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Collective laser cooling of two trapped ions
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Collective laser cooling of two ions moving in a trapping potential is studied theoretically in the limit when
the distance between the ions is smaller or comparable to the wavelength of the exciting laser light. A set of
rate equations for the population of the trap levels is derived in the Lamb-Dicke limit, and for low laser
intensities describing the effects of dipole-dipole interaction and super- and subradiance on the cooling dy-
namics.

PACS numbs(s): 32.80.Pj

[. INTRODUCTION quantum statistical effects related to the bosonic or fermionic
nature of the atomic sampjé]. At the conditions required to

Many-body and collective atomic phenomena are presobserve these phenomena, atom-atom interactions become
ently of central interest in the investigation of trapped andmportant. In fact, it has been predicted and observed that
laser cooled atom§l]. In the context of ion traps, recent With the usual laser cooling techniques dipole-dipole interac-
experiments have reported the storage of a few tens of ioriions lead to extra heating forces at sufficiently high densities
in linear and ring traps, as well as the formation of ion crys-[14,15. For neutral atoms the interplay between cold atomic
tals[2—5] (see[6] for a recent review The purpose of this collisions and laser cooling is an extremely complex theo-
paper is to study theoreticallyollectiveeffects in laser cool- retical problen{16]. In contrast to the case of neutral atoms,
ing in the simple system of two ions moving in a trapping laser cooling of two interacting ions in a trap provides a
potential[7]. (For two unbound atoms, s¢8].) We are par- theoretically tractable but nonetheless experimentally realiz-
ticularly interested in a situation in which the two ions are able model system, which can provide important insights on
close together at a distance comparable to or smaller than tifgIr way to understanding more complex many-body sys-
wavelength of the exciting laser light. This research is moti-tems. From the theoretical point of view, the two-ion system
vated in part by recent progress in bu||d|ng microtrapshas the advantage that ions at sufficiently low temperatures
[9,10], which have an extremely strong confining potentialPerform only small oscillations around their equilibrium po-
for the ions and thus force the ions to small distar{dds. sitions. This allows an expansion in terms of a small param-

Collective effects in laser cooling of trapped ions manifesteter, which corresponds basically to the ratio of the ampli-
themselves both in the external and internal dynamics. Firstude of the oscillations to the wavelength of the laser
the Coulomb interaction couples the motion of the ions in the€XCiting an internal transitiofLamb-Dicke limit[17]). The
trap. Thus the ions perform oscillations corresponding to th&ooling of vibrational modes of trapped-ion clusters has al-
collective eigenmodes of the ions around their equilibriumreéady been studied by Javanairié®]. For the case of two
positions, resulting from the Coulomb repulsion and the trapions, we go beyond that analysis by including dipole-dipole
ping force. Second, for distances comparable to the wavdnteraction. This interaction is reflected in the cooling rates
length of the light, the internal structure of the two ionsand final temperatures. Thus, from the experimental point of
forms a “quasimolecule,” where the dipole-dipole interac- View, two trapped ions constitute a unique system in which
tion couples and splits the unperturbed atomic levels. In adPasic dipole-dipole interactions and super- or subradiant ef-
dition this interaction modifies the atomic spontaneous decafects[19,20 can be studied in detail without the complica-
rate, leading to the formation of a superradiant and a subrdions due to short-range interactions in atomic collisions and
diant (metastable manifold with a radiative decay constant quantum statistical effects.
that is larger or smaller than the unperturbed single-atom The paper is organized as follows. In Sec. Il, a qualitative
decay width, respectivelf12]. overview and some of the basic results are given, stressing

Many-particle laser cooling is one of the most active subthe differences in comparison with the single-atom case. In
jects in atom physics. With recent developments and the aFSECS. [l and 1V, they are derived in more detail. In Sec. V we
pearance of new techniques, very low temperatures at higéive a deeper analysis of the results. Finally, Sec. VI contains
densities have been achieved during the last few yjgals @ summary of the main results.
One of the goals of this branch of physics is to observe

Il. OVERVIEW
"Present address: InstitutrfiTheoretische Physik, Bunsenstrassa  The purpose of this section is to give a qualitative over-
9, D-37073 Gttingen, Germany. view and summary of the essential physics of laser excitation
"Permanent address: Departamento de Fisica, Universidad dand cooling of two ions in a trap. We are particularly inter-
Castilla-La Mancha, 13071 Ciudad Real, Spain. ested in the case in which the two ions are at a distance
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smaller than the laser wavelength so that dipole-dipole states by |n>=|nx,ny,nz>, with quantum numbers
interaction between the ions and modification of the ion life-n,=0,1, ... U=x,y,z). The ion is excited by a laser beam
time (superradiangeare important. For comparison with the of frequencyw, , which induces transitions between ground
two-ion case we start with a brief review of laser cooling of and excited levels, and also changes the motional state. In
asingletrapped ion 17]. A detailed derivation of our results the low-intensity limit (below saturatiopy the atom spends
for two ions, based on a master-equation treatment, will benost of its time in its ground statg). In this case it is
presented in the following sections. simple to derive rate equations that describe the change of
the motional state after an absorption or spontaneous-

A. Single-ion laser cooling emission cycle . They are given h21,17:

Let us consider an ion with ground and excited states d
|g), |e) (possibly degeneratetransition frequencywy; and aﬁm:nzm (Tmenma=Tncmmm), 1)
spontaneous decay ratey2 The ion moves in a harmonic
trap centered at=0, with frequencies, , , along the three  wherem,=(n|(g|p|g)|n) is the population of levefn), and
principal axes. We will denote the corresponding oscillatorthe transition rates from levéh) to |m) are

2

) ~ 1
(m|(gle”"**[€'(k)-D] mHL(XNgNn) : 2

3
Fmﬁ—n:27§ )\:212 j dQg

In this equationH, is the Hamiltonian describing the atom-  HereH{® (H({") denotes the zerottfirst-) order expan-
laser interaction, andHe; is the free effective(non-  sjon of the atom-laser interaction Hamiltoniéior a detailed
Hermitian Hamiltonian for the free evolution of the ion in definition see the following sectionIn the Lamb-Dicke
the trap, including the decay of the excited-state populatiofymit the quantum oscillator state can change only by.

due to spontaneous emission. The energy of the staleor example, considering how the motion can change along
In)[g) is En, i.e., Hen)[g)=Ep[n)[g). The position op-  the directionp=x,y,z, there are two kinds of rates: the rate

erator is denoted by, andD is the dipole operator for the describes heating processes. whi cor-
transition from the ground to the excited levels. Finakly, """ ap W -1,

and € are the wave vector and a unit vector corresponding{eSponds to.cooling. In particul_dr,andd are direc_tly related
to polarization\ of each spontaneously emitted photon, re-1© the amplitudes corresponding to the following two pro-
spectively. The interpretation of the transition amplitude isC€SS€$17]: . . -

simple if one reads it from right to left: the ion initially in its () The trap state is changed during the excitation by the
ground internal state and in the oscillator statgis excited  1aser (giny)—|e;n,=1)) and remains unchanged in the
by absorbing laser light, and after free evolution it returns toSubsequent spontaneous emissifeir(,=1)—[g;n,+1)).

the ground state by emitting a spontaneous photon. The ratddlis corresponds to a heating-cooling process.

are summedintegratedl over the possible polarizatioridi- (i) The laser excites the atom without affecting the trap
rectiong of the spontaneously emitted photon. Given the destate (g;np>ﬂ|e;np>), which is changed in a subsequent
pendence on the position operator @f'¥* and H, , the spontaneous emissiofe{n,)—|g;n,*= 1)) of a photon with
oscillator state changes to the stat® because of the recoil directionk and polarizatione* (k). This is a diffusion pro-

in the absorption and emission processes. cess.

In current experiments with single ions, the motion of the  Since the two different amplitudes in E(®) are added,
trapped atom is restricted to a region of space that is smathere is, in principle, interference between these two chan-
compared to the laser wavelength, so that the Lamb-Dick@els. However, the cross term of the square is an odd func-
limit holds [17]. In this case, formul&2) can be further sim-  tjon of the integration variablé, and therefore it vanishes
plified by expansion oé'“* andH, aroundx=0, includ-  ypon doing the integration ovei();. That is, when averag-

ing terms up to first order, ing over all possible spontaneous emission processes, the
3 interference disappears.
I =2y— fdQ”e" 12)- b—id |2) 2. (3) On the other hand, since the matrix elements
men= <Y )\:21,2 e[ (] (npy=1|x/n,) and (n,=1|H{"|n,) contain factorsyn,+1

or \/n—p the rates have the forrﬁanan:(npr DAy,
an_lhnpznpAp_ . The coefficientsA,. completely deter-

1 mine the dynamics and the steady state of the ion in the trap
bz<m|(g|DTﬁH(Ll)|g)|n), (43  [17]. In particular, cooling takes place along thedirection
if A,_>A,, . This occurs for rednegative laser detunings
eff =n if Ap_>Ap,,. Thi f q ive | d i
1 A=w_ —wq, since in that case the laser absorption process
d(k)=(m|(g|D"(k-x) =———=H@|g)[n).  (4p) N which the ion decreases the oscillator quantum number is
He— En closer to resonance than the one increasing it. It is then easy

where
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to see that there are two regimes in laser cooling of a trapped le.e>
ion: (i) for y>v, we are in the regime of Doppler cooling
where the final energy of the ion is of the orderfiof; (ii) for
y<wv, the two motional sidebands atA=v,=0 are well
resolved(sideband cooling limjt and the ions can be cooled

to the vibrational ground state. In either case the steady state o lz41>
is a thermal distributioriBose-Einstein distribution 17,22 < l Ix+1> ly+1> . l N
with an average phonon number of I, — ; <
‘%T X1 dy=>y g T
A o Yy1g Yyt
(Np)= 37— 71— (5)
Ap-"Aps 200 2L
I

B. Two ions in a trap: Basic concepts

1. Equilibrium position lg.g>

We consider now two ions of mass and chargee con-
fined in a trap. The trapping potential is again assumed to b{e
. . . R . . 10
harmonic and thdsingle-ion oscillation frequencies along
thex, y, andz axes are denoted by, , ,, respectively. We
define center-of-mass and relative coordinates as follows:

FIG. 1. Level structure for two two-level atoms {01 transi-
n. “...|ee)...”" represents the nine doubly excited states.

become clear in the context of Fig(ly below we discuss
this interaction employing the excited-state basis
1 1 {le,),u=x,y,z,}, defined in terms of angular momentum
—(xV4x?@), pr= (DX, (6) eigenstates as |e)=|em=0), [|e)=(lem=—1)

V2 V2 — e,m=1))/\/§, and|ey)=i(|e,m=—1>+|e,m=1>)/\/§.

o N ) Thus the eigenenergies and eigenstates of this two-ion sys-

The equilibrium position for the center-of-mass coordinatesem, in a frame rotating at the laser frequency, are
will be at R"=0, and for the relative coordinate it is deter-

mined by balancing the Coulomb potential with the trapping Eg.q=0 lg;9),
force; i.e., it is given by the minimum of

R'=

Eu,ilz _ﬁAi 5Eu_iﬁ7u,t1

m B
U(r=—=> v+ — 7)
(=32 in '] for |u,x)=(les;0)*|gie))/V2,  (9)
with B=e?/4meo\2. For v,<v,, v, the minimum of Ee e,= —2hA—i2hy |e;e,)
U(r’) will be located on thez axis atrj=rge,, with
ro=(B/mv?)1. Thus, the classical equilibrium positions for [see Eq(34) below]. Here 2y is the decay rate of each atom,

the two ions are obtained froR'=0, r’'=r} as A=w  —wq is the detuning, and the level shif8E, and
widths vy, ., are given in Sec. ll[see Eq(34) below].
1 re . In Fig. 1 we have plotted this level configuration for the
X(l’2)=ﬁ(0if6)= iﬁez: (8)  two-ion system. The level shifts and decays of the interme-

diate levels are indicated on the figure, too. We note that in
the limit of small distancesa— 0, the|u, — 1) states become
metastable while the spontaneous emission rate of the state
|u,+1) doubles. This is related to the well-known collective
effect of sub- and superradian{23]. A graph of the shift
We consider now a situation in which the ions are fixed atsE, /(2% y) and decay rate ®, .., /(2y) as a function of the
their equilibrium positions. For the internal structure we as-scaled distanca=Kkrq is shown in Fig. 2. In this figure we
sume a(dipole-allowed angular momentunj,=0—j.=1  have marked by a vertical dotted line the point corresponding
transition. This is motivated by our interest in the role of theto a=2#/8, which we have chosen as the “standard” dis-
laser polarization in laser cooling, and this is the simplestance for most of our plots below. We have chosen this rela-
model to display these effects. The atomic states of théively small distance in order to make the collective effects
two ions «@=1,2 are labeled by |g,m=0), and clearly visible.
|e,m=0,+=1),, with m Zeeman quantum numbers. For the We consider now laser excitation with linear polarization
internal quantum states of the two ions we will adopt thein the directionu=x, y, orz. Thus, the laser can couple the
notation |a;b)=|a),|b),. For a large distance such that ground state|g;g) only to the excited two-ion states
a=kry>1 (with k= wg/c), the two ions essentially do not |u,*=1) given in Eq. (9. The corresponding coupling
interact. With decreasing@ the degeneracy of thébare strengths also depend on the propagation direction of the
states, where one of the ions is in the ground state, and tHaser, as well as on the interatomic distance. For example,
other ion is in the excited state, is lifted by the dipole-dipolewhen the laser propagates along thexis, only the states
interaction. The dipole-dipole coupling also modifies the|x,+1) can be excitedfor processes without phonon inter-
spontaneous lifetime of the iorfi&3]. For reasons that will actions. This is due to the fact that both ions see the same

with equilibrium distancdX®—X®@)|=\2r;=r,.

2. Spectroscopy of the two-ion system for fixed positions
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will denote the corresponding oscillator states by
Inknyn,;NiNryNy;)  with  quantum  numbers ny,ny,
=0,1,2, ... =x,Y,2).

A necessary condition for the linearization in the relative
motion to be valid is the smallness of the parameter

[ &
L= moe /r0=nru/a<1, (10

which is the ratio of the ground-state width of thecompo-

T S T N S T SR R nent to the equilibrium distance of the ions as given by the
Coulomb repulsion. By virtue of?/4me,= afic, wherea is

the fine-structure constanty~1/137, the equilibrium dis-
tance can be expressedras- (2atic/ mvﬁ) 13 and therefore

SE /AT

L= (hv,la®mA) Y27 (v, v, Y2 (11)

Yo, £/

Thus, as long as the trap frequency can be considered small
compared to optical frequencies, the paramefgare small.
Therefore one can safely use the linearized analysis to de-
scribe the motion in terms of harmonic oscillators for both
: center-of-mass and relative coordinaf24]. Our model also
oL neglects the micromotion: this assumes that (talective
0 02 04 06 08 1 12 14 16 18 2 ion oscillation frequencies are much smaller than the applied
external rf driving frequencies. In the present model calcula-
a/(2m) tion, this is consistent with the lowest-order Lamb-Dicke ex-
pansion for the laser-ion and dipole-dipole interactisee
Ref.[25] for a discussion of the micromotion on laser cool-

FIG. 2. Level shiftssE, , (a) and modified linewidthsy, .., (b)
for the singly excited statdx, +1) and|z, = 1) as a function of the

. ing).
scaled distanca=kry. I'=2y.
laser phase, and therefore the state excited must be symmet- C. Two ions in a trap: Laser cooling
ric under interchange of the label indices of the ions. On the In order to studv the cooling in the svstem of two ions. we
other hand, for a propagation direction along thaxis, the uay ng ! y wo ions, w

relative phase seen by the ions depends on their separati?ﬁoceed in a similar way as that for a single trapped ion. We

a=kro, which enters the coupling matrix element from the irst find the rate equations in the low-intensity limit. Second,
- O, ey . _ . . .

ground to the excited state. we expand the transition rates in the Lamb-Dicke limit, and

identify the physical processes that are involved in these
transitions. By including the dipole-dipole interaction, we
will go beyond the analysis presented previously by Jav-
anainen18].

The center-of-mass motion is governed by a harmonic
potential with unperturbed trap frequencigs, ,. When the
oscillation amplitudes of the ions around their equilibrium 1. Low-intensity limit
positions are small, one can use a linearized analysis for the | the |ow-intensity limit, the trap populations evolve

relative motion coordinates. In this case, the eigenfrequeny, ch slower than the coherences between trap states or
cies arevyy ,,= \/Viy_ vﬁ, V= \/§Vz where the first two the internal degrees of freedom, which therefore can be adia-
frequencies correspond to a shearing motion perpendicular tgatically eliminated. This leads in second-order perturbation
the ion axisr, and the third frequency is associated with antheory to the rate equation§l), where now m,=

oscillation along thez axis. These eigenoscillations of the (n|(g;g|p|g;g)|n) is the population of levelg;g)|n), and
center-of-mass and relative motion are readily quantized. Wehe rates are given by

3. Small oscillations around the equilibrium positions

2
H (xV,x?)|g;g)|n)| . (12)

3 TR 1
Cn=2y— fd(r ml|{g; e KX eMk)-DT]
men 787_‘_)\:21’2 AL |<g g|a:21’2 [€'(k) JHeff(X(l)_

X(2)) — En
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The form of this equation is similar to that of E), but (a) l+1,n+1>
now we are summing over contributions from both atoms, in
which the superscriptv=1,2 specifies the first and second
ion, respectively. Furthermore, now the free effective Hamil-
tonianH g includes the dipole-dipole interactions, which de-
pend explicitly on the position operator for the relative mo- l+1,n-1>
tion. We note that the motional state can now also change | ;s

because of dipole-dipole interaction.

I-1,n+1>

lgg.n+1>

2. Lamb-Dicke limit

Similar to the single-ion case, we assume that the oscilla-
tion amplitudes of the center-of-mass and relative motion
around their equilibrium values are much smaller than the  iggn-1>
laser wavelength; i.e., the Lamb-Dicke paramet@repor-
tional to the ratio of the ground-state width of the oscillators
to the optical wavelengjhare small: (b)

\/T H1n> — k>
Nuru=K ZmVu,ru<1’ (u=x,y,z). (13 T

In this paper we are interested in the case in which the ions 141 p-1>
are closer than a wavelength, since it is there that two- ol
particle effects become important. This regime requires large ’ lgg,n+1>
trap frequencies, and therefore the Lamb-Dicke limit is valid.
Then we can expand the raték?) in terms of thezn's. To

lgg,n>

M

+1,n+1>

second order in the Lamb-Dicke parameters, the transition E—
rate (12) from staten to statem is Igg.n>
3 ~ R lgg.n-1>
Pnon=2vg- 3 [ d0 @) (b+c-idk2
87\,
(14) (C) I+1,n+1>
where 110> < |lln+l>
ou(a Hﬂ/
(bed)= > e kX (pl@ g gy (15
a2 l+1,n-1> /_‘
and we have defined I-1,n-1>
lgg,n+1>
b'“'=(m|(g;g|D'“" —m—H{"|g;g)|n), (168
H eff_ En ———
lgg.n>
c=(ml(g;g|D' " —or—(—H{3) <0>1 lgg.0-1>
H eff — En Heff —E,
X H(8)|g;g>|n>, (16b) FIG. 3. Processes in second-order perturbation theory for pho-
non creation or annihilation by laser excitation of some state
R 1 |-,—1); similarly via|-,+1).
d ) (k)=(ml(g: [ D' Tk (X' =X*) ] mrgr—=—H[”
eff - =n of n,. Similarly, T, n=npA,_ if [m)=]...ny—1...).
x|g;g)[n), (169  Cooling occurs in mode if A,_>A,,, and the resulting

distribution is again thermal, with an average phonon num-
with H(llz) the first-order expansion of the dipole-dipole inter- ber given in Eq(5).

action. The rates are different from zero onlynif differs The physical interpretation of these terms can be read off
from n by =1 in exactly one out of the six vibrational as in the single-ion case. Now, there are three contributions:
modes:|m)=|n,*1nyn,;n,n, N, etc. In the following (i) Vectorsb describe processes in which the atom-laser
we will use the notatiojm)=|...n,=1...), where the interaction takes the system from the ground level to an ex-

index p=x,y,z,rx,ry,rz. With this notation the formulas cited state and changes the number of quanta in the oscillator
look very similar to those of the single-ion case. In particu-p. A spontaneous emission leads back to the ground state
lar, for|m)=| .. Np+1.. .) the transition rate has the form without changing the oscillator stat¢fig. 3(@)]. This is
Inon=(n,+1)A,., whereAy, is a constant independent analogous to the process describedthbyn the single-ion
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case, which led to cooling for negative detunings from resow, , ,, spontaneous decay rate,2and the distance between
nance. the equilibrium positions of the ionsvhich is characterized
(i) Vectorsd refer to the atom-laser interaction taking the by the parametea).
system from the ground to an excited level without changing Given the numerous possibilities for the geometry of the
the oscillator states. A subsequent spontaneous emissi@om-laser interaction, we will discuss here a few cases that
leads back to the ground state and changes the number display the basic phenomena in the problem. A more detailed
guanta in the oscillator stae [Fig. 3(b)]. As in the single- discussion is given in Sec. V. As mentioned above, there are
atom case, this is a diffusion process giving equal contribumainly two differences between laser cooling of two ions
tions toAp, andA,_. with respect to the single-ion cag@: in the case of two ions
(iii) Vectorsc stand for processes in which the atom-laserthe dipole-dipole interaction leads to level shifts and changes
interaction takes the system from the ground to an excitethe decay rateq(ii) the dipole-dipole interaction is respon-
level without changing the oscillator states. The dipole-sible for a physical process that changes the motion of the
dipole interaction changes the number of quanta in the oscilions. In this respect, the center-of-mass modes have a differ-
lator state and possibly couples to a different excited state.ent behavior than the relative motion modes, siticeap-
A spontaneous emission leads back to the ground state witlplies only to the latter. Here we will first describe cooling of
out changing the vibrational quantum numbégFsg. 3(c)].  the center-of-mass modes, and then we will analyze the more
There is no analogue for this in the single-atom case. It cacomplicated case of the relative modes.
therefore be expected that this process leads to novel physi-
cal effects when compared to laser cooling of a single ion. 1. Center-of-mass motion

It is worth mentioning that processi) does not contrib- | et ys concentrate on the situation in which the laser
ute to the modification of the center-of-mass motion since ibropagates along treaxis with linear polarization along the
is due to the dipole-dipole interaction, which depends on the axis. We first consider the case in which the ions are far
relative position of the ions. On the other hand, for the relagpart from each otherai=kr,>1). Under these circum-
tive motion it can have important consequences in the coolstances, the shifts and rates due to dipole-dipole interaction
ing process. In particular, it gives rise to the possibility of are very small, and therefore the ions behave independently
having transverse cooling, i.e., cooling of theandz com-  [18]. Laser cooling is then almost identical to the single-ion
ponents by a laser propagating in thelirection. Apart from  case. In Fig. 4) we have plotted the coefficiert,. (solid
that, the corresponding amplitude of this process can intefand dashed lines, respectivelipr the z component of the
fere with the other processes leading to the enhancement genter-of-mass mode as a function of the laser detuning.
the decrease of the cooling rate. This depends on whether '[I’Hbre, we have taken a laser propagating in zhdirection
interference is constructive or destructive. These kinds ofyith polarization along the axis. As in the single-ion case,
phenomena are entirely due to two-atom interactions, angbr red (negative detuningsA,_>A,. (i.e., there is cool-
therefore they have no analogue in the single-ion case, whejg), whereas for blugpositivel detunings there is heating.
there are no interference effects in the Lamb-Dicke limit. InMaximum cooling rates occur ah=—v,, which corre-
the fOIIOWing we brleﬂy summarize the most relevant reSUItSspondS to the sideband C00|ing regime, Whereby each time
in terms of the coefficientd,,. , which, as mentioned above, that one of the ions absorbs a laser photon its motional quan-
completely determine the properties of the cooling processum state decreases by 1. The width of the resonances ap-
Note that to reach the regime in which the atoms are closesearing in the figure are of the order of since they are
than an optical wavelength, one needs very strong trap freelated to the spontaneous-emission process. Obviously, the
quenCieS. In this case, not Only is the Lamb-Dicke limit ful- motion a|ong the other two directionsy is not cooled by
filled but also we are typically in the strong confinementthe |aseronly heated because of the diffusion accompanying
limit, where the trap frequencies are larger than the spontaeach spontaneous emission
neous decay rate. Thus, in this regime we expect to find, \when the ions are closer together£kr,<1) superradi-
among other phenomena, sideband cooling for negative demt effects are reflected in the cooling process. For example,
tunings close to the trap frequency of the correspondingp Fig. 4(b) we have plottedA,. (solid and dashed lines,
mode. respectively for a scaled ion separati@n=27/8. Now, each
of the peaks has split into a doublet, separated bk, 2%
[compare Eq(9)]. The narrow peaks correspond to excita-
tion of the statéx, — 1) whereas the broad ones belong to the

The results for laser cooling of two ions in a trap dependsuperradiant statex, +1). Thus, the widths of the peaks are
on several parameters. On the one hand, there are six modgisen by y,.,, respectively. Laser cooling occurs for nega-
of motion (center-of-mass and relative motjothat display tive detuninggclose to the lower motional sidebanend it
different (cooling) dynamics. Depending on the specific ge-is maximum at A*SE,/fi=—v,. (Remember that
ometry of the problenithe directions of laser propagation A= w, —wq denotes the detuning of the laser with respect to
and polarizatioly only part of these modes are excited by thethe unperturbed atomic frequency. Hence, the detunings with
atom-laser interaction. On the other hand, given a specificespect to the levelx, = 1) are A¥ SE,/# etc. Since the
polarization of the laser—for example, linear along the di-level shifts SE /% are small compared to the trap frequen-
rectionu—only the internal excited sublevels;u) can be cies in our examples, the lower sideband resonances
excited. Finally, laser cooling depends on the specific paramA  SE, /A= — v, still occur atA~—v,.) Cooling can be
eters, such as the laser detunidg the trap frequencies understood as before since the lower sideband excitations of

D. Two ions in a trap: Results and discussion
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cussed in the case of the center-of-mass modes, there is an

0.9 | (a) ! J extra process that takes plgéeg. 3(c)], which is due to the
08 L . position dependence of the dipole-dipole interaction. Here
' we will concentrate on the physical consequences of this
o %7r - process.
‘\('3} 06 N We assume that the laser propagates alongythexis,
LN 05 F :': - linearly polarized along the direction. Because of the po-
= o4l :1 i larization, laser excitation couples the ground staey)
i :: only to the state$x, = 1). Furthermore, for the processes in
< 03r :'. 1 which the motional quantum numbers do not change in the
02 ;': 7 excitation step, and for this configuration, the laser light
01 A couples the ground stafg;g) only to the state|x,+1),
0 L L ! ! AT since for this configuration the laser phase seen by both ions
-40 -20 0 20 40 is the same and therefore the excited state must be symmetric
AT under interchange of the labels that number the ions. For
processes in which the excitation is accompanied by the cre-
1.4 — T T T T 7T ation or annihilation of a phonon of relative motion, the re-
| verse holds: for them, only the stdte —1) can be excited
12 - ! (b) 4 with the present laser configuration.
o 4L ' i In Fig. 5 we have plotted the coefficiems, .. [Fig. 5a)],
- { A, [Fig. 5b)], andA,,.. [Fig. 5c)] as a function of the
EN 08 | E N detuning fora=2#/8. First note that even if the laser is
£ \ propagating along the direction, thex andz components of
06} E - the relative motion coordinate can be cooled for negative
< - detunings. At first sight, this is quite surprising since the
04 b . photons absorbed by the iotwhich are the ones that can be
b controlled—through an appropriate detuning—in the single-
02 ;:\,' \ 7 ion casg¢ can only change the motion along theomponent.
0 N JQ \ \\,' e In other quds, for thex andrz components only the Qia-
50 -45 -40 35 -5 0 5 10 40 45 50 grams of Figs. @) and 3c) contribute(i.e., the vectob is
AT identically zer9. Thus, the physical reason of this transverse

cooling is not related to the momentum transfer in the ion-
laser interaction. It is rather due to the dipole-dipole interac-
tion since this interaction does not explicitly depend on the
of two ions. Laser configuratioki(x)=éxe”<ZQ/2. (a) Large equi- g'.recnon f(l)f the laser pr.gra?atlﬁn' Tfff]us, I.t IS tﬂe dlagr.am of
librium distancea=20s; (b) small distancea=27/8. At the cen- ig. 3(c) that is responsible for this effect, i.e., the veaton

tral peaks the dotted and dashed lines ovedzs27y. the rate givgen in Eq(12).. Note that quling of they direc-
tion is dominated by sideband cooling since in that dase

. : 0.
the sub- and superradiant states do not interfere; cf. Sec. V C. : ,
As mentioned before, for the center-of-mass motion only the For clqse to zero detuningsee Figs. &) and b)), the

. ) moderx is heated A, ; >A,x_), whereas the modez is
vectorsb [process of Fig. @] andd [process of Fig. ®)] . . @, . >A,,_). Let us analyze in more detail the ex-
contribute to the ion dynamics. The process of Fig) Bads rz,+— "hrz=/ Y

to sideband cooling whenever the laser frequency is close tC|tat|0n processes mediated by dipole-dipole interadiog.

one of the two lower sideband resonand@s the figure, Q(C)]. In the first stage, the system of ions is excited by laser

those hat couple (0 the SialesLin —1)). The process of &S00 10 (18 S5 L L iatis ORaion
Fig. 3(b) leads to diffusion. On the other hand, in contrast to P, 9

the single-ion case, the heights of the pefikes, the ampli- dipole-dipole interaction. Depending on which relative mo-

tudes of these processatepend on the particular geometry tion mode is changedx or rz) the corresponding transition

L . : is |x,+1;n,)—|z,+1;n,*1) [Fig. 6b)] or |x,+1;
of the laser excitation. Since each of the vectorandd is IZ>H|X,+1;ani1> [Fig. 6@], respectively. That is, the

the sum of two other vectors related to the spontaneous emig ; ; ; . R
sion in each individual ion, the amplitudes depend on the |pole-.d|polt_a Interaction may change the atomic polanzauon
' hen inducing transitions that change the motional state.

relative phase between these terms. This is the basis for sufi-

: . ; pontaneous emission takes the atoms back to the ground
22%;#(5?:‘](1'%'[ behavipef. Egs.(A4), (A5), and(A8) in internal states without changing the vibrational quantum

numbers. Thus, the change of the quantum nunmheris
accompanied by a change of polarization. This in turn is
responsible for the different behavior in the andrz com-

We concentrate now on a discussion of the relative motioponents. Aside from all that, now the amplitudeandd can
of the ions. The interesting case is again when the ions anaterfere, even after integrating over spontaneously emitted
close, a=kry<l. Now the resonances appear around dephotons. This interference leads to modifications in the cen-
tuningsA=0,* vy ryr,. In addition to the phenomena dis- tral peak, depending on the relative phase of these two am-

FIG. 4. Cooling and heating coefficiers_ (solid curvg and
A, (dashed curvefor the z component of center-of-mass motion

2. Relative motion
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0.08 ' ' (b) x,+1,n> Iy +1,0> lz-1.n>
0.07
ly,-1,
~ 006 [ lz-1,n-1> .-~ o lz,+1,n>
H Ix,+1,n-1> ly,+1,n-1> =
o] .
. 0.05 \
B X,-Ln-1>  ly-1,0-1> =
§ 0.04 ot o> ¢S 1>
L 003Ff o
< i
0.02 - !
0.01 lgg,n-1>
0 =1 =
55 -50-45-10 -5 0 5 10 15 35 40 45 50
AT (a) X+Ln>  ly+1,n> lz.-1,n>
0.06 T T T T T T T T PP - I,;_Lng\ ly,-1,n>
ot Ll ___—" N lz,+1,n>
X,+1,n- PP Iz,-1,n-1 N
0.05 | (b) - i Iy 4la-l> i \
ly,-1,n-1> N
—~ 1x,-1,n-1> Iz,+1,n-1>
= 004 .
(a\]
GN
Lo I -
= 0.03 -
S
N 002} i
< lgg.n-1>
0.01 | n 4
K u FIG. 6. Processes resulting from dipole-dipole interaction in the
0 W ALY S cooling of (@) z, and(b) x component of relative motion for laser
75 -70 -65-10 -5 0 5 10 15 65 70 75 80 light polarized in thex direction.
AT .
ample is of the order of 15%.
Finally, Fig. 5c) showsA,, . as a function of the detun-
s ' ' ' ' T ing. In this case, while the sideband cooling-heating ampli-
8 : . tudeb+#0, we have the dipole-dipole tero+ 0, so that this
7L ; (© ] is similar to the single-ion case. Because of polarization se-
—_ : lection rules, the only possible processes are
Nb 6r ! 7 |g;g;n,y>—>|x,—_1;n,yi 1}—>|g;g;nryi 1) (which leads to
C}b 5L J 4 sideband heating-cooling atA+6E,/i=*v,) and
T Ll t | 1959 nry)— X, + 1;n,y)—|g;g;nyy = 1) (which leads to dif-
= : fusion forA=0). The central peak in Fig.(§) is so small as
& 3r ; . to be invisible on the chosen scale. This is due to a combi-
< o L g | nation of the following factors(i) the occurrence of a term
nI 1/y2 ., at resonance, which is smaller than the?l/, term
1+ h - . ’ . . i
JL " in the sideband resonances via the state- 1), and(ii) the
0 Y : L \\——t fact that in processes with creation or destruction of a pho-
%% %5 0 5 0% non of relative motion, the decay of the stafe,+1) is
AT slowedby collective effects; see Appendix A. As in the case

of the center-of-mass motion, the amplitudesc, and d
depend on the specific geometry of the laser excitation.
andA,,,, (dashed curvefor thex, y, andz components of rela- In the fc_>||owmg sectl_on we turn to a detailed mathemati-
tive motion of two ions. Laser configuratiol (x) = &,eY /2. cal analysis of the two-ion model. Further examples and re-
r=2y. sults will be presented in Sec. V.

FIG. 5. Cooling and heating coefficients, , , (solid curve

. . . . - Ill. MODEL
plitudes. These effects will be discussed in more detail in

Sec. V. We will show there that the contribution of the  We consider two ions confined in a three-dimensional har-
dipole-dipole termc relative to the sideband cooling and monic trap, interacting with a laser field. The master equa-
diffusion amplitudesb andd is given by the dimensionless tion for the density operator of both the internal and external
parameter Ql(vpa“), which for the parameters in our ex- degrees of freedom of the ions can be derived after eliminat-
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ing the quantized electromagnetic reservoir, resulting in Quantizing the six harmonic oscillators, we introduce cre-
) i ation and annihilation operatotﬁu by (U=X,y,2) for the
} i i i ; ;
p=|— %heﬁp+ %phgﬁ e, (17) modes of relative motion, which allows us to express
h
Herehgy is an effective non-Hermitian Hamiltonian that in- ro=rout \5o——(bl,+byy) (22

u
cludes both the free effective Hamiltoni&h.; and the in- 2mr,

teractionH, with the laser andb/ b, (u=x,y,z) for the center-of-mass motion, which

hesr=Heg+ H_. (18) results in

Heﬁ= HA+ Hext+ Hll+ H12, (19) R{J: %(bZ‘I'bu) (23)

andL"% is the recycling term related to spontaneous emis-
sion. In the following subsections we give the expressiondisregarding the constant term, we obtain
for each of the Hamiltonians appearing in E§8), as well as

for the recycling term. m 20t m 2 Lt
Hext:Eu:;y , vab,by+ Eu:;y , veubrybry - (24
A. External degrees of freedom
In the absence of a laser field, the dynamics of the ions is B. Internal degrees of freedom

determined by the external harmonic potential and the Cou- We assume that the internal structure of the ions can be

lomb repulsion. The Hamilton?an descr_ibing the external de'described as a two-level system. Its ground and excited state
grees of freedom of the ions is then given by are separated by w, and are possibly degenerate. We will

p@2 1 denote byk=wg/c the corresponding wave number. These
Hoy= 2 S+ 5 m( VEx(@24 y2y(02 4 27(02) levels are excited by a laser field of frequensy close to
a=12 wq. Using a frame rotating at the laser frequency, the free
e? Hamiltonian for the internal degrees of freedom of the ions is
t 0. (20
GregxD X
meo| | Ha=—%A >, PW, (25

Herem is the ion massg is the chargey, , , are the trap etz

frequencies along thex, y, and z, respectively; and whereP(e"‘)zEm|e,m>w<e,m| is the projector onto the ex-

(a) = (y(@) /(@) S(a) (a) iti . . .
x=(x,yt,z%) andp'® are position and momentum e states of atorr, andA = | — w, is the laser detuning.

operators of m_“* respectiyely. . The non-Hermitian Hamiltonian
Here we are interested in the last stages of laser cooling.

In this situation, the ions undergo small oscillations around .
their (classical equilibrium positions. If we assume that the Hy=—ihy —21 , Pe (26)
trap frequency along the z axis is smaller than each of the o

other two frequenciesiy,<wvy ), in equilibrium the ions will  yos ines the decrease of the excited states population due to

lie on thez axis, as given inEq. (8)]. By expanding the spontaneous emission for each of the two ions, withtlze
Coulomb potential around the equilibrium position and keep-, pontaneous decay rate '

. . . S

Ing terms up to second order in small displacements around Although the formalism developed in this paper applies to
these positions, Hamlltqn!aﬁext becomegup to a constant any particular internal transition, we will focus most of our
corresponding to the minimum value of the potential at thediscussion on a simple situation corresponding to a

equilibrium poiny jg=0—]j=1 transition. This system is the simplest one that

pr2 1 p'2 allows us to study different laser polarizations. The atomic
Ho=z—+=-m > 12R2+_— internal states are thgg) and|e,m) (m=—1,0,1). Using a
2m 2 Sy 2m Cartesian basis, the excited state can also be expressed as
1 5 le)=11,0, |ex>=(|l,—l>—|l,1>)/\/§, |ey>=i(|11_1>
+5m > A (rl-rlo? 2D +]1,1)/V2.
u=x,y,z

Here,R’ andr’ are the center-of-mass and relative position C. Atom-laser interaction
operators defined in E¢6), P’ andp’ are the corresponding In the dipole and rotating-wave approximation, the inter-

conjugate momenta, and, is the relative position at the action of the laser light with the ions is given by
equilibrium point, as given in Sec. Il B. Thus, the motion can

be described in terms of six modes, which are decoupled in . VS o

the absence of other interactions. The eigenfrequenfies for HL__C,;,Z E(x ))'”( '+H., @7
the center-of-mass modes coincide with the original trap fre-

quencies, whereas those for the relative modes arghereE(")(x) is the positive-frequency part of the laser field
Vexry= NV y— V2, 1= 37, at positionx, and u(*) is the dipole moment of iom.
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Defining, as usual, the atomic excitation operator for at- . 1 3 3
oms a as D =P u@pl)| (e u'¥|g),l, we express g(d)=3 sm(d)( —gt @ —cosd 2
the atom-laser Hamiltonian in the general form
. 1 3 ) 3
+i3|coqd) i@ —sm(d)F;
H =% > V(xx®).D®+H.c. (28) (32b
a=1,2
cf. [23].
By keeping unspecified the vectdf, our formalism will be Dipole-dipole interaction causes level shifts and modifi-

valid for any laser configuration. However, for most of our cations in the spontaneous-emission rdies, in the level
discussion we will assume that the laser beam configuratiowidths). This is very easy to show when the atoms are fixed
corresponds to a plane traveling wave with linear polariza{for exampl@ at their equilibrium positions. To this aim we
tion along theu axis. In this case, replace the operatogsandr in (30) with ¢ numbers. Setting
0 a=krg (rg being the inter-ion distance in equilibrigmand
V(X) = — ek g, (29) takmg into account that in equilibrium the ions lie on the
2 axis, we obtain
wherek, is the laser wave vectog, is the unit vector along HO=—isyS [f(a)D®.DBT+g(a)DDBN
the u direction, and() is the Rabi frequency. 12 ya;&ﬁ z Tz &
(33

We denote bya;b)=|a),|b), the state in which atom 1 is in
The dipole-dipole interaction part of Hamiltoniah8) is  state|a) and atom 2 is in stat¢b). Let us consider the
given by specific case of 3;=0—j,=1 transition. Then there is a
unique ground statéy;g), and the action of the Cartesian
components of the dipole moment operators is

D. Dipole-dipole interaction

Hyp=—ihy S [f(d)D®.D®* D(Mg;by=|e,;b), u=x,y,z, and similarly for atom 2

atp (u=x,y,z). Hence the states |g;g), |u,*)
+g(d)(D'-F)(DB. )], (30 E(|eu;g)t|g(1é)eu>)/\/§', and |ei;eq> are 'eigenstates of
Hao+Hy+H3S,  with  respective  eigenvalues 0O,

which results from the elimination of the quantized electro-2[ —A—iy*iy(f(a)+d,,9(a))], andA(—2A—i2y) [see
magnetic reservoir. It describes the atom-atom interactiofieq. (9)]. Thus, the imaginary parts é{a) andg(a) result in
when one of the atoms is in the ground state and the other it¢vel shifts, while their real parts modify the lifetimes of the
an excited state. 1G30), singly excited states. In particular, in the limit of small dis-
tance a—0, the |u,—) states become metastable since

I lim,_,oRdf(a)]=1 and lim_, Rgg(a)]=0 (cf. Fig. 2.

Dy o -
r=xH—x@ T d=K|r|, BD e define
andf andg are the familiar functions Eu+1=—hAZSE,, (3439
SE,=fy Im[f(a)+d,9(a)], (34b)
1 1 1
f(d)=2 sin(d)(a—$ +cos(d)F} and
Yu=1=YEY Re f(a)+46,9(a)]. (395
1 1 1
+i3 Coid)( e +5in(d)d7 : E. Recycling term
(329 The last term of master equati¢h?) is
|

3 e ~ ~ .

L'p=2y— f d0; 3 3 e X[e\(k)-D! Mo\ (k)-Del kK, (36)
8w NT12 @12

where [d(); stands for integration over the unit sphere, &I"Idz),ez(lz) form a set of polarization vectors orthogonall&o
This “recycling” term describes the return of an atom from an excited to a ground state, accompanied by a momentum kick.
It can be rewritten as

3 H a + o + ~ H
LreCPZZVgJ do; > g ikxl )[D(a) . pDB) —(k.D(® )p(k.D(ﬁ))]elk-X(B)' (37)

,B=1,2
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IV. RATE EQUATIONS Note that this last is an expansion in terms of the parameter
Zu= /2 [see Eq(10)] rather thany,, .

Master equation(17) is difficult to solve, even numeri- Finally, we find for the atom-laser interaction

cally. However, if one restricts it to the low-intensity limit it
can be converted into a set of rate equations, after elimina-
tion of the excited internal levels. This equation can be fur-
ther simplified if one takes into account that in the final
stages of laser cooling the oscillation amplitudes of the ions
are much smaller than the laser wavelendthmb-Dicke
limit).
In the low-intensity limit(small Rabi frequency) of the
incident laser light, so that there are no saturation effelts HY=#% > (q@-V)V(X®).D®+H.c., (41b
trap populations evolve much slower than the coherences a=1,2
between trap states or the internal degrees of freedom, which
therefore can be adiabatically eliminated. This leads in
second-order perturbation theory to a rate equation for thevhereq(@=(x(¥)—X(®): i.e.,
trap populations of the fornil). There the transition rates
I'n_n are given in EqQ.(12), where we have defined
Her=Ha+Hewt+tHi1+Hio and E,, is the unperturbed en- 1
ergy of the atomic ground state with oscillator sta: (12— ﬂ(bT+ bu)tﬂ(bT +by)|. (42
Herl9:9)IN)=Eq|g:9)I). tooN2l ke ke
In the Lamb-Dicke limit, the Lamb-Dicke parameters de-
fined in (13) are much smaller than 1. It is therefore conve-
nient to expand the rateB,,_, in the »'s and keep the Substituting all these results of the expansion in the ex-
lowest-order contributions. The leading contribution in ex-pression for the rates, we find E{.4). As stated in Sec. Il,
pression(12) is second order in such an expansion. In orderthe vectorsh, ¢, andd appearing in this expression have a
to get that, it suffices to expand up to first order the threevery intuitive interpretation in terms of physical processes,
operatorse’”"x(a), 1/(Heg—E,), andH, . In the following ~ Where one laser photon is absorbed and spontaneously re-
we carry out that task. First, emitted.
Next we evaluate the matrix elements involved in the
definitions of the vectord, ¢, andd given in (16). To this
1—iz K i[ (bi+b,) aim we first note that the ratdy,,_,, are different from zero
T V2 7utPu™ Py only if m differs fromn by =1 in exactly one out of the six
vibrational modes:m)=|n,*=1nyn,n,n.n;), etc. Thus
we concentrate on transitions that change one specific mode
: B8 p (=xy,zrx,ry,rz); ie., for an initial trap state
[n)=[nnynnnyn;,), the final state is assumed to be

HO=% Z;ZV(XW))-D(“)Jr H.c, (419

e ik xM?_ o—ik-x(12

+ (bl +by)]

|my=|---ny=1.-.). For the sake of a short notation, we
In order to get the result for 1Heq—E,) we use find it convenient to denote hy the corresponding direction
of this mode. That is, fop=x or p=rx, we will haveu=x,
1 1 1 1 etc. Furthermore, we will use the vector
== too g CHY )t =+
Het—En  Hef —En  Her —En Hett —En
(39
~ T 1
where d@=(m[(g;g|D'* kaq )MH(LO)|9;9>|”> (43)
D_ _ ’ a T ~o~ ~
Hei =ity 2 2 [8,.(af'(2)D- D instead ofd (@) (note thatd®=k,d(*, while d* does not
depend on the integration varialtg.
+ag’(a)D(z“>D(zﬁ)T)+(1— 5u,z)g(a)(Df,“>D(zﬁ)T Upon inserting projectors onto the subspace of singly ex-
cited states, in vectots’®, ¢'®, andd(®) there can be iden-
()BT Myt tified the contributions belonging to the various intermediate
+Dy"D )2 a (bry+br). (40 internal state$j,s):

1/ 0V IV
20 X+ Isgp)Is—  (X®)

1
b(@=—— 4 (m|(b,+b)|n es* 1 . , 44
2\/577p< |( p p)l >j=;,y,z s=2il i Ej,s/ﬁ_V)’j,sin ( a

=~
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O |(by+bh)| & - VXD + V(X (44b)
YV=——=np,(Mm n els s - ,
2\/577p< ( p p) >j:x,y,z <21 J[ gp) ] Ej’s/h_l'ijs
where the sign in sg) distinguishes between center-of-mass and relative motion:
1 if pe{xy,z}
sgp)= -1 if pe{rxry,rz}. (45)
The vectorsc®=0 are nonzero only for relative motion. pf=rz we have
1 Vi(XM)+sV,(X?)
c@W=—"2pn(m|(b,+bl)n gs®iy(f'(a)+5;,9'(a)) L ) _ , 46
R mlbptbpln) 3 3 & iy @)+ 00" @) N E ThoTy (46)
whereas ifp=rx,ry,
1 9@ (. V(XY +sV,(X?)
c@=—"—p(m|(b,+bM)|n s% e . .
ﬁnp( l( P p)l >5:2:1 Y a U(Eu,s/ﬁ_l'Vu,sin)(Ez,s/ﬁ_")’z,s)
Vi (XD)+8V,(X@
u(XT) + SV (XH) ) @

+e - .
Z(Ez,s/h_ 1Yzt Vp)(Eu,s/h —I Vu,s)

While the dependence of the vectdn&?, @, andd(® is  for a wave inz direction with a linear polarization i di-
nontrivial, simple rules hold for the terms involving singly rection,{} being the Rabi frequency. In most examples be-
excited states that are all symmetrig=(1) or all antisym- low, the equilibrium distance of the ions are chosen 1/8 of
metric (s=—1). To show this we define the wavelength, i.ea=2=/8. The trap frequencies are cho-
sen in the strong binding regime;= 120y, »,= 100y, and
1 . i v,=80y, which result inv,=40\5y~89.4y, v,,=60y,
bé‘”zm np<m|(bp+bp)|n>'_; , CE and v,,=80,/3y~138.6y. While the basic results have al-
S ready been outlined in Sec. Il, the following analysis aims at
1/9V E\Y; a deeper understanding of several more technical points.
5 (X +sd (p)s](X?)

X — (48)
Ej,s/h_ 1YisTVp A. Collective effects in sideband cooling and diffusion

Fig. 4 displays the cooling and heating coefficieAts ,
A, for thez component of center-of-mass motion in a plane
traveling wave in the direction, which is linearly polarized
in the x direction. As pointed out in Sec. Il D 1, for a small
. ) . equilibrium distance d=2#/8), each resonance is split into
These relations will hold approximately for the vectorsy, lines, corresponding to the statess), s==+1. They
b, ¢, d(®) themselves if the laser is tuned to resonanceure shifted with respect to each other bye2 /% ~5.12y.
(either central line or an upper or lower sidebpfel some  Thes=—1 resonances are visibly narrower than ¢re+ 1

and similarlyc{®, d{. Then one finds

bP=sbl®, cP=sc, dP=sgp)sd?. (49

intermediate stat§j,s). ones since y, ;~0.12y is much smaller than
¥x,+1~1.88y. Their different heights result from three ef-
V. DISCUSSION fects: (i) the different energy denominators account, at reso-

. . nance, for a factor ofy% ., and %5 _y, (i) the laser field
level shits and Hetime modifications. resuiting ffom the COUPIES diferenty tas=—1 ands=+1 states; see44a;

. . . (0 ) and (iii ) there are collective effects in the spontaneous deex-
zeroth-order dipole-dipole interactidt;;’ show up in cool-  iitarion step that enhance or decrease the rates for the differ-
ing and heating rates. As a next step, we investigate how thgn processes. As discussed in Appendix A, this last effect is
first-order dipole-dipole termH{3—the c contributions in gjfferent for center-of-mass modes, as opposed to modes of

Eqg. (14—can give rise to cooling or heating. Then we turn re|ative motion, if a phonon is created or annihilated in the

to the interferences of different processes. _ spontaneous deexcitation. For phonons of a center-of-mass
In the examples, we mostly study single-plane travelingmode, spontaneous emission from a sthtet 1) is en-
waves, e.g., hanced, and that from a stgte — 1) is decreased, whereas

for phonons of relative motion it is the other way around;
namely, spontaneous emission from a state-1) is en-

Q. .
— A aikz
V) 2 &€ (50 hanced, and that from a stdte + 1) is decreased. For the
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9 . : : : , change of phonon number involves only the statet 1),
sl not |x,—1); the excitation of the latter involvelsee Egs.
P@ (44b), (46), and (47)] V;(XM) —V;(X®)), which vanishes
7r i . for the chosen configuration, namely/(x)=&eYQ/2.
= sk i i Similarly it can be shown with the help of E¢49 that for
N | modery there is a nonvanishinlg contribution(the sideband
E’:g Sr ' ] cooling-heating amplitudes involving only the states
£ 4 ' — |x,— 1), the excitation of which is accompanied by phonon
R : ] creation or annihilation.
< ] A qualitative difference between the two cagesrx in
2 r " 7 Fig. 5a andp=rz in Fig. 5b) arises from the fact that for
1k f 4 p=rz, only one of the singly excited states is involved, but
JLL " JL i\ R two in the cas@=rx. In the first case, the relevant factor in
975 70 5 0 5 70 75 (46) containing the laser detunirigf. (34)] is
AT 1 51
9 : : . . . (Ex,+l/ﬁ_i7x,+1iVrz)(Ex,+l/h_i7x,+l).
8 O When the laser is detuned so as to obtin, , /2=,
L ! i (the upper or lower sideband resonandthkis becomes
7 |
{
~ 6r ! . 1
c 5 s 1 _|7x,+1(+Vrz_|7x,+l)
o B ;
£ 4r ! 7 the modulus of whicldoes nodepend on the sign in front of
Hoo3r : - vy, . In the second case, insertifg ., ; /7= v, into
© o :I: | ! (53
tr Jk n 1 (Ez1/fi—i7z 1% vo) (Ex v /=17y 1)
o \\| Il I\\\' AN I .
75 -70 -5 0 5 70 75 [cf. (47)] yields
AT 1
. — . : (54)
FIG. 7. Cooling and heating coefficients,_ (solid curve and —iyz1(—y Re(@(@)F vix =iy 1)

A;+ (dashed curvefor the z component of relative motion. Laser . L
configuration(a) V(x) = &.&¥20/2; (b) V(x) = &(e*— 26k /2. the modulus of whichdoesdepend on the sign in front of

& marks the height of the central peak of the dashed lineVrx- AS aresult, the peaks i, at the lower sideband and

r=2y. in A, at the upper one are of equal magnitude fferrz
[Fig. 5(b)], but not forp=rx [Fig. 5a)].
central peaks in Fig.@), e.g., the narrow line is higher than . The importance of the dipole-dipole induced amplitude
the broad one because of the different energy denominator§® in comparison with the other amplituds&?,d(* can be
see(i) above. The difference in height is somewhat reduceceStimated as follows. For simplicity, let us assume that all
by the collective effectq(iii) abovd. But for a mode of terms involving the laser field and its derivatives are of equal
relative motion, the last effedncreasesthe difference be- order of magnitude. The amplitudb&® andd(® of the side-
cause there it is the antisymmetrie=< — 1) state that decays Pand and diffusion processes have just one energy denomi-
faster (if the deexcitation is accompanied by a phonon anni-nator; the amplitudes® have two different energy denomi-
hilation or creatiop This is why the heights of the central nators, at least one of which will always be out of resonance,
peaks for narrow and broad resonances differ much less ind they have the matrix elementstgf, in the numerator.
Fig. 4b) (center-of-mass motionthan, e.g., in Fig. @) For a<1, the latter are of the order ofy& “. Hence, for a

(relative motion. laser detuning that makes one of the energy denominators
resonant, the resonant componentct? differs in magni-
B. Cooling via dipole-dipole terms tude from the same componentlf” or d(®) (whichever is

resonant under the above assumption, roughly by a factor
of 9y/(v,a*). The denominator scalesrg?; therefore the
process mediated by dipole-dipole interaction of Fi¢c)3
can be significant in the cooling process for small ion dis-
tances.

Since the amplitude resulting from the dipole-dipole in-
teraction ¢*) contains the vibrational frequency v, it
gives rise to, in general, different contributionsAg, and
Ap- if p is a mode of relative motion. Therefore, a net cool-
ing (or a net heatingvia these processes is possible. This
was illustrated in Figs. @ and 5b) (see the discussion in
Sec. Il D 2. With the formalism developed in Sec. IIl C, we
can now discuss in a more gquantitative way the explanation Whenever there is more than one term contributing to the
given in Sec. Il D 2 for the fact that the excitation without same Cartesian component in the total amplitude

C. Discussion of interferences
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b+c—i|2ua, there is the possibility of an interference of the effects of dipole-dipole interaction are reflected in the cool-
processes involved. It is called a constructive interference if"9 process. First, this interaction causes level shifts and
the net contribution to the transition rate is bigger than thenodifies the decay rates. Second, the gradient of the dipole-
sum of the contributions calculated separately from each oflipole potential also changes the motional state. The first
these processes, and a destructive one in the opposite caseffect results in the appearance of pairs of sidebands in the
In the single-ion case, interference of the amplitudes forcoefficientsA. (i.e., in the cooling ratgseach of them cor-
sideband and diffusion processes vanishes when the integnasponding to cooling via the excitation of a symmetric or
over all possible directions of spontaneous emission is pemantisymmetric state. The second effect leads to novel phe-
formed. A similar argument holds for certain interferences innomena, such as the possibility of transverse cooling or in-
the two-ion case. Recall that each of the amplituales and  terferences with processes resulting from dipole-dipole inter-
d is a sum of terms involving different intermediate statesaction. Typically this effect tends to be a small correction.
|j,s) [see Eqgs(44a), (44b), (46), and(47)] and deexcitation  For the center-of-mass modes, only the first effect shows up.
via different atomse [see Eq.(15)]. The contributions be-  For the relative motion modes both effects occur. We have
longing to a certain intermediate state obey the ré®® jjystrated these phenomena in a particular case: an internal
with the appropriate sigs. For the two-ion case, the result jq=0—je=1 transition. We have considered excitation by
of the integration over emission directions is given in EQS,aser fields with linear polarization, with different geom-
(A1) and (A2). With their help it can be shown that for oyieq The results that we have shown will occur in any

pe{rx,ry.rz}, processes involving intermediate Statesgiven transition. While the equilibrium distance »f8 cho-

|-,s=x1) with different s do not !nterfere. Forp sen in our examples is small compared to current experimen-
e {X,y,z}, two processes that both contributebt¢or both to . o
tal values, we assume that experimental progress in ion trap-

d) do not interfere if they involve intermediate states with ping will allow us to observe the predicted effects in the

different symmetrys, while a process ib does not interfere )
Y » P future. On the other hand, we believe that the present analy-

with a process ind if they involve the same s . . : :
In the strong binding limity<w,, which is of interest sis may be useful to other studies of laser cooling with neu-

here, at any central line or sideband resonance, all interfeff@ atoms. _
ences between processes in &, on the one hand, and _ Finally, we would like to comment on the fact that
thed®@, on the other hand, are insignificant in comparison tofthroughout this Pa,per we have F:onS|dered a tlme.-
the corresponding squared amplitudes because of the prd@dependent harmonic trap, whereas in the rf traps used in
ence of two different energy denominators, one of which will€xperiments (e.g., [9]) the trapping potential is time-
always be out of resonance in the interference term. Thugependent, leading to the well-known micromotion. The fre-
these interferences are suppressed by a factgr of if the ~ quency of this micromotiort), is typically much larger than
laser-field dependent terms are again supposed to be of equliE resulting effective trap frequencies (except for experi-
magnitude. Therefore, the only significant interferences seements that explore the boundary of the stability region of
to be the ones between a process( and another one in such a trapand also larger than the frequencies of relative
b(® or d(@), if the parameter 9/(v,a*) derived above is not motion, »;, j=x,y,z. An analysis of the influence of mi-
too small. cromotion on the laser cooling of a single i#b6] has shown
The influence of interferences shows up in Figa)y that the basic features remain the same, but additional side-
which displays the heating and cooling coefficieAts. for  bands shifted by are introduced. We expect this to hold in
the relative motion in the direction as a function of laser the two-ion case, too. All these sidebands are well separated
detuning. The narrow peaks #,_ at the lower sideband pecause of the relation@>v;,v,;> vy, where the last in-
and inA,, at the upper one involve the excitation of the equality is the sideband limit assumed at the outset. There-
|x,—1) state. The difference in height of these two peaks igore, for laser detunings belo, the features discussed in
due to the fact that i\, , at the lower sideband, there is this paper should be found even in a trap with micromotion.

destructiventerference of the ordinary sideband cooling pro- For larger detuning, additional resonances will show up.
cess due to dipole-dipole interaction, while the peak in

A, at the upper sideband is enhanceddmynstructivein-
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In this paper we have studied the effects of dipole-dipole

interaction in laser cooling. We have considered the case of

two iqns cqnfined in a Fhree-dimensional _harmonic trap in- APPENDIX A: EVALUATION OE INTEGRALS

teracting with a laser field. We have derived a set of rate

equations that describe the cooling process in the low- In this appendix we evaluate the integral over the direc-
intensity and Lamb-Dicke limits. For inter-ion distances tion of spontaneous emission in our expressions for cooling
smaller than the wavelength of the internal transition, theand heating rates and discuss the enhancement or slowing
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down of decay in the deexcitation step resulting in the limit Upon evaluating the integral, the transition réi®) be-
a—0. In the following, the abbreviation(®?=b(®+c(®) js  comes(i) in the caseu=z, i.e., for thez component of
used. relative or center-of-mass motion

2

~ ik (@) a A ~a
—lk- >, e kX (yla)—jk,d@)

E —ik-x(@ V(a)_iﬁua(a))

)

2~ 1.
=2y( =212{|v<“>|2+ gld - §|d(za)|2} +2 Ref(a)]Re(v!?-vI?*)+2 Reg(a)Re(v v )

3
Imen= 27%] dQ&(

3 o 3 .
+ 5(Co+ )2 REdY-d2%) — 2(~cp+3c4)2 R(AMdP™)
3
+g(s1+55)2 Re VL. d2* —y(@. g

3
+

g(—S1+359)2 Re(— v Pd@* 4 <2>d<1>*)) (A1)

}

2 - 1.
=27( > [lv(“>|2+ £ld @2 = Zld()? }+2 Re f(a)]Re(vV . v@*)+2 R g(a) IRe(v v P*)
a=1,2

or (i) in the casau=x,y

3 ik - ik x(@ o
Fno=2v5- dﬂ&( 3 e k@R B e X ik, 3 )

3 . n 3 . e
+ 35(3C0— 20, C4)2 RedV.d@*) — 35~ Cot6C2—5¢4)2 RedMd?*)

— 75(Co™2C2+ )2 RedM'd(?*)
3 ~ ~ ~ -
+ (51752 Re(— v, d(P* +0 P d(* —o VAP +uPdN) (A2)
where
1
Co= f cogax)dx, (A3a)
-1
1
CZEJ x2 cogax)dx, (A3b)
-1
1
c4sf x* cogax)dx, (A3c)
-1
1
slzf X sin(ax)dx, (A3d)
-1
1
S3EJ x3 sin(ax)dx. (A3e)
-1

In terms of these,

1
Ref(a)]=5 (Co+02) 1- 5 a’+. ..,
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3 1
Ref(a)+g(a)]= Z(Co—cz)zl— F)""Z’L e

Note that forv(?)=+v(1) which holds approximately at a resonance for some $tate1),

2y =212|v(“)|2+2 Rd f(a)JReVY-vi@*)+2 Rdg(a)IRev Mo P*) | =29, 1(Jo P12+ iV 2) + 2y, w o P2,
(A4)

which makes apparent the modified decay rate of the $tatel). It simply means that the final spontaneous emission
(without change of the motional quantum number processega) and (c) of Fig. 3 occurs at a rate of the appropriate
2yys-

For the final spontaneous emissiarith change of the motional quantum number in procé®sof Fig. 3, a similar
phenomenon occurs. Here we consider center of mass and relative motion separdtgly., Iflescribes the creation or
annihilation of a center-of-mass phong®.,m,=n,=1 for a certainu e {x,y,z}) and the laser is tuned to resonance for some
state|-, = 1), thend®= +d® holds approximately. We further distinguish betweenaz andu=x,y.

(i) Foru=z, Eqg.(Al) contains

2~ 1.
Zd@2_ Z|ge)|2
2| 3, e i

3 I 3 e
+ g (Cotca)2 Red® - d?*) — 2(—cp+3c,)2 Re(d(zl)d(zz)*))

4 . 15 2~ 15
:27{§|d(1)|2(1iﬁ(02+04) —§|d(zl)|2(1i§(—02+304)) (A5)
Since
.15
;@O E(c2+ cy)=1, (A6)
15
lim—(—c,+3cy) =1, (A7)
a—0 8
we have enhanced and decreased decay rates for the upper and lower sign, respectively.
(ii) Similarly, for u=x,y the rate(A2) contains
2~ 2_114(a)2 3 q(1) (2
2y| 2 |gld 2= §[d{”|?| +25(3co—2c,—c,)2 RedM-d?*)
=125 32
3 AL g2 3 4 g2
—ﬁ(—co+602—504)2 Rgd,”d”™) —1—6(c0—202+c4)2 Rgd; d; ™)
4 . 15 2 -~ 15 3 -
=2){§ |d(1)|2(11a(3co—202—c4)) - g|o|<u1>|2<1¢E(c0—2c2+c4) IE|d§l)|2(—co+602—5c4) . (A8)
|
which, by virtue of If ', describes the creation or annihilation of a phonon
in one of the modes of relative motigne., m,,=n,,*= 1 for
.15 a certainu e {x,y,z}) and the laser is tuned to resonance for
lim —(3cyg—2cy,—cCy) =1, A9 o ~ ~ :
a'ino g4(3C0~2C2Ca) (A9) some statd-,+1), thend®==d® holds approximately.
Hence, the above conclusions hold with the upper and lower
15 sign exchanged: spontaneous emission from a tatel)
lim 1—6(00—202+ cy)=1, (A10) is enhanced, and that from a state+ 1) is decreased.
a—0
lim —cy,+6c,—5¢,=0, (Al11) APPENDIX B: INTERFERENCES
a—0

In this appendix, the interference of the amplitudaf the
gives rise to enhanced and decreased decay rates. dipole-dipole—induced process with the amplituébeand d
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of the sideband cooling-heating and diffusion processes ifig. 7(a), with the laser chosen along thexis and polarized
investigated. in x direction: the peak iM,,_ at the lower sideband is
smaller than the one iA,,, at the upper sideband. Taking
into account the matrix elements for the laser interaction, we
1. Interference of the B and ¢® terms see that the amplitudehas only about 6% of the size of the
. amplitude b, which results for the peaks in a ratio of
It can be shown by using#9) and (14) or (A1) and(A2)  [(1+0.06/(1—0.06)]>~1.27. Forj=z, the interference is

that whether th¢ components of the(®) and thec!®) inter-  constructive at the lower sideband and destructive at the up-
fere constructively or destructively depends on the relativgyer one.

phase ofb{" andc{™, i.e., the phase ob{"c{™* . In the Fors=+1, (B1) becomes
following we investigate to what extent this phase can be
chosen by adjusting the laser configuration. A% (1) i 2 % (1) % e (2)
The laser-field dependence of this phase is contained in 57 X = (X IV (X 4V (X)),
(B6)
v vV,
) xWy g x(2 * (y(1) * ((2)
( 0z (X)—s 0z (X [Vl (X HSVJ*(X )] (BD) The first factor can be expressed as
2
for p=rz, with the laser tuned to the upper or lower side- Ni vy Ni @y IV
band resonance of stags), and in dz (X 9z (XT)=roR 072 (2e2)
v Vv A
J d i -
(a—uu(X(l))—s au”(X(Z)))[V;(X(l))+s\/;(x(2))] (B2) +1 |m< 072 (Z|mez)) (B7)

which holds for somege,z;,€ (—rg/2,ro/2). In the limit of
small distances,(B6) therefore has a phase ot = if
d°V;19z%(0) has the opposite phase \§f(0), as is thecase

for asingleplane(running or standingwave. In this case the
same statement about destructive and constructive interfer-
ences at the upper or lower sideband holds as that found for

for p=ru,ue{x,y}, with the laser tuned to the upper or S=—1, the phase ofr in (B6) being compensated by the
lower sideband resonance faf,s) or |z,s), respectively. In  Sign of the matrix element 0. But for more general laser
the following, (B1), (B2), and(B3) are discussed faa<1. fields, 9°V;/9z*(0) does not necessarily have the opposite
(a) Case p=rz. Fors=—1, (B1) becomes phase ofV;(0). Thus constructive interference at the lower
sideband resonance for the staxe+1), e.g., can be ob-
V- oV, tained by use ofwo traveling waves. Fig. (b) gives results
(—’(x<l>)+ —J(x(2>))[v*(x<1>)—v*(x<2>)]_ (B4)  for two traveling waves in the and in they directions, both
9z 9z : : larized in thex direction and with iate ph
polarized in thex direction and with appropriate phases so as
to vyield V,(x)~(e*?*—2e), thus ensuring that
The last factor can be expressed as 9°V,107°(0) has the same phase ¥g(0). In agreement
with the above discussion, the peak An,_ at the lower
Vi sideband resonance for staxe+ 1) is clearly discernible in
RG(E(Zfeez)> Fig. 7(b), while it was almost completely suppressed in Fig.
7(a). For the peak values ;. at the upper sideband reso-
nance for statéx,+1), it is the other way around, as pre-
dicted. Also in agreement with the prediction, the peak val-
ues at the lower and upper sideband resonances for state
where the intermediate argumertigs,, zné, lie between [, —1) do not differ appreciably in Figs.(@ and 7b).
the equilibrium positions of the two ionszge,zy, . (P) Case p=rx,ry. An analysis as above yields in the
e (—ro/2,r0/2). By continuity of the derivative(B4) has limit of small a that the laser-field dependence of the phase
phase 0 in the limir,—0, provided that ¢V,/dz)(0)+0. IS determined by
Therefore, apart from this last condition, for small equilib-

or

av, v,
(mm(”)—sx<x<z>>)[v:<x<1>>+sv:(x<2>>] (B83)

V(X)) =VE(XP) =1,

*

. (BS)

in| )
+iIm E(zimez)

rium distances the relative phase in the interference term &Vu(o) NV (0) (B9)
under consideration does not depend on the laser configura- au 9z
tion.

In evaluating the phase of the other factors, it will be[from (B2)] or
noted that for small a, the imaginary part in .
f’'(a)+ 9;,9'(a) dominates and that,>v; ;. Note that a—VZ(O) Vy (0) (B9)
the sign of Injf’(a)+ 6,9’ (a)] is different forj=x,y, on au Jz

the one hand, ang=z, on the other. Fof=x,y, the result is
destructive interference at the lower sideband and constru¢from (B3)]. Here, even with only one traveling plane wave,
tive interference at the upper sideband. This is illustrated irdifferent phases can be obtained by appropriately choosing
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its direction and polarization. To show this, let 10 ¢ . . —
k=(k«.ky,k;) and e=(e,€,,€,) denote the directions of I |
wave vector and polarization. Then the above phases are 1F (@) | 7
given byk k,e,e; andk k,e €,. Sincek- e=0, the general I b
form of the polarizzati(;n vector ise=wi(—Kky,k,0) > 01 F Rl
+Wo(—kekz, —Kyk, ki +k7) and hencechoosingu=x) NC} 001 [ H
(:ISE 0.001 |
Kukzexey = (K3+K3)(—wqwi Kekyk,— [ wo| 2kZK2), P
< 00001
kxkz€: €Z=(k§+k§)(—WfW2kxkykz— |W2|2k§k§)! 1e-05 -
. . . . 1e'06 [ 1 1 1 ] 1 1 1
and similarly for u=y. By adjusting the parameters 80 -60 -40 20 0 20 40 60 80
ky.Ky,K,,Wi,W,, these expressions can be given various AT
phases; in particular they can be made positive or negative at
will.
100 F T T T T T T 3
10 ¢ (b) 3
2. Interference of B and d® terms N ]
Interferences between dipole-dipole interacti@mpli- [ ]
tudec) and diffusion processe@mplituded) occur when- 0.1 | 3
ever the laser is tuned to the central resonance for some 0.01 | ]
intermediate stat§j,s). The interference of andd is less N [ ]
obvious than the one af andb becaused depends on the S 0.001 | .
integration variablek, while b and ¢ do not. Nevertheless, 0.0001 [ ]
interference ot andd can be discussed by using the explicit [ ]
formulas (A1) and (A2). The terms of interest here are the 1e-05 3
ones involving somectPd{"™* . (Note that we have P
v{®~c{* at a central resonance and t4®) can be used to 80 -60 40 -20 0 20 40 60 80
expresgl(?) in terms ofd{").) Itis apparent ifA1) and(A2) AT
that their importance is limited because of facte;sor ss,
which vanish in the limita— 0 [see(A3d) and (A3e). From FIG. 8. (a) Same as Fig. (&), using a logarithmic scaleb)
(44Db), (46), and(47) it follows that the laser directiqs) and  Average phonon numbers resulting in steady-state regime from
polarizatiorfs) enter via A,,_ (solid curve andA,,, (dashed curvein (a). I'=2y.
[Vi(XD)+sV;(X?)]2, (B10)

single atom case: there, for any negative laser detuning, the

the phase of which is always 0. The evaluation of the recooling coefficientA _ is bigger than the heating coefficient
maining factors at the central resonance for g yields A, | and the reverse holds for any positive detuning. This is
the fOIIOWing result in the limit of smala (Cf belOV\b. no |Onger true in the two-ion case, as becomes apparent

Forp=rx,ry and any value of, or forp=rz andj=z,  when Fig. 7a) is replotted by using a logarithmic scale; see
the interference is destructive i, and constructive in Fig. 8@). The occurrence of,;_ <A, (heating for cer-
Ap+ . Forp=rz andj=x,y, the interference is constructive tgjn negative detunings and @, <A,;_ (cooling for
in Ap_ and destructive inA,, . In deriving these above some positive ones can be traced to the interference term
statements it was assumed thaf ifa), f'(a)+g’(a), and

g(a), the imaginary parts are bigger in modulus than the real
parts, which holds for small. (3514 3s5) RV . dP* — (2. g(L%) (B11

3. Interference far from any resonance in (A1). In Fig. 8b) the resulting average phonon number

The previous discussion focused on the effect of interfer{n,,) is plotted. It summarizes the effects discussed above:
ences at some resonance. If the laser is detuned between tihe existence of two local minima at the lower sideband re-
resonances, the cooling and heating coefficients decrease Bgcts the splitting of the resonance by the dipole-dipole in-
orders of magnitude. The theoretical analysis becomes moteraction. There is a region where cooling is possiitea
complicated because contributions involving different statesertain extentwith a close to zero or even a blue laser de-
may then be equally important. Nevertheless we would likguning, and, as predicted, there is an interval where no cool-
to mention a qualitative difference in comparison with theing is possible in spite of a red laser detuning.
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