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We study the Compton-scattering contribution to the double ionization of helium within theA2 approxima-
tion. We present results for the final-photon energy distribution for incoming photon energies of 6 and 20 keV
using two alternative forms for theA2 operator, named in the literature as the length and velocity forms. It is
shown that, although there is a form dependence of the results, these differences tend to cancel at the level of
the total cross section as the incoming photon energy increases. Our results support the conclusion that the
asymptotic limit for the ratio of double-to-single ionization by Compton scattering is about 0.8%.
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PACS number~s!: 32.80.Cy, 32.80.Fb, 31.15.2p

Recent experiments in the keV regime for double ioniza-
tion of He atoms by photon impact have been performed
using synchrotron radiation sources@1#. These experiments
were aiming to establish experimentally the asymptotic high-
energy limit value of the ratioRph5sph

21/sph
1 for photoab-

sorption, whose theoretical value is now accepted to be
0.0167~1.67%! @2–5#. However, its experimental determina-
tion faces a fundamental difficulty. For photon energies
larger than 6 keV, where the asymptotic value ofRph should
be reached, the photoabsorption cross section becomes small
in comparison with the Compton scattering cross section.
This point has been given attention by Samsonet al. @6#.
Since then, experiments@7,8# have been performed to sepa-
rate between both contributions, based on the fact that ions
produced by Compton scattering have small momenta in
comparison with ions produced by photoabsorption.

Since the remark of Samsonet al. different works have
appeared in the literature analyzing the two-electron ejection
\v11He→\v21He211e21e2 by Compton scattering
@9–12#. The ratioRc5sc

21/sc
1 for this process has been

calculated, but there is still a discrepancy about which value
this magnitude should obtain in the limit asv1→`. Using
the many-body perturbation theory~MBPT! @9# Rc51.6%
has been obtained at 20 keV. Within the impulse approxima-
tion ~IA !, Surić et al. @10# obtained 0.8% for this limit.
Andersson and Burgdo¨rfer @11# obtained basically the same
limit as Surić et al., using different final-state wave func-
tions, although the energy dependence ofRc was different in
their case. Finally, the work of Amusia and Mikhailov@12#
predicts a ratioRc51.68%, which is essentially the same
value obtained for the case of photoionization. In view of the
results of these works, it is clear that there is a discrepancy
about which is the value of the asymptotic limit for the ratio
Rc . This work aims to shed some light on this problem.

In this Rapid Communication we analyze the process
within theA2 approximation, which is the basic approach of
all the calculations reported thus far. In particular, a gauge
transformation of theA2 operator is studied. This is moti-
vated by the fact that gauge dependence has turned out to be
an important factor in the case of double ionization by pho-
toabsorption@2,4,13#. Some previous results of this work
have already been presented@14#.

The electron-photon interaction Hamiltonian in the Cou-
lomb gauge contains terms includingp•A andA2. Compton

scattering, being a second-order process, has contributions
from both terms of the interaction Hamiltonian. When only
the A2 term is retained in calculating the scattering cross
section, it is commonly referred to as theA2 approximation.
The validity of this approximation in single ionization has
been recognized to hold for photon energies that are much
higher than the binding energy of the scattering bound elec-
tron @15#, which corresponds to the energy range studied in
this work.

The cross section, which is doubly differential in scattered
photon energy (v2) and angle (V2), is given by@9#

d2sc
21

dv2dV2
5S ds

dV2
D
Th

S v2

v1
D E E dpadpbuTc

~L !u2, ~1!

where (ds/dV2)Th5(e2/mc2)2 1
2 (11cos2u2) is the

Thompson cross section,

Tc
~L !5^c f

2ueik•ra1eik•rbuc i&52^c f
2uD ~L !uc i& ~2!

is the length (L) form of theT matrix in the Coulomb gauge,
and we have defined the length operator asD (L)5eik•ra. This
last terminology for theT matrix has been introduced by
Kim and Inokuti@16# due to the fact that, ask→0, the matrix
element of Eq.~2! becomes the matrix element of the dipole
operator in the length form@17#. The energies of the two
ejected electronse1 ande2 satisfy the conservation relation
v11E05v21e11e2 , whereE0 is the ground-state energy
of the He atom, andv1 andv2 are the incident and scattered
photon energies. Atomic units are used. In Eq.~2!
c i(ra ,rb) andc f

2(ra ,rb) are the initial- and final-state wave
functions of the two-electron Hamiltonian andk5k12k2 is
the momentum transferred to the atom.

A suitable transformation could be introduced, which, for
the case of exact wave functions, leaves the results un-
changed. A new operator, named the velocity (V) operator,
is introduced in the formD (V)5@H,D (L)#, whereH is the
exact Hamiltonian of the atom, so that theT matrix in the
V form is given byTc

(V)52^c f
2uD (V)uc i&. A straightforward

calculation gives
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Tc
~V!5 ik•E E dradrbe

ik•ra~c f
2*¹ac i2c i¹ac f

2* !.

~3!

If c i andc f
2 are exact solutions of the two-electron Hamil-

tonian H, the relation Tc
(V)52vTc

(L) holds, where
v5v12v2 is the energy transferred to the atom. The cross
section, doubly differential in scattered photon energy and
angle, is given, in theV form, as Eq.~1! with Tc

(V)/v instead
of Tc

(L) .
Before presenting the results we will discuss the behavior

of the asymptotic formula with the correlation energy.
Within theA2 approximation~in theL form! and relying on
the IA, a formula for the nonrelativistic asymptotic ratioRc
was obtained to be@10#

Rc512(
l
Bl , ~4!

with

Bl5(
nm

E draU E fnlm* ~rb!c i~ra ,rb!drbU2, ~5!

and fnlm is the bound-state wave function of the residual
hydrogenic He1 ion. Using highly correlated ground-state
wave functions for He, Eq.~4! gives a value in the range
0.797–0.835%@10,11#. We recalled that, unlike the photo-
effect @see Eq.~6! below# where onlyl50 contributes to the
asymptotic ratio, in the case of Compton scattering alll val-
ues contribute. In Table I we display the contribution ofBl to
Rc for different configuration-interaction-type~CI-type!
wave functions with increasing correlation energy, including,
successively,s, sp, spd, andspd f orbitals in their construc-
tion basis. The correlation energies of these wave functions
are 33%, 80%, 94%, and 98%, respectively@18–21#. We
notice that the asymptotic value ofRc increases with the
correlation energy, a fact that does not occur in the case of
the formula for photoabsorption. The asymptotic value for
the photoabsorption ratioRph is given by@2#

Rph512
(nu*fn00* ~rb!c i~0,rb!drbu2

* uc i~0,rb!u2drb
. ~6!

Using the wave functions of Table I one obtains
Rph51.12%, 1.10%, 1.84%, and 1.62% for the wave func-

tions with s, sp, spd, and spd f orbitals, respectively.
Therefore the valueRph does not have a constant increase
with the correlation energy. This is due to the fact that the
formula for Rph is critically dependent on the value of the
wave function at the cusp@2#.

In the following, we investigate the differences in using
the L or V form of the A2 approximation for calculating
Compton-scattering cross sections for two-electron ejection.
Due to the complexity of the calculations involved, which
require successive integrations, we describe the final state as
the product of two Coulomb waves, given by

c f
2~pa ,pbura ,rb!5

1

~2p!3
eipa•ra1 ipb•rbN~aa!N~ab!FaFb ,

~7!

whereN(a j )5 exp(2pa j /2)G(12 ia j ) is the Coulomb fac-
tor, a j52Z/pj is the Sommerfeld parameter,Z52 for He,
and F j51F1( ia j ,1,2 ipjr j2 ipj•r j ) is the hypergeometric
function. The exchange term is considered in the calculation.
This choice of final state has a disadvantage, since it does not
include correlation; we should have in mind that double ion-
ization is a process due entirely to correlation effects. How-
ever, we note that for the case of photoabsorption, this final
state describes with much confidence the high-energy data,
and with moderate accuracy the low-energy total cross sec-
tions @4#. Our codes have been constructed in the form in
which, using the final state of Eq.~7! and a CI-type wave
function for the initial state, theT matrix in theL or V form
@Eqs. ~2! and ~3!, respectively# is calculated analytically. A

FIG. 1. Final-photon energy distributions as a function of the
energy transferred for incoming photon energies of 6.0 and 20.0
keV. The initial state accounts for 33% (s waves! of the correlation
energy and the final state is built as the product of two Coulomb
waves@Eq. ~7!#. Solid line:L form. Dashed line:V form.

TABLE I. CoefficientsBl as defined by Eq.~5! and the ratioRc obtained using Eq.~4! for different
CI-type wave functions@18#.

c i (CI) Ecorr (%) B0 B1 B2 B3 Rc (%)

s 33 0.996 0.432
sp 80 0.992 1.9831023 0.613
spd 94 0.990 2.1231023 4.4031026 0.764
spd f 98 0.989 2.0931023 5.9931026 3.5031029 0.812
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seven-dimensional numerical integral is required to obtain a
total cross section, which is obtained with an accuracy of
about 10%.

In Figs. 1 and 2 we present results for the final-photon
energy distribution at 6 and 20 keV using a 33% (s waves!
and 94% (spdwaves! correlated wave function for the initial
state, respectively. The final state is given by Eq.~7!. The
initial-state wave function containings waves (spd waves!
includes weak~high! correlation. At 6 keV we observe a
factor of 2 between the results in theL andV forms for the
case of weak correlation~Fig. 1!, whereas in the case of high
correlation at the same photon energy the difference is a
factor of 3~Fig. 2!. TheL form is larger than theV form for
all energies. The maximum probability for the ejection of
both electrons is forv.150 eV. Slow electrons are pro-
duced in this case. For 20 keV the probability for the ejection
of fast electrons increases, and theplateau extends up to
v.1.5 keV in both cases. TheL andV forms give almost
the same results in the plateau, but the peak theL form
predicts cannot account for theV-form results. We note that
in this last case the difference in the peak is also a factor of
2 between both forms in the case of weak correlation, and in
the case of high correlation the difference is a factor of 3 at
the peak. We conclude that the two forms of theA2 approxi-
mation do not give the same photon spectrum when approxi-
mate wave functions are used, and the discrepancy depends
on these wave functions.

The width of the plateau can be estimated using the clas-
sical description involving the change of photon energy col-
liding with a free electron at rest. If the photon is dispersed
in the backward direction, thenDv.v1

2/c2, which predicts
fairly well the widths of the plateau at both energies. The
peak observed atv;2E0 corresponds to the forward colli-
sion of the photon probing the wave function at long dis-
tances.

The integration of the spectra of Figs. 1 and 2 gives the
total cross sectionsc

21 for the process. These values are
presented in Table II;ss

21 and sspd
21 denote the cross sec-

tions, including weak and high correlation in the initial state,
respectively, and the MBPT results of Bergstrom and co-
workers @9,22# for the case of single and double ionization
are also given and denoted ass

MBPT

1 and s
MBPT

21 , respec-

tively. The valuess
MBPT

1 show a good behavior, since they

have been well verified experimentally@23#, and they are
approaching the free-particle results1(free)51.33 b for two
electrons per atom. One point of interest, already evident
from Figs. 1 and 2, is that the differences between theL and
V forms tend to decrease as the photon energy increases.
This leads us to think that both forms are expected to give
similar asymptotic ratios, although we have no formal proof.
Considering the asymptotic value for the ratioRc , our re-
sults agree with the value given by Eq.~4!. For the case of
weak correlation we obtainRc50.37% at 20 keV~Table II!,
while the IA predictsRc50.432%~Table I!. This difference
may be due to two factors:~i! at 20 keV the asymptotic value
has not been reached, and~ii ! our results have numerical
uncertainties of about 10% for the total cross section. For the
case of high correlation our results give 0.70% at 20 keV
~Table II!, while the IA predicts a ratio 0.764%~Table I!.
This difference is accounted for in the same manner as for
the case of weak correlation.

Another point to mention regarding the values of total
cross sections is the energy dependence of the ratioRc .
From Table II, in the case of high correlation, we observe an
increase in the ratio from 6 to 20 keV in theV form and a
slight decrease in theL form. If we obviate our numerical
uncertainties, theL-form results support the calculations of
Andersson and Burgdo¨rfer @11# that the asymptotic limit is
approaching from above. However, if theV-form results are
to be accepted, the situation is more similar to the IA calcu-
lations of Ref.@10#, where this magnitude approaches the
limit from below. The MBPT calculations appear to ap-
proach the limit from above, although it is not clear that
these calculations will reach a limit near 0.8%.

This Rapid Communication has presented calculations of
two-electron ejection by Compton scattering using two dif-
ferent forms of theA2 operator. There are some points to
investigate further in this context. The words gauge and form
are sometimes used interchangeably; however, a gauge trans-
formation is something well defined in the quantum theory.
In this sense we need to investigate whether theL→V trans-
formation implies a gauge transformation. Also, we need to

FIG. 2. As Fig. 1, but using an initial state accounting for 94%
(spdwaves! of the correlation energy.

TABLE II. Total cross sections for double and single ionization of He by Compton scattering for two
incoming photon energies.ss

21 andsspd
21 denote the calculations performed using an initial-state accounting

for 33% (s) and 94% (spd) of the correlation energy@18#, respectively, and a final state built as a product
of two Coulomb waves@Eq. ~7!#. TheL- andV-form results are displayed in these cases. The cross sections
s

MBPT

21 ands
MBPT

1 for double and single ionization are from Ref.@22#.

v1 (keV) ss
21 (1023 b) sspd

21 (1023 b) s
MBPT

21 (1023 b) s
MBPT

1 (b)
L V L V L5V

6.0 2.68 1.37 6.40 2.01 8.40 0.84
20.0 4.29 3.60 8.00 5.16 18.3 1.14
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state more clearly the validity of theA2 approximation for
two-electron processes in Compton scattering, and to inves-
tigate whether a transformation of the formL→V has an
influence on thep•A terms disregarded in theA2 approxi-
mation. Further work on this direction is in progress.
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