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We apply optimal control techniques to maximize the absorptionless index of refraction, the density-
dependent piezophotonic switching between absorption and amplification, and the ground-state energy-level-
spacing-dependent magnetophotonic switching of susceptibility in a dense medium of coherently prepared
three-level systems.

PACS number~s!: 42.50.2p

Quantum coherence and interference can lead to many
interesting optical phenomena, such as electromagnetically-
induced transparency~EIT! @1#, lasing without inversion
~LWI ! @2,3#, and large index of refraction without absorption
@4#. In a dense medium, the near dipole-dipole~NDD! inter-
actions become significant and have to be taken into account
properly @5–7#. It was shown that the NDD interactions can
enhance the inversionless gain and absorptionless index of
refraction, and lead to a density-dependent switching be-
tween absorption and amplification@8#. However, it is very
difficult to optimize in a straightforward manner due to the
large dimensionality of the parameter space. The optimal
control technique~OCT!, however, has been employed to
manipulate atomic coherence and interference to achieve
various goals, e.g., designing optical pulse shapes to control
EIT @9#, LWI @10#, and atomic population transfer@11#. Here
we apply it to design material parameters to enhance the
absorptionless index of refraction and optical switching ef-
fects.

We investigate a medium composed of an atomic beam of
three-level atoms. An energy-level scheme of the atoms is
shown in the inset of Fig. 1. The lower two levels, which
may correspond to a magnetic degeneracy, are closely
spaced and initially prepared in a coherent superposition
state. The atomic preparation can be accomplished by a co-
herent pulse, e.g., a microwave field just before these atoms
are injected into an interaction region of volumeV at an
injection rater . A probe fieldE couples the upper level to
the coherent superposition of the two lower levels. Using the
rotating-wave approximation, the equations of motion for the
density-matrix elements are@8#
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FIG. 1. Rex ~solid line! and Imx ~dashed line! as functions of
detuningD. Positive and negative Imx correspond to absorption and
amplification, respectively. Upper and middle panels are obtained
using the initial trial parameter~set 0 of Table I! with ga50.05gb

and gb , respectively. The lower panel is obtained using optimal
parameters that minimizeJ1 ~set 1 of Table I! with ga5gb . Inset:
A schematic energy-level diagram of the three-level system.
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wherer i j
0 are the elements of the initial density matrix of an

injected atom, withr aa
0 1r bb

0 1 rb8b8
0

51. Herem8 andm are
the dipole matrix elements~assumed real! of ua&→ub8& and
ua&→ub& transitions, respectively,Di j[v i j2n, wheren is the
probe-field frequency (i , j5a,b8,b). We also defineg i as
the decay rates out of the various levels andg i j5(g i1g j !/2
as the dephasing rate of the corresponding transitions. The
detuning from the center of the lower two energy levels is
defined asD[Dab81vb8b/25Dab2vb8b/2 ~see the inset of
Fig. 1!.

In Eq. ~1!, EL is the local microscopic field that is related
to the macroscopic fieldE through the Lorentz-Lorenz rela-
tion, EL5E1P/3e0 . HereP52(mrab1m8rab8)/V is the
volume polarization of an isotropic, homogeneous, dense
medium.

The density-dependent parameterC, which is a measure
of the strength of the NDD interaction and nonlinearity@8# in
the system, is defined as

C5
Nm2

2«0\gb
, ~2!

whereN5(r /gb!/V is the effective atomic density in the
interaction volumeV.

The macroscopic susceptibility that accounts for NDD in-
teraction is given by@8#

x[
P

e0E
5

xe

12xe/3
, ~3!

where xe[P/(e0EL)52(mrab1m8rab8)/(Ve0EL) is the
susceptibility with respect to the local field and can be ob-
tained numerically by solving the linear equations~1! for r i j
with ṙ i j50 ~steady state!. We find thatxe depends on the
parametersI L5umEL /\u2, D, vb8b , andCr i j

0 . The local-
field intensity I L is not an observable, but is related to the
macroscopic-field intensityI5umE/\u2 ~an observable! by
the nonlinear equation@8#

I Lu12 1
3xe~ I L ,D,vb8b ,Cr i j

0 !u25I . ~4!

The susceptibilityx can be obtained numerically as follows:
for a given set of control parametersI , D, vb8b , Cr i j

0 , find
the root of Eq.~4! for I L , calculatexe , and then substitute it
into Eq. ~3! to obtain x. In this way, we can obtain
x(I ,D,vb8b ,Cr i j

0 ) numerically as a function of controllable
parameters. The nonlinear equation~4! may have multiple
roots, which leads to multistability.

To demonstrate the power and usefulness of the OCT, we
examine the particular case of large, near-resonant, absorp-
tionless index of refraction that was first predicted by Scully
@4# for this system. However, in previous works@4,8#, the
upper-level decay ratega is chosen to be 0.05gb , which is
significantly smaller than the lower-level decay rategb . This
yields a maximum of the refractive index at a point of zero
loss ~upper panel of Fig. 1!. However, we believe that it is
more realistic forga to have the same order of magnitude as
gb . We therefore setga5gb in all our numerical calcula-

tions. Unfortunately, for these parameters, we see from the
middle panel of Fig. 1 that the system now shows broadband
losses with reduced refractive index. We now employ the
OCT to maximize Rex while simultaneously minimizing
Imx at a desired probe detuningD, which can be achieved by
minimizing the following objective functions:

J15b1Imx~ I ,D,vb8b ,Cr i j
0 !2b2Rex~ I ,D,vb8b ,Cr i j

0 !,
~5!

whereb1 andb2 are non-negative weight constants. Setting
b1!b2 is equivalent to desiring a maximum index of refrac-
tion regardless of the value of absorption, while setting
b1@b2 is equivalent to desiring a minimum absorption re-
gardless of the value of index. Note that the control
parameters must satisfy the constraintsCr i i

0>0,
i5a,b,b8, urb8b

0 u5Arbb
0 rb8b8

0 , and I>Imin , where Imin is
the minimum intensity feasible in the laboratory. It is there-
fore convenient to introduce real quantitiesV, r i , and f
defined asI5Imin1V2, Cr i i

0[r i
2 , andCrb8b8

0
5rbrb8e

if so
that the constraints onI andr i j

0 are automatically satisfied.
We then optimize the new parametersV, vb8b , r i , f using
the steepest descent algorithm. Since levelsb andb8 are very
close, it is a good approximation to assume thatrbb

0 5rb8b8
0

and m5m8. However, our optimal control algorithm is not
limited by this. In all numerical calculations, we choose~un-
less otherwise stated! D520.5, b150, b251, Imin51024,
andga5gb5gb851 as the unit of frequency.

We find that the optimal parameters that minimizeJ1 lie
in the bistable region. To avoid the bistability, we terminate
the program just before the parameters enter the bistable re-
gion. Thus, we obtain the optimal parameters outside the
bistable region, which are given in Table I~set 1!. Parameter
set 0 is the initial trial parameters used by the steepest-
descent algorithm. The lower panel of Fig. 1 shows that the
absorptionless index of refraction is recovered~at D520.5!
whose magnitude is enhanced by 50 times~compared with
upper panel! with a comparable enhancement in peak gain.

We now apply the OCT to optimize the piezophotonic
switching effect, whereby the system switches from amplifi-
cation to absorption for a small change in density-dependent
parameterC, which was first predicted by Mankaet al. @8#.
In that work, the choice is made thatga50.05gb , which is
much smaller thangb . We have confirmed that ifga is in-
creased by a small amount, e.g.,ga50.0504gb , with other
parameters unchanged, then Imx is positive for allC and
thus the piezophotonic switching effect vanishes.

In this paper, we choosega5gb , which is more realistic,
and we will use the OCT to recover and enhance the piezo-
photonic switching effect. In addition, we set the lower

TABLE I. Set 0 is the initial trial parameters that lead to set 1.
Set 1 is the optimal parameters outside the bistable region for large
index of refraction without absorption, i.e., the parameters that
minimize J1 . We have assumedrb8b8

0
5rbb

0 5(12raa
0 )/2.

Set I r aa
0 f vb8b C

0 1022 0.01 3p/2 1 1
1 1024 0.2072 5.1503 1.0942 16.616
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bound of the probe field toImin51024, which is larger than
the probe-field intensity 2.20531025 chosen in Ref.@8#. For
field strengths of this magnitude, it is more difficult to en-
hance the piezophotonic switching effect, since a large field
intensity will wash out the coherence of the lower two levels
and reduce the enhancement. To enhance the piezophotonic
switching effect, we construct the following objective func-
tional:

J25Imx~ I ,D,vb8b ,Cr i j
0 !Imx~ I ,D,vb8b ,lCr i j

0 !. ~6!

We want to switch Imx from being large positive to large
negative~or the reverse! whenC is changed by a factor ofl
~we choosel51.05 in our numerical calculation!. This can
be achieved by minimizingJ2 .

The optimal set of parameters is shown in Table II~set 1!.
We plot Imx~D! as a function ofC using these optimal pa-
rameters in Fig. 2~solid and dashed line!. The solid and
dashed lines correspond to the stable and unstable steady

states, respectively. The solid line has a much larger slope
across zero compared with the dotted line, which corre-
sponds to the initial trial parameter~set 0 of Table II! used by
the steepest-descent algorithm. Therefore the piezophotonic
switching effect is significantly enhanced after optimization.
The slope of the solid line across zero is also enhanced by a
factor of 1.45 compared with that of Ref.@8#. This is quite
respectable considering that we have used a much larger
upper-level decay rate and field strength.

In the bistable region 20.42<C<22.66 there are three dis-
tinct steady states, but only one of them is stable and is
indicated by a solid line. The figure also shows that
C522.66 is the instability threshold beyond which there is
no stable steady state. This condition is somewhat similar to
recent work on the dynamics of a single-mode inhomoge-
neously broadened laser@12#, which showed that the NDD
interactions lead to instabilities and chaos at much lower
pumping levels. To fully understand the behavior of the sys-
tem for C.22.66, the dynamic density-matrix equation~1!
must be solved, which is beyond the scope of this paper.

In Table I ~set 1! and Table II~set 1!, optimal values ofI
are equal toImin51024. This means that in order to maxi-
mize absorptionless index of refraction and piezophotonic
switching effects, one should use the smallest achievable
field intensity. We have repeated the optimization leading to
Fig. 2 with largerImin and found that the slope of Imx across
zero decreases. This confirms the intuition that strong fields
wash out the coherence of the lower two levels and reduce
the enhancement.

Instead of varyingC, one can obtain optical switching by
varyingvb8b as well; that is, the system switches from large

FIG. 2. Imx~D520.5! as a function ofC showing the piezo-
photonic switching effect. Positive and negative Imx correspond to
absorption and amplification, respectively. Solid and dashed lines
are the results of optimal parameters that minimizeJ2 ~set 1 of
Table II!. Solid and dashed lines denote stable and unstable steady
states, respectively. The dotted line is the result of initial trial pa-
rameters~set 0 of Table II!.

FIG. 3. Upper panel: Imx~D520.5! as a function ofvb8b show-
ing threshold magnetophotonic switching. Positive and negative
Imx correspond to absorption and amplification, respectively. Solid
and dashed lines are obtained with the optimal parameters that
minimizeJ3 ~set 2 of Table II!. Here solid and dashed lines denote
stable and unstable steady states, respectively. The dotted line is
obtained using initial trial parameters~set 0 of Table II!. Lower
panel: Rex~D520.5! ~solid line! and Imx~D520.5! ~dashed line!
as functions ofvb8b for the optimal parameters outside the bistable
region that minimizeJ4 ~set 3 of Table II!. The figure shows the
usual magnetophotonic switching in the presence of gain.

TABLE II. Set 0 contains the initial trial parameters that lead to
sets 1 and 2. Set 1 contains the optimal parameters for piezophoto-
nic switching, i.e., the parameters that minimizeJ2 with l51.05.
Set 2 contains the optimal parameters for threshold magnetophoto-
nic switching, i.e., the parameters that minimizeJ3 with l51.04.
Set 3 contains the optimal parameters for usual magnetophotonic
switching, i.e., the parameters that minimizeJ4 with l51.02. The
initial trial parameters that lead to set 3 are the same as set 0 except
I51023, vb8b50.89. We have assumedrb8b8

0
5rbb

0 5(12raa
0 )/2.

Set I raa
0 f vb8b C

0 1022 0.16 3p/2 1 18.5
1 1024 0.1599 4.794 0.9784 19.471
2 1024 0.1693 4.8422 0.9332 19.599
3 1.236631023 0.1666 4.7456 0.8694 19.066
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absorption to large gain~or the reverse! for a small change in
the level spacingvb8b . Sincevb8b may be controlled by a
dc magnetic field, we will call this magnetophotonic switch-
ing, which can be exploited to build a threshold magnetome-
ter. To achieve this, we minimize the following objective
functional:

J35Imx~ I ,D,vb8b ,Cr i j
0 !Imx~ I ,D,lvb8b ,Cr i j

0 !. ~7!

We choosel51.04. Again we use set 0 of Table II as the
initial trial parameters. The optimal parameters are shown in
Table II ~set 2!. The upper panel of Fig. 3 displays Imx as a
function of vb8b using the optimal parameters~solid and
dashed lines!. Here, as before, the dashed line indicates the
unstable state. The solid line has a much larger slope across
zero compared with the dotted line, which corresponds to the
initial trial parameter~set 0!. This means that the magneto-
photonic switching effect is significantly enhanced after op-
timization. Note thatv50.9754 is the instability threshold
beyond which there is no stable steady state.

Usually, a magnetometer’s sensitivity is based on a large
slope of refractive index~Rex! that crosses through zero.
This slope is essential to the phase measurements in an
interferometer-type device@13#. To enhance this slope, we
minimize the following objective functional:

J45Rex~ I ,D,vb8b ,Cr i j
0 !Rex~ I ,D,lvb8b ,Cr i j

0 !, ~8!

with l51.02. We found that the optimal parameters are in

the bistable region, which result in Rex jumping discontinu-
ously from positive to negative for an infinitesimal change of
vb8b . A phase-sensitive magnetometer, however, is based on
continuous and rapid change of Rex with a magnetic field
instead of a discontinuous jump. We therefore limit the pro-
gram to parameters outside the bistable region. We then ob-
tain the optimal parameters that are just outside the bistable
region~Table II set 3!. We have used the initial trial param-
eters shown in set 0 exceptI51023 and vb8b50.89. We
display Rex(vb8b) ~solid line! and Imx(vb8b) ~dashed line! for
the optimal parameters in the lower panel of Fig. 3. It is
remarkable that optimal Rex changes continuously from
positive to negative with almost infinite slope across zero
and with gain~Imx,0!. This is ideal for a magnetometer.

In conclusion, we have applied the OCT to design mate-
rial parameters to maximize the absorptionless index of re-
fraction and the piezophotonic switching. We are able to
enhance these effects for a more realistic upper-level decay
rate, which is of the same order of magnitude as the lower-
level decay rate. We have also reported here the magneto-
photonic switching effect due to the NDD interactions, as
well as the enhancement using the OCT. To that end, we
obtain Rex that changes continuously across zero with al-
most infinite slope and with gain.
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