It was

Tene[10s7]

ot
2.0

1.5

1.0 90

0.5

0 Econ
0.05 0.10 0.15 0.20 0.25

FIG. 7. T9% as a function of center-of-mass collision energy
(eV), evaluated fow =8,v=3.
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The loosely bound state of thddu molecule with

000 [1020 m?] 008 001 [1020 m?] (v,J)=(1,1) has a bhinding energy of 1.966 eV, including
0.08 ‘ relativistic corrections. It is formed imlx(1s)—D, colli-
0.06 or 0.06 o sions with the energy offset being absorbed by an excitation
0.04 o 004 " of the hybrid molecul¢(ddu)dee],« to its eight vibrational
level (v=7). As the vibrational wave function of the hybrid
0.2 tw+D, | 002 e+ D, molecule has seven nodes, the overlap integral with the vi-
0 brational ground state dd, becomes small. One has
005 010 015 020 005 010 015 020
. . ‘ — — | ddog,
FIG. 8. The cross section®(E,,) for formation ofdtu* in <1/17Kf|l/f0Ki(R)><0-01 Pk, R | (38
tu(2s)+D, andtu(2s)+DT collisions, given as a function of

center-of-mass  collision energy(eV) and evaluated for Th ; ;
us the approximation
v=8p=3I,=8x10%s"!? PP

LAy
argued that as much as 50% of the exotic atoms would have V¥ ox, (R) Y, (R) R il YK My (R) (39

kinetic energies above 1 eV when arriving to the ground
state. This will most probably be the case also in theF
cycle, meaning that the effective formation ratedof* will
depend on the competition between thermalization and reso
nance formation. The effective formation ra\tgﬂ* thus be-
comes time dependent:

becomes valid for alK;. The matrix elemenN(k) in Eq.
(15) is now completely dominated by the second term.

Writing FEK =94 for the partial£-wave contribution the
following W|dths results fori=0,1 (m being the reduced
mass ofdu andD,):

Nitx = 22 Noxpv (Econ) P(Ecor ) 03 Eca), (37) FI8 0= 2 s,

whereNpy is the fraction ofDX molecules, andP(E,t) is

the time-dependent distribution of collision energies. As 33;110()— (hT’fllT%) ,
P(E,t) so far is not well known, apart from surely being

different from the Maxwell distribution, we may not in the

present paper give more than a rough estimatiomicﬁ* gﬁ;lo(k) (hT 52,
integrated over time. In order to find its order of magnitude

we plot)\dt «/P(E,t) In Fig. 9, which is seen to be approxi-

mately O. 5101 51 for tu(2s)+DT collisions and 1Hll(k)— (hT’ffT D2,
shghtly lower fortu(2s)+ D, collisions. Keeping in mind

thato' is additive with respect td andK, and that there m

are a senes of formation configurations that we have not Fgﬁzlz(k)— (hT"OTezL)2 (40)
treated explicitly, we estimate the resulting effective forma-

tion rate ofdtu™ to )\dt »=10"s 1 In the limit k—0 transitions with|K;—K¢|#1 are prohib-
ited. TheK;=0—K;=1 transition is resonant &, —4.0

VI. ENTRANCE WIDTHS FOR BOUND dtu meV [20] and is expected to dominate the primary formation

of ddu at low temperatures. In order to compare our

In order to assess the credibility of our results regard|nq~0%11(k) with the results of Refg21,22 we plot the entity
I'eny We have used the present formalism to evaldaig for

the formation of the well-known bound states adfix and

dtu. mkrg'd;lf—|vif|2, (41)
with |V;¢|? defined by the equality. In Ref§21-23 it was
10 o gy | M0 A91 [1011 §71] claimed thatV;, referred to as a “transition matrix ele-
08 0.8 ment,” could be derived from perturbation theory. However,
tw+ DT tu+ DT . . .
06 06 the_ resonance formation of a muonic molec_:téadlng to
fusion is a rearrangement process, for which pertubative
04 tn+D, |04 tn+D, treatments are not formally valid. The transition matrix ele-
02 02 ment(1) for the full collision may indeed be rewritten in the
0 o “post” formulation asT;=(¢¢|V¢| 4 )), but thenV; must
005 010 015 020 005 010 015 020 be taken as the channel potential between the ejected Auger

electron and the ionized complex, not as the interaction po-
FIG. 9. The rate\) ./P(E,t) for formation of dtx* in  tential AV,=V;y(r1) —Viy(Rs1—r;). As a matter of fact
y73 .
tu(2s)+D, and tu(2s)+DT collisions, given as a function of Lane has showil1] that the channel potentiad;; by help
center-of-mass collision energgV) and evaluated foo =8,»=3. of Green'’s theorem can be substituteddy,,, but then it is
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108 v, I® () 108 v, I® {b)
1010 |Vif|2 12 1.2
0.35
1.0 IVOllz 1.0
0.30 08 0.8
0.25 0.6 0.6
1V i
0.20 0.4 oyl 0.4
0.15 02 B feV] 02 vl
0 coll |€ 0
0.10 01 02 0.3 0.4 01 02 03 04
0.05 FIG. 11. The transition matrix elemef\¥y|? for formation of
E.oleV] dtu in tu(ls)+DH collisions(a) andtu(1s)+ D, collisions (b).
COI . . . ..
0 [Vof|? is given as function of the center-of-mass collision energy
0.02 0.04 0.06 0.08 E . (eV) for f=0,1.

FIG. 10. The transition matrix elemef;|? for formation of
ddu in du(1s)+ D, collisions. |Vi|? is given as function of the
center-of-mass collision energg., (eV) for i=0,1,2 and

li—f|=1.

light of Ref.[22], where it was shown that the dipole ap-
proximation used if20,21] overestimate$V¢|? by 55%.
Repeating the above evaluation for formatiordbf. mol-
ecules intu(1s)+ D, andtu(1s) +DH collisions one finds
that approximatior{39) is not necessarily valid. The full ex-

still within the “prior” form of Ty;. This is also seen from pression(15) limited to K;=0 must thus be used. If the

the formal derivation of the Breit-Wigner formul@) made spectator nucleus is a protofdH), then the transitions

by Armour[24]. K=0 K:=0.1 h b _
. . . i=0, K;=0,1 have positive values d s for v=2. For
Thus the formalism used by Faifman and Petrov is effecy , the excitation of the hybrid molecule to=2 can take

tively equivalent to the one of Lane, although Faifman an lace even for slightly negative valuesBf.., due to three-

Petrov start from an inconsistent scattering theoretic formubOdy collisions broadening a subthreshold resonance. This
lation. ActuaIIy,' they use the' alternatiye fort,, of the phenomenon is, however, beyond the scope of the present
c_han_nel pOt?m'a}‘/i:V?’l’ which they incorrectly call the paper and we evaluate the entrance width relevant for posi-
final Interaction. . . . . ._tive resonances associated with excitation of the hybrid mol-

In conclusion, any difference in the resulting widths is . 16 t0 =3 Using formulas(20) for the entrance width
due to different approximations ap; ,¢, and the operator and the asymptotic formuléd2) with E,=634.0 meV(in-

.Vi. gy In the preser_1t paper, the Taylor expans(aﬁ) O.f the cluding relativistic correctionsandC = 0.874[26], for the
initial wave function of theD, molecule is the major ap- dtu wave function, the resulting matrix elemefit;|? is
proximation, while the works of Faifmaet al. [20,21] rely plotted in Fig. 11 ' :

on a multipole expansion of the operatfg,, using exact Comparing with the recent calculatiof®7], after adjust-
wave functions. As argued below, it turns out that the mag~Ing for the different values o€ used, shows that the trun-

nitudefof the Wigth s Ier;c,s .sensitiv_e to the quality of g cated Taylor expansion utilized by us gives decent results for
wave unc;t|on than to.t € mterggﬂon oper 12: . formation configurations withv=3 [tu(1s)+D,]. The dis-
To avoid the small incompatibility made by us in approxi- crepancy with Ref[27] is 10% in this case, while for con-

mating X(Lft?:)((rﬂ) when comparing to res’ults of other figurations withy= 2 [t (1s)+ DH] the terms left out by us
authors,T{7 is evaluated by taking Menshikov's asymptotic yield an error of=50%. Note that the matrix elemef|?

formula[25] for the wave functionyy,: given in[27] differs in definition from|V;¢|2 by a factor of

2.
1+kra We conclude that the Taylor expansiéid) has better
Xuzcﬁe Klat (42)  convergence properties than the multipole expansion of
2KT3 [20,21], and can be used with some confidence for calculat-

ing formation rates of metastabtd,* accompanied by ex-
with the constan€=1.063 calculated most recently 6],  Citation of the hybrid molecule te=3. We note that Men-
andk=\2mE,. The integration inT%! is made as suggested shikov's asymptotic formula is not well suited to
by Lane[11], with the part of the three-body integral that @pproximate wave functions ofitu*, making Petrov's
cannot be approximated by two-body functions;&0.05)  method[22,27 difficult to apply to the present problem.
estimated to be 6% of the part where the asymptotic expres-
sion (42) is valid (r3;>>0.05). The resulting energy depen-
dence of|Vi¢|? for i=0,1,2 andK;— K| =1 is displayed in
Fig. 10. The cross section for the formation @fx* resonances in
At E.;=4 meV we find|Vy,|?=3.7x10" 1. Adjusting  tu(2s)-D, scattering was found to be limited by the rate of
for the different values o€ used,|Vy|? given in[20,21] is  Auger deexcitations of the hybrid moleculédtu*)dee].
larger by 58%. The discrepancy can be understood in th&he latter rate was found to be maximal for initial formation

VIl. CONCLUSIONS
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of a state with angular momentud=0 and a binding en- Wherea,b denote the reaction channets; k;, m¢ ki are
ergy of 0.718 eV, having the valuB,=8x 10 s L. For the reduced masses and momenta of the relative motion in

this particular formation path, the cross sectiolf was in a the initial and final states, respectively, afdtands for the
wide range of collisions energies found to be approximatelyfansition matrix element. The entrance width can now be
0.02x10~2° m? in tu(2s)+ D, scattering and 0.0610-2°  obtained as

25 : . .
m< in tu(2s)+DT scattering. B . fik 4 Mimy Ky )

Among the approximations made, the Taylor expansion Fba_ﬁpviaba_ﬁpﬁ(zw Ak | Thal*dQ2
(14) of the initial D, wave function and the atomic wave

functions taken for the ejected Auger electron are the most 2 MeK; (=) )
likely candidates to limit the accuracy of our results. Fortu- =p(2m)" =5 f (o™ Vil ki) [*dQ
nately, the errors tend to cancel each other, as the former will

yield slightly to large entrance widths, while the latter is amqk; 5 -
expected to give too small rates for the Auger deexcitation. = mf |<w(f [Vi|e"My[*dQ,

The series of formation configurations omitted by us will of (A5)
course also contribute to the full cross section. In order to ) )

calculate the remaining terms one must take into account th&hich is the entrance width formula used in Sec. Il.
correction todtu* binding energies caused by interaction

with the electrons of the hybrid molecule. Further, the effec- APPENDIX B: REDUCTION

tive formation rate will depend on the kinetic energy distri- OF THE MATRIX ELEMENT INVOLVING V3
bution oftu(2s) atoms, which to large extent is unknown.

Still we make the rough estimation that the effective forma- We will now discuss the evaluation of the transition ma-
9 1 trix elements involving the potentidl,;. The integral to be

; . _
tion rate ofdtu* is of the order of 167 s calculated is in the 5 space and its calculation is facilitated
by the following relations valid for the,tx subsystem:

H®(r,,Ry)=E®(ry,Ry), (B1)
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APPENDIX A: DISCUSSION _ _
thatR,=ry3, r,=r, one gets

OF THE ENTRANCE WIDTH FORMULA

ik- _ ’ ik-Ry
The entrance width can be obtained by considering the (P ("13:f1u)[V1d 7€ 19 =(®(ra ,Ry)[H—H’| 7™ %)

formation cross section expressed in terms of the transition —(®(r,,Ry)|E—E’| pei Ra)

amplitude. We start from the general expression ara .
I'=#w (A1) =(E—E')(®(ry3,1,,)| ne'*113),

connecting the entrance width with the transition rateThe (B3)

latter can be written as ¢ 2 j— .
where E—E'=E—E'"—k“/2m. For small collision ener-

w=Jo, (A2) " gies, one ha€—E'=E—E"“=E’. An approximation of
whereo is the (partia) cross section for the particular reac- the above matrix element, written in terms of the pseudo
tion, andJ is the flux of particles in the entrance channel,wave functions corresponding (ry3,r;,) and ne'* "1 is
J=(h/m)Im(¢*V ¢). The latter is dependent on the nor- given by
malization of the free waves describing the asymtotic motion

of the reaction fragments. We set (D (11,1, |Vad 7€' 19 = ER(@(r1g, 1) | 7)r, (X0(T19)
exp(ik-r) XYy (Tq4)|e!k 13 B4
p=|k)= 2 (A3) am,(F13)] ), (B4)

which results inJ=[1/(2m)%Jv=puv, with v being the rela- Which is the relatior(17) used in the main text. _

tive velocity of particles in the entrance channel, antheir We notice that the introduction of pseudo wave functions
density. [for definition see Eq(24)] leads to a significant simplifica-
The cross section for a given reaction, expressed in termidon allowing practical evaluation of the transition matrix

of the scattering amplitude, [28] element defining the entrance width. It reduces the descrip-

’ 4 tion of D, colliding with a composite particletfs) to one

o :f d|f |2:J dQ(ZW) I‘fmf|.|. 2, (Ad) involving only the mass center dju implicitly interacting

ba ba hv, K2 ' ba with the target via the correct potentidlz;=Vg+Vy, .
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APPENDIX C: THE TRANSITION MATRIX ELEMENT  N(K)

In the present paper, the entrance width for formationipf* resonances at low temperatures is approximated by

e gsS, [ akING c

whereN(k;) is the matrix element

NCK) = (xa (1) Yo (D) Va €™ ) (0 (R) Yicu, (R o R) Yool R %)

_h<Xv(r)YJM (D)[Vaqlre'fery. <'//v (R)Ykm (R) Yoo(R)eng R (C2

The evaluation of53) is simplified by use of the spherical vector components:

~ 4 ~ n “
R=1/ ?[Yll(R)lYlo(R)aYl—l(R)]v

. 4w R . .
r= ?[Yll(r)nYlo(r)le—l(r)]- (C3
The plane-wave expansions
e r=am > X itjL(fkn)Yim (N Yy (K),69%R=472 > i%(gkRY o (R)Y iy (K) (Ca)
C ™M, L M

then facilitate separation of radial and angular parts:

477')2

<3

<Xv(r)|v31|jL(fkr)>iLY’LCML(&XYJMJ(f)|YLML(F)>}

L

x| 2 2 <E<R>|%(R)ig(gkR)>i‘YzM£<I2><YKMK<fe)|Yoo<f<>vmﬁ(fe)>}
L

(4m)3
3

=3

L

h 22 (xo(0)Vailr] L<fkr>>iLYtML<I2><YJMJ<f)|[Y11<F>,Ylo<f>,vlﬁ)]vLML(F)ﬂ

<l/f (R)]jc(gkR) fR > Y (k)<YKM (R)|[Y11(R) YlO(R) Y- 1(R)]Y00(R Yem (R)>} (CH

Composition relations for the spherical harmonics yield the general formula

N(K)= (477 (x, (1) Vaal§ o TR (R, (R)[10(RT(GKR) <Yy, (K)]

N J 1 L J 1 L J 1 L
—<4w)3’2h(§ 2 (xulDIVadr L<fkr>>iLYtML<k>[(_ )( )( )D

M, -1 M J'\=M; 0 M. )'\l=M; 1 M,

o\ (J 1£)(K 1£)(K 11:)
ie(gkR S [ b () ~Me -1 MM 0 MM 1My (€6

-(E > <wv<R>

L W,
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