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Bound-state methods for low-energy electron-ion scattering

Leonard Rosenberg
Department of Physics, New York University, New York, New York 10003
(Received 14 September 1995

An effective-potential formalism, previously developed for electron scattering by a neutral target, is ex-
tended to apply to electron-ion scattering, with the requirement of antisymmetrization now accounted for
explicitly. A minimum principle for the effective potential is derived, valid for scattering below the ionization
threshold and applicable when, as is usually the case, the target wave functions are imprecisely known. The
basis for the minimum principle is the Rayleigh-Ritz property that is satisfied by the modified Hamiltonian in
terms of which the effective potential is defined. An analysis of single-channel, zero-energy scattering for a
particular partial wave is presented; it is based on the effective-potential formalism and leads to an absolute
definition of the zero-energy phase shif0) of the form §0) = ()7, whereu(n) is the quantum defect of the
nth energy level. This result may be thought of as an extension of Levinson’s theorem for scattering by
short-range potentials.

PACS numbgs): 03.65.Nk, 34.80.Kw, 11.80.Fv

I. INTRODUCTION jectile electron weakly bound to the positively charged tar-
get, is removed in the construction of the effective potential.
Minimum principles, of the Rayleigh-Ritz type, were de- The essence of the calculational procedure is the application
veloped some years ago as a tool for the systematic improvef the minimum principle for the effective potential. Since
ment of trial functions in variational treatments of low- this principle is rigorously valid even when the target states
energy electron and positron scattering by light at¢ig]. are imprecisely known, and since the modified Hamiltonian
Such methods have, in recent years, played a less significaist obtained directly through the subtraction of known sepa-
role than originally anticipated. One reason for this is therable interactions, the method has certain advantages over
subsequent introduction of alternative techniques, such ahose based on the Feshbach projection-operator formalism
close-coupling andr-matrix methodg 3], that very effec- [4]. It should be emphasized that the minimum principle is of
tively take advantage of the ever-increasing power of coma subsidiary nature, useful in optimizing the choice of trial
puters. Partly as a result of this, procedures based on tHanctions. With the variational construction of the effective
minimum-principle idea, originally presented in the contextpotential accomplished the equivalent one-body integral
of scattering by hydrogenic targets, have not been furtheequation for the reaction matrix can be solved numerically,
developed to apply to more complex atomic and negative-ionith high accuracy, using standard methd8$. Since, in
targets. Moreover, the extension of the theory to electromgoing beyond hydrogen, one deals with inexact target wave
scattering bypositiveions—a class of problems of consider- functions, a rigorous bound on diagonal elements of the re-
able current interest—has not been previously made. In thaction matrix is not guaranteed. However, thecuracy of
search for reliable calculational methods applicable to multhe scattering calculation, which is now very similar to a
tiparticle scattering systems, where computational limits ofRayleigh-Ritz calculation of the energy of @4+ 1)-particle
existing methods begin to be felt, it appears likely that thebound state, can in general be comparable to that achieved in
particular merits of the variational approach, developed to itshe determination of the binding energy of tieparticle
full potential, can be exploited. With this as motivation, atarget.
generalized version of the minimum-principle approach to The phase shift is the parameter of interest for single-
low-energy multiparticle scattering calculations will be given channel scattering in a particular partial wave and the avail-
here. ability of an absolute definition of this parameter can be
In Sec. Il an effective-potential formulation of the scatter-useful in the interpretation of results obtained from applica-
ing problem, which provides the basis for the minimum prin-tions of the minimum principl¢6]. Levinson’s theorem, suit-
ciple, will be presented in a form that is applicable to multi- ably generalized, relating the zero-energy phase shift to the
channel scattering by complex targets, with resonance effecttumber of bound states, provides the basis for such an abso-
accounted for in a natural way, for scattering energies belovute definition. The theorem was originally derived for scat-
the ionization threshold. The theory is an extension of thatering by a short-range potentigf], and has recently been
given in Ref[2], with the requirement of antisymmetry now extended to apply to the case where the target is a neutral
explicitly accounted for, and applicable to electron scatteringatom[8]. When the potential contains an attractive Coulomb
by positive ions. As in the analogous case of scattering by #ail the zero-energy phase shiff0) can be definedrelative
neutral target, the spectrum of the modified Hamiltonian into the Coulomb phageas §0)= ()7 by analytic continu-
terms of which the effective potential is defined has a conation of the quantum defect function to the series liffik
tinuum of states removed that, in the physical spectrum, confhis result, which removes the ambiguity in the definition of
tains energies lying below the scattering energy. In additionthe phase shift regarding the addition of arbitrary multiples
an infinite series of Rydberg states, corresponding to the prasf 7, was recently given a purely scattering-theoretic deriva-
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tion (not involving analytic continuationvalid for one-body the target energies associated with open channels have been
potential scattering10]. Its extension to apply to electron displaced upward to zero, so thb{n)—e,.; is a non-
scattering by positive ions is conveniently obtained with thenegative operator. At this point we must be concerned with
aid of the effective-potential formalism, as shown in Sec. lll.the fact that the target states are imprecisely known. Let us
The definition arrived at in this way is therefore the appro-assume that an orthonormal set of trial functiqq,g(ﬁ) have
priate one to use in scattering calculations based on thbeen foundby the Hylleraas-Undheim constructipil], for

effective-potential method. example that are sufficiently accurate to give binding, that
is, which provide apXp diagonal matrix representation of
Il. EFFECTIVE-POTENTIAL FORMALISM h(n) with ordered eigenvalues,, all less than zero. The

definition (2.4) is then replaced with

While greater generality is possible in setting up an Aty =hm— > h(n)[x,t(N))x,(n|h(n)
effective-potential formalism that allows for the use of =1 (x(MIh(n)]x ()
Rayleigh-Ritz methods, we focus our attention here on the
scattering of an electron by a target consistingNcélectrons It has been showf] that with the energyt:_p+l determined
bound to a fixed nucleus of chargée|. The Hamiltonian of  to satisfy
this system may be writtefin N+1 different way$ as

A. Definition of the effective potential

(2.5

€1 €7 Sp
H=h(n)+K(n)+V(n). (2.1a Epr1S T T T T Epii, (2.9

€1t €2t €pt

Here K(n_) is the sum of the kine_tic energy of_ theh elec_- the operatorﬁ(n)—s_pﬂ is non-negative(We assume that
tron and its monopole Coulomb interaction with the residual &, 1 lies aboves,,.) This suggests that we introduce the

system,h(n) is the Hamiltonian of that residual systein modified Hamiltonian
which electronn has been removedandV(n) is the inter-

action, with the monopole Coulomb component subtracted R N*1 P n(n n mlh(n
off, of the nth electron with the residual system. In configu- H=H-> > (WheAm)Oen(min(n) (2.7
ration space we have im1 771 (M) x ()
N+1 . From an examination of the asymptotic solutions of the
V(n)=— + Z (1= 8n) ——, (2.1b Schralinger equation associated with this Hamiltonian, one
'n =1 [ra=ril sees that the threshold of the continuous spectrutd tés

aboves_p+1. It follows that if H has no discrete states below
) . _ E (we briefly discuss the more general case beglthen the
The target states associated with open channels satisfy operator inequalitH —E>0 is satisfied for scattering ener-
=\ _ — giesE<g, ;. This is the key property in the development of
n(MLx, (M) =25x5(m), 2.2 the minirrrl)urln principle. To simplify notation in the following
with negative eigenvalues <e,<---<e,. We use the nota- We work, formally, with exact target wave functions with the
tion understanding that in an actual calculation trial target func-
tions are employed, with the modified Hamiltonian given by
X,(M=x,(12,...n=1n+1,...N+1) (2.3 Eq.(2.7.

We now show how the scattering problem may be refor-
for the antisymmetrized target wave function; for simplicity, mulated in such a way that virtual excitations of the system
we frequently represent the space and spin coordinates of thee described in terms of the modified Hamiltontdrintro-
jth particle by the symbgl. More often, the coordinates will duced above. The scattering wave function corresponding to
be suppressedin accordance with convention, tfienction  an incident channel with index is represented as
Xy(ﬁ) is inter[rretgd as the coordinate-space representation of
the Diracket |y.,(n)).] An essential feature of the effective- —
potential formaylism is the introduction of a modified Hamil- ‘Pv(l’z""NH):%; XADT(D+M,(1.2,...N+1),
tonian which has the branches of its continuous spectrum (2.9
starting not at the physical thresholds of the various channels
but at a higher threshold lying above the scattering enBrgy where the residual antisymmetrizet is defined by the re-
As a first step in this direction, we define the modified targetation

wherer; is the distance of thgth electron from the nucleus.

Hamiltonian N1
) P L AXDHD=Z (~D" (). (29
h(n)=h(n)— 2 &,lx,(M)x,(n). (2.4 n=1

=1

! The functionf.,,(n) in Eq. (2.8) is a one-body radial wave
(This is an alternative to working with the standard Feshbacliunction for electronn propagating in channej, and the
projection operators which are difficult to construct in gen-normalizable, completely antisymmetric, functidm, con-
eral, when exchange and rearrangement processes are ptains the effects of virtual excitations. While not indicated
sible and when exact target solutions are not availpile. explicitly, the producty.f., is to be understood as a vector-
seen from the eigenvalue equatib(m)|x,(n))=0, e,<e,,  coupled product combining the orbital and spin angular mo-
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menta of the target and projectile to give a state of definite (E—H) =[E—h(n)—K(n)]*

total orbital angular momentum and spin, along with their .

projections[12]. The channel index now stands for all the +[E—h(n)—K(n)]?!

guantum numbers of the system, not only that which labels ~ ~

the energy level of the target. XV(n)(E—H) ", (2.18

The wave function represented in EQ.8) satisfies the

Schralinger equation which is used, along with the eigenvalue equationffon)

noted above, to deduce the relation

0=(H-E)|¥,)=> > (-1)"*! . 1 _ .
ny (GMIBE) = gy MLV G(E) .

X[V(n)+K(n)—E, ]| x,(m)|f,.(n)) (2.17)

o — — Consider now the result obtained by repIacM(n)—\?(n)
+(H E)|MV>+§n: zy 87|X7(n)><XV(n)|MV>’ in Eqg. (2.13 by the expression given in EQR.14). It proves
(2.10 useful to transform this result by writing

whereE,=E—¢, is the energy available to the projectile in > DD (—ni1- )| X5(N"))

channely. In line with remarks made above, the target wave ALY
functions have been taken to be exact, with the understand-

ing that the modified Hamiltonian will be replaced by the X)Xy (M) (M)

form (2.7) in calculations. To find a formal solution to Eq. _ _ _

(2.10 we first write down an equation to be satisfiedMy;, =2 2 Iy (MY xy(MILAx, (D) F,0,(1))

for which approximate solutions may be obtained with the "oy

aid of a subsidiary minimum principle, and then deduce the —(- 1)”+1|X7,(ﬁ)>|f7,y(n)>], (2.18

coupled equations to be satisfied by the one-body scattering

functionsf,, . Based on considerations of simplicity for the where the right-hand member was obtained by interchanging

form of the effective potential that emerges from this analy-indicesn andn’. In addition, the Dirac-ket version of Eq.

sis, we make the choice (2.9 has been applied. At this stage the Sclimger equation
has the structure

(H=E)M,==20 3 ()" V(nx,(Mf,u(m), (219 B
’ > X ML m)=o,
where nor
(n)— B which, owing to the identity of the particles, can be satisfied
V(m=H=h(n)—K(n). 212 by settingeach of the vectors|L (n)) equal to zero. The

Combining Eqs(2.10—(2.12, we have relation |L (1))=0 provides us with the coupled one-body
wave equations

0= 2 (- V(n)—V(n)+K(n)—E,] ea ‘
I (KO -Elferl )+ g=irgy 2 7 arENTn(1)=0,

— — = 2.1
<M+ S D e )0 MIM,); 219
7 where
(2.13 .
the relatio 7w ENF5u(1) = (X DI AV(D) +[E-K(1)](. 2~ 1)
) - - +V(1)G(E) AV (D) x,(D)If (1)),
VM =V()= 2 > s, lx,(N))x,(0)], (2.14 (2.20
n"#n 7
which follows from the definition(2.12, will be useful in To obtain a manifestly Hermitian form for the effective po-
what follows tential, we make wuse of the relationG(E)
. _ 71 5 . .
As the final step in the derivation we write the formal =(N+1) "7G(E), which holds since the resolvent has an
solution of Eq.(2.1) as eigenfunction expansion involving totally antisymmetric

states. We may then express the effective-potential operator

M,=GE)X X (~)"Vmx,Mf,m), (219 o
. 7l B = (XD +[E-K(D)](#=1)
whereG(E)=(E—H) ! is the Green’s function associated 10 Py A, —
with the modified Hamiltonian, and insert it into E@.13. T(N+1)TV(D)AGE). AV (D} x(D)-
The result is evaluated with the aid of the resolvent equation (2.21



794

B. Reaction matrix

It will be convenient to convert Eq2.19 to an integral
equation, in a representation in which the oper#tois di-
agonal. Toward this end we introduce a complete sétlisf

crete and continuujnsolutions of the homogeneous radial

equation K—E)F(E,r)=0 for thelth partial wave(the in-
dex| is suppressedwhere
12 d? z& R2A(1+1)
2mdr? 1t " omiz

(2.22

andz=Z— N. With the continuum solutions normalized on
the energy scale, they have the asymptotic form

h2k2 2m 1/2
F(m,r>~(m) sin(kr—1 /12— 5 In 2kr + o),
(2.23
with
n=—1ka, a=#%mée’z, o=argl(I+1+in). (2.29

The integral equation for the one-body wave function may

be written as

Fan(1)=F(Eq 1) Ogyt 2 f df'f drZ(r,r';E,)
y JO 0

X (11BN (7). (2.29

The propagator has the eigenfunction expansion

F(E',r)F(E'.r")
E,—E’

€u

E-E"’

f;/’(r,r’;Ea):PJ'dE’ (2.26

where the generalized energy integral is understood to i
clude a sum over discrete states, and the singularity
E,—E'=0 is treated by the principal-value prescription
The (somewhat unconventiondactore /(E—E’) is unity at

the singularity so that, while it modifies the off-shell exten-

sion of the wave function, it can be ignored in evaluating th
asymptotic behavior of the wave function and hence the d
termination of the physical reaction matri,,. Following
standard methods, we obtain the identity

R,,(E,.E,;E)=>, f drf dr'F(E,.r)
Y 0 0

X T (11 EYE(r). (2.27

After a single iteration using Eq2.26), we arrive at an
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Ruu(Eq.E,;E)=REME, E,;E)
1 pB ’.
+Ey de RM(E, E";E)
X P °Y R (E'E,E
Ey_E, E_E/ 'yv( 1=pa )
(2.28

Born ;

The leading ternR >, is obtained from Eq(2.27) by replac-

ing the exact solutiori,,(r") on the right-hand side by its
Born approximationF(E,,,r')é,,. Here again the integra-
tion over energies is meant to include a sum over discrete
eigenstates oK. Such discrete-state contributions can be ac-
counted for in an approximate but highly accurate manner in
numerical solutions of integral equations of this type, in
which the continuum itself is replaced by a sequence of dis-
crete state$5].

C. Minimum principle

We now briefly review a variational procedure, based on a
subsidiary minimum principle, for evaluating the resolvent
G(E) appearing in the definitio2.21) of the effective po-
tential. One introduces a trial resolve@{(E) and resolvent
identity

(2.29

By writing ézéﬁr AG on the right-hand side, the identity
takes the form of the sum of the variational approximation

G(E)=Gy(E)+G(E)[(H-E)G,(E)+1].

G,=2G,+G,(H-E)G, (2.30
and a second-order error term; one finds that
G=G,+AG(E—H)AG. (2.3

With the energy assumed to lie below the minimum eigen-
value of the modified Hamiltoniahl, the error term in the
resolvent will be a negative operator. Replacement of the
exact resolvent in Eq2.21) by the variational approxima-
tion G, provides us with a minimum principle for the effec-
tive potential and a prescription for a variational construction

Maf the reaction matrix13]. If, for example, the trial resolvent
3 chosen as
Gi=2 ¢l )Py, (2.32
e 1
e_

where thed; form an orthonormal set of trial functions, and
the linear parameters; are chosen variationally, E¢2.30
becomes

éy<E>=Z @) (@]  (2.33

(Di|E—H|D;)

The trial functions may be improved systematically by mini-

mization of diagonal elements of the variational expression
for the effective potential. If the modified Hamiltonian has

one or more discrete states with eigenenergy bdigwhe

integral equation for the off-shell reaction matrix of the form minimum principle must be modified; the subtraction proce-
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dure that may be used to arrive at this modified version hawhereJ, ,; andY, ,, are Bessel functions of the first and
been described elsewhel2]. Here we merely remark that second kinds, respectively, arfti me*/2#2. We now con-
this procedure leads not only to a valid minimum principlesider a class of solution\,r) corresponding to the intro-
but also to a description of resonances of the “closed-duction of a potential-strength paramekerAssociated with
channel” type[4]. these solutions is a family of phase shii®\). The defini-
Single-channel scattering in a given partial wave is chartion of the phase shift adopted here is such #H@t\) is a
acterized by a real phase shift. The utility of the minimumcontinuous function ofx with §0,00=0 and &0,1)=&0).
principle is greatly enhanced by a removal of the ambiguityThe version of Eq(3.2) that we study is, in operator nota-
with regard to multiples ofr in the determination of the tion,
phase shift. In this regard an absolute determination of the ~ ~
phase shift at zero enerdgoupled with the assumption of [K+A71e)]f(N)=0. (3.4
continuity in the energy variablean be helpful. Levinson'’s

theorem provides such an absolute determination for scatteyyith the replacemert—A+d\, Eq. (3.4) becomes

ing potentials of short range. The extension to the case where 57 17 _
the potential has an attractive Coulomb tail is discussed be- [K+(A+dN)7(e) (A +dN)=0. (3.5
low. A standard manipulation is now employed, in which Eq.
(3.4 is premultiplied byf(x+d\), Eq. (3.5 is premulti-
Ill. ABSOLUTE DETERMINATION OF THE PHASE plied by f(\), an integration is performed, and the two equa-
SHIFT: LEVINSON-SEATON THEOREM tions are subtracted. A partial integration is carried out in the

. . i term containing the kinetic energy, taking into account the
We consider the single-channel scattering of an electropgymptotic form(3.3), and the Hermiticity property of the

of zero energy by a positive ion. We wish to establish theaffective potential?(e) is invoked. The resultant relation,
relation &(0)=u(>)m between the zero-energy phase shiftcgrrect to first order inh, is

(relative to the Coulomb phasand the limiting value of the

quantum defect, thereby obtaining the multiparticle generali- tan 5(0\ +d\ ) —tan S(ON) = — wd\{(F(\)| 7(e)|F (),
zation of a result derived earlier for potential scattefih@]. (3.6)
As remarked above, such a Levinson-type theorem, of inter-

est in its own right, would provide a reference value for thewhere we use the notation

phase shift, thus removing the ambiguity with regard to mul- . P

tiples of o, and this can be helpful in analyzing results of {f(M[7Te)[f(N))

numerical calculations of the phase shift. The basis for the - % . .
analysis is most conveniently taken to be the integrodiffer- :f drf dr'f(Onn)7Z(r,r";e)f(N1r").
ential equation(2.19, subjected to the transformations 0 0

3.7
e \12
f = Y foo- Alternatively, we may write, in the limidA —0,
" \E—-K v
1 ds(0N) -
. e 12 e 12 ; dn = _<§D(O;)\)|7/(8)|QD(O;A)>! (3.9
Way(E):(ﬁ ?/ay(E)(E_yK) ~
(3.2) in terms of the wave functio(O\,r)=f(\,r)cossON\).

This latter function is recognizg®] as the zero-energy limit

. . N of the positive-energy continuum wave function normalized
Note that(in accordance to an earlier observajiovhile the accord?ng to oy

off-shell extensions of the wave functions and potentials are
changed by this transformation, the physical scattering pa- o
rameters are unaltered since the factors introduced are unity f
on the energy shell. With channel labels dropped, and with
the scattering energy set at the threshold valeerrespond-

ing to the target in its ground state, the scattering equatiogo
becomes

o(E",\,r)e(E,N,r)dr=68(E'—E). (3.9
0

A closely analogous treatment may be given for the
und-state problem, defined by the eigenvalue equation

Ken(\) N7 TE((N) +8]en(N)=En(N) @n(V),
(3.10
for the energyE,(\), measured relative to the continuum

threshold energy, as a function of the potential-strength pa-
The solution, consistent with the normalization establishe¢ameter; the energy eigenfunction is assumed to be normal-

K?(r)+r@‘(r,r’;s)?(r’)dr':o. (3.2
0

above, behaves asymptotically as ized to unity. A similar equation may be written down wkh
replaced byx+d\. After performing the standard manipula-
f(r)~(r/azzZR)l/z{J2|+1[(8r/a)] tion of these two equations, making use of the fact that both

the kinetic-energy and potential-energy operators are Hermit-
—tans(0)Y, +4[(8r/a)]}, (3.3 ian, we obtain the relation
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(@n(A+ANINTTENN) T @a(M) —(@n(N) (A +dN) ZTER(N+dN) ][ @n(N+dN))

=[E (M) — En()\+d)\)]<§0n()\)|¢’n()\+d)\)>- (3.1

For brevity we have expressed the total energy of the systemi\fter integrating this relation with respect lobetween zero
appearing as the energy argument of the effective potentiahnd 1, and recalling the definitions of the phase shift and
as E;(\)=E,(\)+e. To first order ind\, Eqg. (3.11) be- quantum defect at these limits, we find that

comes

) 8(0)= (=), (3.18
07 TENN)] dEq(\)
N len(N))= aN - a relation that provides an absolute determination of the
(3.12 phase shift, as defined using standard scattering theory, and
that contains within it the well-known resuli(0)(mod )
We now writeE,(\) = — z2R/n*?, where the effective quan- = () of quantum-defect theory.
tum number is defined as* (\)=n— w(n,\). The quantum

(enM Z7TELN T+

defectu(n,\) is taken to be a continuous function »fwith IV. DISCUSSION
1(n,0)=0 andu(x,1)=u(x). With the energy represented in
this way, we have It has long been understood that there are useful conse-

quences arising from the fundamental connection that exists
between low-energy scattering and bound-state dynamics.
(3.13 An absolute determination of the partial-wave phase shift at

dE,(\)  2Z°Rdu(n,\)

d»  n*3 da zero energy based on Levinson’s theor@sglating the zero-
energy phase shift in a given partial wave to the number of
so that Eq(3.12 becomes bound states of the same angular momentean, by ex-

trapolation in the energy variable, be helpful in an analysis of
du(n\) low-energy scattering. Another aspect of this connection is
- the applicability of calculational methods of the Rayleigh-
dx Ritz type as an aid in the variational determination of scat-
tering parameters for energies below the ionization threshold.
S Interestingly, the minimum principle for the scattering length
=— (¢(En MIZTE,M]I9(En M) ) has provided a formal tool for the extension of Levinson's
27°R d7(E) theorem to scattering by a compound system, with the effects
1= n*3 <¢’(E” A) JE ¢(En ’)‘)> of the Pauli principle properly accounted f@]. A straight-
forward generalization of the result of RdB] to electron
(3.14 scattering by positive ions is not possible owing to the exist-
ence of an infinite series of bound states of the electron-ion
system converging at the continuum threshold. Moreover,
such an absolute determination of the zero-energy phase shift
*3\172 must be consistent with Seaton’s theor€®j relating this
m) lon(N) (3.19 phase, moduler, to the quantum defect parameter evaluated
at threshold. In the approach adopted here, a theorem of the
Levinson-Seaton type has been derived through a formal
conversion of the multiparticle Schdimger equation into an
equivalent one-body system defined by an energy-dependent,
nonlocal effective potential from which the long-range at-
tractive Coulomb tail has been separated off. It was then
possible to arrive at the result, shown in E8.18), by suit-
able modification of a method used earlier in a treatment of
the problem of scattering by a purely local one-body poten-
tial [10]. The effective potential is not unique; one can have

E=E/(\)

Here we have introduced the renormalized state vector

|‘P(En ,)\>:

that in the limit n—o passes smoothly into the energy-
normalized zero-energy continuum sta€0\) [9]. In that
limit the numerator on the right-hand side of E§.14) be-
comes{p(0\)|7(e)|e(0N)). With the assumption that this
matrix element and its energy derivative are finite, it follows
that the denominator in Eq3.14 goes to unity and we
arrive at the relation

du(oe,N) ~ different extensions off the energy shell leading, through a
TN —(@(0M)[7T&)|@(0N)). (318  solution of the Lippmann-Schwinger integral equation, to the
same physical scattering parameters. The particular choice
Comparison with Eq(3.8) shows that made hergdistinct from that obtained in the Feshbach for-
mulation, a version that can be difficult to implement in prac-
tice) has the merit of allowing for a variational construction
i l SON)— (0N | =0. (3.17) in which trial functions can be systematically improved with

d\ |7 the aid of a minimum principle of the Rayleigh-Ritz type,
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applicable even in the presence of a Rydberg series accumaxisting calculational methods, allowing for the use of flex-

lating at threshold. The validity of the minimum principle ible trial functions to account for the strong, long-range mul-

depends on the availability of trial target wave functions suf-tiparticle correlations that are often encountered in studies of
ficiently accurate to give binding. Since these target funcscattering at low energies.

tions need not be known exactly, the method is not restricted

to scattering by hydrogenlike ions—the essentlal require- ACKNOWLEDGMENT

ment is that breakup of a two-cluster scattering system into
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