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Unitarity and the time evolution of quantum mechanical states
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The basic requirement that, in quantum theory, the time evolution of any state is determined by the action of
a unitary operator, is shown to be the underlying cause for certain “exact” results that have recently been
reported about the time dependence of transition rates in quantum theory. Departures from exponential decay,
including the “quantum Zeno effect,” as well as a theorem by Khalfin about the ratio of reciprocal transition
rates, are shown to follow directly from such considerations. At sufficiently short times, unitarity requires that
reciprocity must hold, independent of whethieinvariance is valid. IfT invariance does not hold, unitarity
restricts the form of possible time dependence of reciprocity ratios.
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[. INTRODUCTION theory. In this paper, the general condition imposed on tran-
sition amplitudes by the restriction of unitarity is explicitly

The Weisskopf-Wigner theorjl] of decaying states has stated. When applied to a theorem about tests of reciprocity
been used with great success in a wide variety of applicacriginally given by Khalfin[11], one obtains not only a sim-
tions. Nevertheless, since it is an approximate theory, it is noler and more direct proof of the theorem but also a stipula-
surprising that there should be circumstances in which on&on on the nature of the variation whose occurrence Khalfin
expectiz_{l departures from the predictions of the theory_ could infer, but not SDECify further. The present formulation
Some of these issues have acquired renewed interest beca@ethe unitarity conditions could be used to explicitly take
of advances in experimental methdds; others arise from account of this constraint in possible future attempts to im-
the expected6,7] deviation from time-reversal symmetry in Prove on the Weisskopf-Wigner approximation.
weak interactions. The question of the correct treatment of Section Il presents the unitarity conditions that the exact
unstable particles also arises in the application of currenfransition amplitudes must satisfy, and shows how these lead
gauge theories of weak interactions, where the instability ofo useful results, in addition to providing a simpler proof of
intermediate bosons and fermions cannot always be né<halfin’s theorem. Section Ill summarizes our conclusions.
glected[8]. In this paper, we show that many of these cor-
rections can be directly traced back to the fundamental re- Il. UNITARITY CONSTRAINT
quirement of unitarity, which is satisfied only approximately ON TRANSITION AMPLITUDES
in the Weisskopf-Wigner method.

In the Weisskopf-Wigner approximation, which can be
generalized 9] to the case of decays arising from two or
more states, certain initial states are singled out for speci
attention. Transitions from these distinguished states to other A% (—t)=Agi(t) 1)
states deplete the population of these initial states. The Ik kitH
Weisskopf-Wigner approximation allows for this by replac- Correspondingly,  if fj(1) = Ai(t)/Aj(t), the function
ing the matrix elements of the exadull) Hamiltonian, in f;(t) should satisfy the relation
the subspace spanned by those states, by a non-Hermitian
submatrix. For a single unstable state, thegative imagi- ’,:j(—t)fkj(t)zl. 2
nary part of the complex “energy” assures that the probabil-
ity decreases exponentially with time. While this prescription ~ Proof. By general principles of quantum mechanfasing
accounts for the “leakage” of probability in terms of the rate units=1),
of transitions out of the initial states, the detailed analysis ) )
outlined below shows that the Weisskopf-Wigner procedure Axij(t) = (K|exp( —iHD)[j) 3)
cannot satisfy unitarity exactly. The circumstaf2gthat the
“law” [10] of exponential decagannotbe exactly right in ; . . .
guantum theory can be directly related to the fact that théonlan governing the time evolution of the system.
exponential ansatz is incompatible with the unitarity require-_ Hermiticity of H assures that ihe —operatod(t)

ment, which is essential for the basic interpretation of the;hixsp( Ht) is unitary since [exp(-iHOT" = exp(HT).

Theoremlf Ay;(t) is the exact transition amplitude for a
state initially prepared in the stajdo be found in the statie
f[fter a lapse of timeé, unitarity requires that

for any two statek andj, whereH is the complete Hamil-

klU|j)=(k|exp(—iHt)|]
“Electronic address: pkk@physics.virginia.edu < l |J> < | d )|J>
"Electronic address: pilaftsis@v2.rl.ac.uk =(jJUTK)* =(j|exp(+iHt)[K)*.
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From Eq.(3), the conjugated quantity on the right-hand sideThis constraint has been callgtB] the quantum Zeno effect.

(rhg) is justAj(—t). Consequently,
A (D =Af(—1)

for transitions induced by any Hermitian Hamiltonidh,
which is exactly Eq(1). This may be regarded as the unitar-
ity constraint on transition amplitudes. If we rewrite Ed)

in the form

A(—1) _
Ayj(t) '

(4)

k=

which must be valid for anyj,k, then the condition
¢jk=¢kj leads to

A=t A1)

Aij(t) Aj(t)

which is equivalent to Eq.2).
Q.E.D.

Our first application of the theorem will be to use it to

show that the decay probability of an unstable state must be

an evenfunction of time. Setting =k in Eq. (1), we obtain

ij(_t):|Ajj(_t)|2:|Aﬁ(t)|2:ij(t)- )

Observation 5] of the expected nonlinear time dependence
at short times, for the closely related processdficedtran-
sitions, can be regarded as evidence to support the effect.

A corollary statement is that, since expft) does not
have a vanishing derivative &t 0, the hypothesis of expo-
nentially decaying states isconsistentvith the requirement
of unitarity. The deviations from exponential decay, both at
very short times and at very long times, have been exten-
sively studied by many authofg,4].

Our next use of the theorem will be to provide a simpler
proof of Khalfin's theorenf11]: that if the ratio of the tran-
sition amplitudes for two reciprocdll4] transitionsa—b
and b—a is constant, then the only possible value for the
modulus R of that constant is unity. We have seen that
fi;(t), defined after Eq(1), must satisfy

fi(DFG(—t)=1.
Thus, if we are given that,;(t)={=const for allt=0, it
follows from above thatfy; must also be constant for all
t<0. Continuity of|f;| att=0 requires that
R=[{|=1, (12)

which is Khalfin’s theorem. Since Khalfin arrived at this con-
clusion by a more complicated argument, we should like to

Therefore, the probability for a quantum system to remain imote that the proof presented here required Iitlls] more

its initial state, and consequently also the complementaryhan the assumption of unitarity. In particular, no assumption
probability to make transitions to other states, must be ags required about the positivity of the spectrurmtbfviz., the
even function of time. This result has been known for someyssumption Spét=0, made in Khalfin's proof, appears to
time, even though it has not yet found its way into manybe unnecessary.

textbooks. The symmetry d?;; undert— —t is even more
apparent if one writes

Pii(D=AJ (DA} (D) =Aj;(—DA;;(1), (6)

making use of Eq.(1). Provided that Pj(t) is
differentiable—a condition that is assured(Hl) exists for
the given initial state at=0, it follows thatPj;(t), which

must correspondingly be an odd function of time, must van

ish att=0. We can explicitly verify this by calculating
Pri(H)=|Ag(DP=A%(DAG(D =Aj(— A1), (7)
Then
ij(t):Ajk(_t)Akj(t)"‘Ajk(_t)Akj(t)y (8)

and, if we substitute the explicit expressions from &), we
obtain

ij('[) =i(j|HeM[K)A () —iAL(H)(kIHe ™M), (9)

and thus

Pii(0)=2 Im((j[K)(KIH[})), (10
which yields[12]
Ek Pij(0)=2 Im(j[H|j)=0. (12)

Our next application of these ideas will be to prove that
reciprocity must holdindependent of the question of time-
reversal invariangeat very short times, as a consequence of
unitarity alone. From Eq(l),

Pjk(0)=|Aj(0)|?=|A{j(0)|?=Py;(0), (13

which states that a kind of reciprocity is exactly valid at

t=0. This can be understood directly as follows. For small
values oft, let us expand the rhs of E) in a power series,

If the statek is not orthogonal tg, the value of the rhs of
Eq.(14), for t=0, is the complex conjugate of, and therefore
has the same magnitude &g/k). Therefore,P,;(0) and
P;x(0) must be equal in that case.Kfis orthogonal16] to

j, we must go to the term linear inin Eq. (14), and we find
that the transition amplitude is proportional k;. But,
sinceH must be Hermitian, this is the complex conjugate of
the matrix element;, for the inverse transition, and we
recover the result, reported in many textbogkg], that in
lowest-order perturbation theory, reciprocity follows from
the Hermiticity of the interaction Hamiltonian. This require-
ment of reciprocity, independent of tieinvariance or oth-
erwise of the HamiltoniarH, at early timest—0, can be
stated more precisely by expanding tRg;(t) as a power
series int:
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) 1. the complete time evolution of the system through decompo-
Pyj(t) =Py;(0) + Py;(0)t+ > P(Ot?+(t%). (15)  sition of its state vector into a complete set of eigenvectors of
H. Even in the absence of such detailed knowledge, any
We have already seen thay;(0)= |(k|j)|? and ij(o)y Eq. additional information about the spectrumtdf which could

(10), both vanish if(k|j)=0. By direct calculation, we find € expressed as further constraji#2] on the functiong(t)
and h(t)—beyond the conditions ong(t) mentioned

|5kj(0)22|<k||_||j>|2_2 Re (j|k)(kIH?})], (16) already—would obviously help to define the admissible
forms of time dependence.

which shows explicitly that reciprocitynustbe preserved if We have already seen above that the Weisskopf-Wigner
(k|j)=0, to ordert?, solely as a consequence of the Hermi- exponential ansatzannotexactly satisfy unitarity. Equation
ticity of H, viz., of the requirement of unitarity for the time- (17), with possible supplementary conditions, offers a natural
evolution operator. point of departure for a new phenomenology satisfying exact

By an application of this result to the argument which ledunitarity.
to the “quantum Zeno'’s paradox,” we can conclude that any
departure from reciprocity, which would be expectedTif
invariance is not a symmetry of the underlying Hamiltonian,

will be reduced or suppressed if the system undergoing n this paper, we have shown that the existence of certain
change is monitored too closely. Thus, for example, freque%uzz|ing and unexpected phenomena, such as the quantum

observation, amounting to a measurement of its strangenesgeng effect or deviations from Rutherford’s law of exponen-
of a neutral kaon state, could reduce the inferred value of thg,| gecay, can be directly traced back to tmtarity condi-

CP- and T-violating parametee (under the assumption of jon that is required in quantum theory for a consistent de-
TCP invariance relative to the one measured for “free” gcription of any (isolated dynamical system. Further
kaons. Possible implications of the corresponding quanturgonsequences that are expected in principle, in addition to
Zeno effect for baryogenesis in the Universe will be dis-the Khalfin theorem mentioned already, include an analog of
cussed elsewhere. _ _ _ the Zeno effect for the comparison of rates of reciprocal
From his theorem Khalfin could conclude that, if reci- yransitions. Whereas these rates aoe directly related un-

procity is not satisfied,R must vary with time, although |essT invariance is imposed aall relevant interactions, uni-

tion. The general solution for a function satisfying the uni-resuit conforming to thd-invariant expectatiorf the mea-
tarity condition(2) can be written as surements are made sufficiently rapidly. This means, for ex-
_ . ample, that even if we accept the usual interpretdi@rihat
fi()=exgg(®+ih(v], (17 the observed P noninvariance observed in neutk&meson
whereg(t) andh(t) arereal functions oft, which must be decays is associated with Bnoninvariant interaction, the
odd and even respectively, under— —t. Any phenomeno- Ccorresponding expectef’] departure from reciprocity in
logical representation of;(t), and correspondingly of K%=K? transitions would be suppressed, and indeed disap-
f;(1), to take account of possible deviations from reciproc-Pear, if the comparison were made at shorter and shorter
ity, which conforms to Eq(17), will automatically satisfy the times. Such asymmetries have been invokeg] to explain
requirement of unitarity. The Weisskopf-Wigner formalism, the observed baryon asymmetry of the Universe; possible
as extended to the case of interfer[8§ decaying states, was implications of this ‘CP and T quantum Zeno effect” will
applied by Lee, Oehme, and Yar|g8] to the KO—K°  be discussed elsewhere.
system—in a form that can accommodate possible
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