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Generalized center-of-mass coordinate and relative momentum operators
studied through unitary transformations
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A method for studying the generalized center-of-mass coordinate and relative momentum operators is
provided. This method is based on unitary transformations. The eigenvectors of these operators can be easily
obtained. Their properties and relationship with one-body system eigenvectors are also discussed.
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I. INTRODUCTION m, m,
M1 M2

, pitpe=1

Tmptm,’ T mptm,

In quantum mechanics, we often have to construct the
eigenvectors of a complete set of operators. For one-bodgommon eigenvectors can be constructed for this pair of
systems, the most useful basis vectors are dfiprand|p),  operators as well. How do we construct these eigenvectors?
where|q) is the eigenvector of the coordinate opera@r  What is the relationship between the two-body system eigen-
and|p) is the eigenvector of the momentum operaorin  vectors and the one-body system eigenvectors? Our goal in

Fock space, we have this paper is to present a simple method for systematically
deriving these eigenvectors by means of unitary transforma-

lg)= 77*1/4e*(q2/2>+V7an*[(aT>2/2]|o>, ) tions. Through our method, the relationship between the two-
body system eigenvectors and the one-body system eigen-

|p>:ﬂ__1/4e_(p2/2)+i‘/§pa’r+[(af)2/2]|0>, @ vectors can be found easily. Although properties of these

eigenvectors have been discussed beffdr4, to our knowl-
. edge this relationship has not been revealed previously.
Qla)=gla), PIp)=plp), [Q.P]=i. 3)

. o _ Il. EIGENVECTORS OF Q;+Q, AND P;—P,
The creation and annihilation operators have been introduced

to expresxQ andP as The common eigenvector &, and P, is |g;,p,):
atal a—al Q1/01,P2)=01lA1,P2),  Pald1,p2)=p2ld1,p2), (6)
Q= 3 P= v (4) |d;,p,) can be expanded in Fock space:
For two-body systems, the coordinate and momentum opera- |g1,p2)= i e—(ﬁ/Z)W?qlaI—[(aDZ/Z]
tors areQ; and P}, j=1,2, for which [Q;,P\]=i5;. For m

two-body systems we can also introduce creation and anni-

20 toroath2
hilation operators to express the coordinate and momentum x e~ (P22 +1V2p22, (22121 o), (7)
operators, .
Since we can prove that
aj+a/ a—a/ +Qz,P1—P;]=0, 8
Q=23 p=3"3 j_1ad2 (5 [Q1+Qz2,P1—P2] ®
V2 iv2

there exist common eigenvectors for the pair of operators of

) ) Q:+Q, andP;—P,. We introduce the unitary transforma-
It can be shown that the relative coordin&e—Q, com- g

mutes with the total momentur®,+P,. Thus common

eigenvectors exist for the two operators. These eigenvectors U= e[w(ala}aiaz)/zq: elim(Q2P1~Q1P)/4] ©)
appear in Maslov’'s semiclassical quantization schefe ’
and the famous scheme proposed by Einstein, Podolsky and uut=utu=1 (10)

Rosen(EPR [2] in their study of quantum measurement.
Another commuting set of operators for two-body systems iBy virtue of the relation
the center-of-mass coordinaje Q;+ 1,Q, and the mass-
weighted relative momentum,P;— u,P,, where

[L,[L,F]]+

e"Fe " =F+[L,F]+—, A

(13)
*Electronic address: s-yu2@alecto.physics.uiuc.edu we can derive

1050-2947/96/54)/1161(4)/$10.00 54 1161 © 1996 The American Physical Society



1162 SHEN-XI YU 54

0o UT:Q1+Q2 0o UT_QZ_Ql form of this eigenvector. For this purpose, we rewtiteas
l 2 2 (12) o qZ q£> © ldqida;
P,+P P,—P J' f (01.,0|d0;dap . (13
upP,UT=—21""2 uput=—2_"1 V2
V2 V2

It is easy to prove, using the recently developed technique of
The common eigenvector @, +Q, and P,—P; can then IWOP [5], that(13) is consistent with(9). Now we can cal-
be constructed ad|q,,p,). We want to derive the explicit culate the common eigenvector @f +Q, andP,—P,

, ><q1 ds|d1,p2)da;da;

d;—d; 9;+0a; , 1
- 5(ql_q1)\/z

eiP292dq’ dd.
s " g:04d;

+ o0
1 P20~ [(91=0) %41+ (ay~ap)a] ~[(a) /2 ~[(ar-+ap) Z41+ (ay+ a3)25-[(2) /2] o) dl g

V2a J -

:i e—(p§+qf>/2+(ql—ip2>aI+(q1+ipz>aZ—aIa£| 00). (14)

™

Using (12), we obtain
(Q1+Q2)U|a1,p2)=v2q;U[dy,p,), (15

(P1—Py)Ulay,p2)=—v2p,U[d1,py), (16)

We definen;=q,, 7,=—p,, and p=n,+in,. The common
eigenvectolU|q,,p,) can now be rewritten as

+ oo + o0
f | ) nld?n= f_x f_m U101,p2)(da,po|U dandp,=1,
(21b

('10)=(p1,a5lUU|p1,ax)=8({' =0, (219

+o [+
f 10)(¢1d?= LO fﬁwUlpl,q2><p1,qzlu*dp1dqz=1-

| 77>: i e—(\n\2/2)+77a1+ n*aZ—aJlra£|00>, (17) (Zld)
Vm {|m} and{|2)} constitute two different representations in two-
which is consistent with the result §8]. mode Fock space. The scalar productgfand|{) is
Similarly, we know that the eigenvector &, —Q, and _ T B
P,+P,is U|p;,q,). The eigenvector can be written in con- (£lm)=(P1,05/U"U]d1,p2) =(Paltia){a2| P2)
cise form as 1
=_ @lmli—-mé), (22)
27
1)=— ~(|g%2)+al - ¢ al+al a2|00> (18)
\/_ lll. EIGENVECTORS OF 1;Q;+1,Q, and PPy —p P,
|¢) obeys For a two-body system with two distinct massaeg and
_ _ m,, the center-of-mass and the mass-weighted relative mo-
Q2)[{)=v24]0), 19 mentum are very useful in solving dynamical problems.
They can be defined as
(P1+P2)|0)=v2,]0), (20) Y
where Qem=wm1Q1+ 12Q2, 23
=02, $=p1, {=4tids, Py=r2P1=piPo, (24
We understand thdtz)} and{|0)} are orthonormal and com- Where
plete as a result of the unitary transformation:
my my

(7’| my=(a;,pslUTU|q1.p2)=8(n'— 7)., (218 Fmirm, #2 ity
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We can prove tha®. ,, commutes withP, : (U1U)(Q1+ Q) (U U "= 1,Q1 + u,Q,, (28)
[Qcm.,Pr]1=0. (25 MoP1— sy Py

. . . (U1Up)(P1—Po)(U U T=———""= (29
Thus it is possible to construct common eigenvectors for the Maipeo

pair of operatorQ. ,, andP, . In the following derivation,
we will treat w; and u, as two arbitrary positive real num-
bers without the restrictiom, +u,=1, which was imposed

From the result of15) and(16), we know that the common
eigenvector ofQ. ., and P, is U;U,U|q,,p,). By virtue of
the relation[5]

in [4].
Consider the unitary transformation 1
U r[al (ah?)2_ f > dg,. (30
U1=e’[ai_(abz]/z, (26) 1= \/M_ (qi1/da;, (30
T
Uzze(r[ag—(az)z]/Z, (27 U, _eo'[az (az 32 f 1 > <q2|dq2 (31)
Vo | #

where u;=€e" and u,=e€”’. It is obvious thatU, commutes
with U,: [U,,U,]=0. Using(5) and(11), we can show that the common eigenvector can be calculated directly:

U;1U,U[qy,p2)

ST
e

27y o
P20~ (91 =) (41 (01~ a)ay g = [(a])212) = (a1 +a) 5 (4p3) )+ (a1 + 6025 2]~ [(23)12)| 100 d

di—dz di+d;

1
, eiP2%d o’ dqlld
V2 Vi >\/zw 0140

ql q2> "ol
AR

Q:— Q2’q1+Q2>d ,

‘/_Ml ‘/_Mz

2

el
TN2pipp I -

12
2 p .
T2 P pDi(ed i) (D~ ()14 [2pa(di= ipowd) (i + ) Jal]

+[2pp(Ay+ipoud) (2 + ud)]ad —[2uaps /(pd+ u2)lala)
—[(ad+ p2udp3) (i + ud)1+[ip2as(ui— ud)/ (u2+ 13)1}|00). (32

Using (15), (16), (28), and(29), we obtain the following result:
(11Q1+ u2Q2)U1UoU |y, pp) =v2q:U,U,U 4y, p2), (33

(p2P1— m1P2)U ULU Ay, p2) = —vV2uipapoU UsU Gr, o). (34

We introduce the complex numbé+§£;+i &,, with

1/2 2 1/2
§1=| 22| U1, &=~ |2 32| HiM2P2. (39
mit s mit s
The common eigenvectdy,U,U|q;,p,) can now be rewritten as
212 ve 22
U1U2U|Q1vp2>:(m eli(uny Mz)/2M1M2]§1§2|§>' (36)
1 2

where

| &) = @ &2+ (UK [(ur+ )+ (1= )€ 11+ WL (g + 1) €% = (w1~ ) Elaf+ (I (3= il (2~ (2 %)~ 4asa2iall| o)

(37)
N=2(ud+p3).
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Next we calculate the overlaf@’|&€). According to(35) and
(36), we see that

W(Mi—‘rﬂg) L2 2 [
<§' |§>_ > e['(Ml—Mz)(§1§2—§1§2)/2M1,U«2]
M
x(qy,pslUTUIUIULULU gy, p,) = 8(" - &).

(39)

In terms of(35) and (36), we know thaté) is complete:

SHEN-XI YU

[ 2100

+ o0 + 00
:f j U1U,U|a1,p2){d1,p2lUTUIUd g, dp,=1.
-0 J—ow (39)

{|&} constitutes a complete and orthonormal representation
in two-mode Fock space. We see that there is a phase factor
in our result which was not contained jA], and that the
condition u;+u,=1 is not required in our derivation.

In summary, | have derived common eigenvectors of the
generalized center-of-mass coordinate, and relative momen-
tum operators using unitary transformations. Their relation-
ship with one-body system eigenvectors can be easily found
through this method.
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