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Emergence of classicality via decoherence described by Lindblad operators
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Zurek, Habib, and PaPhys. Rev. Lett70, 1187 (1993] have characterized the set of states of maximal
stability defined as the set of states having minimum entropy increase due to interaction with an environment
and shown that coherent states are maximal for the particular environment model examined. To generalize
these results, | consider entropy production within the Lindblad theory of open systems, treating environment
effects perturbatively. | characterize the maximally predicitive states that emerge from several forms of effec-
tive dynamics, including decoherence from spatially correlated noise. Under a variety of conditions, coherent
states emerge as the maximal states.

PACS numbse(s): 03.65.Bz, 05.40k]

I. INTRODUCTION vated by other constructfor example, a modified quantum
theory that contains intrinsic stochastic processes such as
Decoherence that results from a quantum system’s inteiguantum mechanics with spontaneous localizafiidn
action with an environment can provide a mechanism for The effects of the environment are considered in the gen-
characterizing the transition from quantum to classical beeral framework of the Lindblad form for nonunitary evolu-
havior for a quantum open systeft,2] and has been an tion of a harmonic oscillatd8], correponding to the Markov
integral part of several programs addressing the emergend@it. The Lindblad form of evolution can be written
of classicality]3,4]. Zurek, Habib, and PaZHP) have char-
acterized the effectiveness of decoherence in terms of a pre- 1 1
dictability sieve and identified the maximally predictive L[p]=[H,p]+ o > Vi V141V V1T ()
states(defined as those with minimal entropy producjias !
the most classical[5]. ZHP considered an environment

model consisting of an independent oscillator bath linearlyand has proven to be a very useful starting point for theoreti-
coupled to the system of interest, which has been studied igal studies of quantum open systems. It is the most general
the context of quantum Brownian moti¢6]. ZHP demon-  form for completely positive evolutioiiguaranteeing posi-
strated for the hlgh—temperature limit of the environment thaltive evolution for a guantum system quantum_mechanica”y
the coherent states of a harmonic oscillator are maximallgntangled with another systemnder a wide variety of con-
predictive and that zero squeezifprresponding to coher-  ditions[8,9]. The Lindblad form of evolution does not suffer
ent statesis maximal for squeezed states considered at arbifrom nonphysical negative-entropy production for pure
trary environment temperatures. states, which occurs for some models in the literature.

The purpose of this paper is to extend the results of ZHRtrictly positive-entropy production for pure states can be
to additional environment models. All environmental modelsestablished by examining the linear entropy

should be understood to be approximations in that there is, in

prinicple, a more complete descripiton possible in terms of

unitary evolution of a composite system containing the sys- s(H)=Tr[p(t) = p*(t)]=1-Tr[ p?(1)]. (1.2
tem of interest and external quantum-mechanical degrees of

freedom. While some models have been derived from first- _ . :
principle descriptions of such composite systems, otherFOr a pure statpo=|/){y/| undergoing evolution generated

have been developed largely from phenomenological print-%y a Lindblad operator, the entropy production is

ciples. The primary motivation for this paper is to use the

phenomenology to get a better understanding of how inter- = —2 Tr(pL[p])

actions of a system with external quantum degrees of free- )

dom lead to the emergence of classicality for that system. _ —< _ 1 + +
However, the general nature of the mathematical formulation ~— iz Tr(p[H.p]) h L p; [Vip.Vi1+1V.pVi]
employed in this paper does not restrict the results to this

interpretation. The results can also readily be applied to mod- 2 + +

els that have the same mathematical structure but are moti- ~ 0+ %(w'\/i Vild) = (Vi Vi)

2
= S0V =V, )9 P=0. w3
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For a mixed state there is the physically reasonable possibibecause a wide variety of forms of evolution become trac-

ity of negative-entropy production that might occur, for ex- table, and also because many of the effective evolution equa-

ample, if a “hot” system interacts with a cooler environment. tions are derived using lowest-order approximations such as
| establish a systematic framework for evaluating the prethe weak-coupling limit[16]. From formal perturbation

dictability of states using first-order perturbation theory intheory, the evolution of the Liouville generator can be writ-

Sec. II; in Sec. Il | apply this framework to a family of ten

Lindblad generatorgV;} linear in position and momentum t

whose general properties have been studied in the literature J(t)=Jo(t)+f Jo(t—=7)ALI(7)dT

[9]. This family of Lindblad generators is of particular inter- 0

est because it encompasses as special or limiting cases many t

environment models considered in the literature, such as the EJo(t)Jrf Jo(t—7)ALJy(7)d7+O(AL?)
guantum optical master equati¢hO] and Dekker's model 0

for quantum dissipatiofill]. | consider models with envi- = Jo(t)+J5(t) + O(AL?), 2.2
ronment spatial correlation effedts2—15 in Sec. IV. | com-

ment on these results in Sec. V. defining J4(t) as the first-order perturbation. For an initial

statepy, the entropy at time becomes
Il. PERTURBATIVE APPROACH TO EVALUATING

PREDICTABILITY s()=1-THI([polI()[ pol}
The predictability sieve was introduced by Zufé} as a =1-Tr{Jo(t)[polIo()[pol}
means of characterizing those states that are most stable —2TH IO poldr(D[ pol}- 2.3

when considering not only the dynamics of the system, but

also including the effectésuch as decoherencef interac-  |f the isolated system has unitary evolution generated by a
tion with the system’s environment. The set of states havingHamiltonianH,, then

minimum (linear) entropy production are the best candidates 1

for states corresponding to points of classical phase space. Lol p]= =[Ho.p],

The effect of the environment on evolution is taken to be in i%

the Markov regime and | assume that there is no further +

explicit time dependence on the Liouville generator for the Jolp]=U(W)pU (1),

:r(])(;a\t;g s;/st\?vr;?t.eThe form of the evolution is then stationary U(t) = ebitHot, (2.9

p(h)=e"Tp]=J(V[p]. (2. Inthiscase

The generatok is assumed to be comprised of two parts: the 1=Tr{Jo(D)[poldo(D)lpo]t =1 =Tt popol =5(0).

evolution of the isolated system correspondingLp with
Jo(t)=e"o!, and the effects of the environmeAL. | con-  The maximal states are those with minimal entropy produc-
sider the effects of the environment perturbatively in parttion, that is, with minimized

(2.5

|
As(t)=—2Tr{Jo(t)[ polJ1(t)[pol}

= —ZJt(Tr{U(t)PoUT(t)U(t— T)AL[U(s)poUT(s)JUT(t— )]} )d7
0

t
= _ZfoTr{POUT(T)AL[U(T)POUT(T)]U(T)}dTa (2.6)

where the cyclic property of the trace and the unitarity of t 1

U(t) have been used for the final simplification. As(t)= —2f Tf( PoUT(T)E[AH,U(T)PoUT(T)]U(T)>d7
Given the general form for a Lindblad operator, the con- 0

tribution to environment interaction can be written as the

perturbation

1t
! L - — T . T T
AL[p]=7[AHp]+ o Eji [Vip, V141V, .0V (2.7 ﬁfOTr(pOU (T); {LVjU()poU (1), Vi]

AH contains any additional contributions to the effective +1V. U ut(rnvimu d 28
system Hamiltonian arising from the interaction of the [V, U(n)poU (V] I}U(7) [ dr. 28
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The first term on the right-hand side of this equation is idendf p, is a pure state, then it is also a projection, with
tically zero, from the cyclic property of the trace. The re-
mainder can be written in a simpler form using the cyclic

property of the trace, the unitarity &f(t), and the identifi- po=P=|u)yl,
cation
V]-(T)EUT(T)VJ'U(T) (2.9 p2—p,
to yield
POP=P(|O|y)=P({O) (2.1)

1 [t
As(t)= > fo > Tpof V] (7)V;(7).po}

) for an arbitrary operato®. Thus, for pure states, the entropy
—2poVi(T)poV](7)]dT. (2.10  production is given by

2 2
As(t)=+ tZ [(VI(DV(1) = (Vi(D))X V] (m)]d 7= t > V(D) = (VD TTTV (1) = V(7)) 1d 7.
filo j hJo J
(2.12

Minimization of this final quantity can then be used to deter- 1 Dyq Dpp
mine the maximal states. ALlp]l= | 5 XPhp | = 2z [P LP.p]l= 52 [X. [ p]]
D
I1l. LINDBLAD GENERATORS LINEAR IN POSITION + T?([X,[p,p]]+[p,[X,p]])

AND MOMENTUM

| will now apply the results of Sec. Il to Lindblad opera-
tors that have[V;} linear in position and momentum. This
family of generators have been studied extensively in the

literature [9] and include as special or limiting cases the : :
quantum optical master equatifit0] and Dekker’s phenom- The particular choice of parameteBqq, Dpp, Dpg, N,

. X and 4 [Eqg. (3.3)] determines the details of the evolution
enological master equatidril]. In terms of Eq.(2.7), the (i.e., evolution corresponding to the quantum optical master
operators are given by equation, Dekker’s master equation, gttn many cases one
can obtain an evolution equation from the literature simply
by selecting the appropriate diffusion constants in B3),
subject to the constraints imposed by E8.2) (the coeffi-
cients are not completely independeiiih other cases, terms
might be omitted from the evolution equations as an approxi-
mation under conditions that will, of course, depend upon the
specific density operators. The results of such approxima-
D :ﬁ E Iaj|2 tions can be determined by setting corresponding constants

iA
+ o (AP, p} [P, (X} ). (3.3

AH=%{x,p}, Vij=a;p+bjx. (3.9

With the identifications

a2 in Eqg. (3.3 to zero[although this would be in apparent con-
flict with the conditions of Eq(3.2)]. Anomalous behavior
(such as negative-entropy production for pure sjadeses
D :ii 2 Ibi|2 only under conditions where the underlying approximations
P2 g T are not valid. A more complete discussion of the compari-
sons of the Lindblad form with other evolutionary models
7 can be found in Ref[9]. It has been determined that only
quzgg —Rda;b], when
h *
Dpq=5 > —Reab]=0 (3.4
A=2 Im[a;b¥], (3.2 ]
]

will the system relax into a thermal equilibrium st4€d, so
the perturbation on the system evolution becomes | adopt this condition for the remainder of the paper.
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For the simple harmonic oscillator, the operator equationprovides the necessary translatiam phase spageFor sim-

of motion are easily solved by plicity, | take (x)=0 and({p)=0 for the rest of this section.
. The effect of squeezing on the anihillation operator can be
X(7)=U'(7)xU(7) written
s'(¢)as(¢)=pa+val, 3.1
—x cog 07) + —— sin(wr), (Da{)=patv (312
Mo

where

p(r)g=U"(r)pU(7) (=sd? p=coshs), v=sinhs)e'’. (3.13

=p cogw7)—MwX siNwT) (3.5  The parametes determines the amount of squeezirsg=Q

corresponding to no squeezjngnd the parameted deter-

to yield mines the orientation of the squeeze axis. The squeezed
_ _ ; harmonic-oscillator Hamiltoniafscaled by a constant factor
V(r)=a.
j(1)=a;[p cofw7) —MoX sinw7)] A) is given by
LI 2 me?
+bj| X cofwT) + o sin(w7) |. (3.6 SH(OA p_+ Mo y )S(g)
Substituting Eq(3.6) into Eq. (2.12 and evaluating the el- M 2
ementary trigonometric integrals over - 24— i
A cosr(ZS)( X+ om + A sinh(2s)coq 0)
Ae<t>=f1(t>(i<p2—<p>2>+m—“)2<x2—<x>2>)—2m mo? , p?
2m 2 (TX ~ 5| TA sinh(2s)sin(§) = {x,p}.
+f2<t)( P2 (D o (X2_<X>2>)+f3(t) (3.14
Equating the expectation of the last expression with(Bdy)
w _ (and letting(x)=0=(p)) and equating the corresponding
x 2<{x,p}) w(x)(p)), 3.7 constants produces the conditions
h amt D
where A cosh2s)=f,(t)= =5 | Dgq+ — 25|,
f 99° (mw)
fi(t)= ﬂ i
! h? " (Mw)? 2m
A sinh(2s) cog 0)—f2(t)— sm(2wt)
(t)= S|n(2wt) _ Dop_
2 qq (mw)z ! o D B Dpp
qq (rn(,))2 !
4m Dpp
3(t)— Slnz(wt)(qu W) (38)

am
A sinh(2s) sin(8)=f4(t)=— —2—5|n2(wt)
Equation(3.7) is the expectation of a number times the

harmonic-oscillator Hamiltonian plus a secomdnumber D

constant after squeezeing and translation(kyin position X| Dgq— 2).

and (p) in momentum. The state that minimizes E8§.7) (M) (3.19
will be the corresponding squeezed and translated ground )

state, which is simply a coherent squeezed sfai. In  The most advantageous orientation for squeezing is deter-
terms of the harmonic-oscillator creation and annihilationmined by

operatorsa’ anda, the squeeze operator is given by

S(é/) :el/Z({* az_gafZ), (3.9) tan0= fz(t) = _tam)t. (3.1@
and Glauber’s displacement operator is given by The amount of squeezing is determined by
—glaa’-aa) f2(t) +f3(t)
D(a)=¢€ . (3.10 tank? 2 (t)s (3.17
The appropriate selection of the parameterfor the dis- fi
placement operator Sincef, is linear int while f, andf, oscillate, tanf2s (and
12 12 hences) tends towards zero. The long time behavior of the
m(a)= h (P), Rea)= hAmao x) amount of squeezing required to minimize entropy produc-
2mo P 2 tion is zero. Reintroducing the translations in position and

(3.1) momentum ignored in comparing E@.7) to Eq.(3.14) will
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not affect this result. For times on the order of the dynamicalvherex(7) is given by Eq(3.5 ande™(® can immediately

time scale of the systettmore than a few cyclé@scoherent be recognized as Glauber's displacement operator, with a

states are the maximal states, just as ZHP found for theiranslation in momentum ofk cos7) and a translation in

environment model. position of — (% k)/(mw)sin(w7). In terms of the translated
state

IV. CORRELATION EFFECTS IN ENVIRONMENT NOISE ikx(7)

|k, ) ="y, (4.9
In this section | wish to consider environment models that S

include the effects of finite correlation lengths in the envi-the entropy production is given by

ronment{12—15. From a strictly phenomenological point of 1t

view, quantum mechanics with spontaneous localization can As(t)= %J f la(k)|2(1— (| w:k, D2 dkdr. (4.9

be included by virtue of the effective form of the dynamics, 0

although this is actually a fundamental modification of quan-

tum mechanic§7]. Many of these models can be written in ~ While it is not possible to find general solutions for the
the form minimization of Eq.(4.9) for arbitrary environment correla-
tions, it is possible to extract important limiting cases. Re-
dp(x,x";t) o o stricting attention to times of several oscillator periods or
—;  —(Hamiltonian + (dissipation + - - - more, entropy minimization requires thmaximizationof
[(|w;k,7))? for typical values ofk, on the order of
—g(x,x")p(x,x";1), (4.) 6k [the spread ofa(k)|?], resulting in typical translations
of 6k in momentum and A 6k)/(mw) in position. The
where the decoherence term, upon which we shall focus, camaximization of the square of the inner product of any two
be expressed in terms of the correlations of a classical ﬂUCnorma"zed vectors occurs when the vectors are |der(1]u'Fa|
tuating potentiaV(x,t) with to a phasg Thus the maximal states and the translated maxi-
1 mal states will be approximately eqlzjal for typical transla-
) — ) " ) tions, requiring that the width dfa(k)|* be much less than
90x:y) h_Z[C(X’XHC(y’y) 2e06y)1, 4.2 the width of the maximal states

where Mmw

ok=< 7
(VX OV(Y, 7)) a=C(X;y) 8(t— 7). 4.3
o ) ) _Since|a(k)|? andc(r) are Fourier transform pairs, this last
For simplicity, | consider only a homogeneous and isotropiccondition also implies that the noise spatial correlation func-
environment for which c(x;y)=c(x—y) and g(X;y) tion c(r) is wide (compared to the maximal stajesn this
=g(x—y). I'will also restrict my attention to weak dissipa- |ong correlation length scale limig(x,x’) in Eq. (4.1) is
tion and consider only the evolution due to the unperturbeqquadraﬁc[lam], corresponding to the low dissipation limit

1
Ax, 6k< %Ap. (4.10

Hamilton_ian and thdspatially correlatednoise term. _ studied by ZHP and to the results of Sec. Il whiji=0 for
_The Lindblad form can be used to represent the noise terrg| j. The coherent states are then the maximal states if they
with are consistent with the condition expressed in Bql0 us-
‘ ing coherent state values farx andAp,
(v} =a(k)e* 4aq M P
/m
and replacing the discrete sum oviein Eq. (2.7) with an ok<< 2—;: (4.11

integral overk. The evolution in this case can be written
which corresponds to a environment corellatation length

M#Hamiltoniaﬁ—%f la(k)|? much larger than the width of a coherent state
J Ax=h2ma.
><(1—e‘k<x‘x'>)p(x,x’;t), (4.5) If the environment correlation length is shorter than the

width of the coherent state, then the approximation described
above is not valid. It is useful to examine the entropy pro-
duction in the position representation and absorbing the time
5 . dependence into théSchralinger pictur¢ state vectors,
c(r)= Ef la(k)|2e*dk. (4.6 where

so that|a(k)|? andc(r) are Fourier transform pairs

eikx(n| ) = (Y| Ut(7)e**U
Thus a noise term with short correlation length scales will (el =(ylUt(n) (Ml¥)

have a narrove(r) and a broada(k)|? while a long corre- =(y(7)|e"¥| (7))
lation length scale implies a narrola(k)|2. Inserting Eq.
(4.4) into Eq.(2.12 yields :f dxe®|y(x,7)|?

1t .
As=7 | [ a0l e ladkar, (a7 ~[apen. @i
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Entropy production then becomes

c(O)t—f drdxdX c(x—x")P(x,7)P(x',7) |,
(4.13

using the Fourier transform relation expressed in Bg).

2
Aq(t)=ﬁ

and if decoherence is to be effective, the decay time must be
comparable to dynamical time scales. There will necessarily
be a significant increase in the entropy for all pure states, so
that all states will be rapidly “mixed” by the noise.

V. COMMENTS AND CONCLUSIONS

For narrowc(r) this expression becomes independent of the
function P. To see this, consider an example where the spa- | have established an approximation scheme for determin-

tial correlation of the environment is given by

c(r)=re"?, (4.14
In the limit c— zero
Jdxdx’)\e[(x_x’)/"]zP(x,T)P(X’,r)
E)\O'\/;J P?(x,7)dx—0, (4.19
so that in the short correlation length limit
2
As(t)= h—zc(O)t. (4.1

ing maximal stategas defined by ZHPand applied it to two
families of Lindblad operators. For Lindblad generators lin-
ear in position and momentum, squeezed states emerge as the
maximal states for intermediate times compared to the dy-
namical time scales. The amount of squeezing decreases with
time, so that coherent states are maximal for large time
scales. Large time scales are the most relevant, since an ob-
ject’s classicality should be an enduring property, not a tran-
sient one. These results can be applied to a wide variety of
models in the literature by recognizing that those models are
either particular cases or limiting cases of this Lindblad
form.

For an environment with finite spatial correlation, coher-
ent states emerge as maximal when the environment has long
correlation length, but all states rapidly become mixed states

In this regime, all states produce the same entropy; there amghen the environment length scale is long. Thus environ-
no maximal states. However, the decay rate of the offment correlation effects will not be important in establishing

diagonal terms given by the decoherence term in(Ed) in

the nature of maximal states and the character of quasiclas-

the low short correlation length regime is generally at asical states. However, correlation effects can still be impor-

maximum

Ip(x,x";t) o 2¢c(0)

ot TP(X,X’;U,

(4.17)

tant when considering quantum interference between two
such states. One important result that emerges from these
calculations is that coherent states are a robust choice for the
maximal states.

[1] E. Joos and H. D. Zeh, Z. Phys. 39, 223(1985.

[2] W. H. Zurek, Phys. Rev. 24, 1516(1981); 26, 1862(1982.

[3] W. H. Zurek, Phys. Today4 (10), 36 (1991); 46 (12), 81
(1993; Prog. Theor. Phys89, 281 (1993.

[4] J. J. Halliwell and H. F. Dowker, Phys. Rev. B6, 1580
(1992.

[5] W. H. Zurek, S. Habib, and J. P. Paz, Phys. Rev. £61t1187
(1993.

[6] A. O. Caldeira and A. J. Legett, Physi¢Amsterdam 121A,
587 (1983; W. G. Unruh and W. H. Zurek, Phys. Rev. 40,
1071(1989; B. L. Hu, J. P. Paz, and Y. Zhanilpid. 45, 2843
(1992.

[7] G. C. Ghirardi, A. Rhimini, and T. Weber, Phys. Rev.3B,
3287(1987.

[8] G. Lindblad, Commun. Math. Phy48, 119(1976.

[9] A. Sandulescu and H. Scutaru, Ann. Phy.Y.) 173 277

(1987; A. Isar, W. Scheid, and A. Sandulescu, J. Math. Phys.
32, 2128 (1991); A. Isar, A. Sandulescu, and W. Scheid,
ibid. 34, 3887 (1993; A. Isar, Helv. Phys. Acta67, 436
(1994.

[10] C. W. Gardiner, Quantum Noise(Springer-Verlag, Berlin,
1991).

[11] H. Dekker, Phys. Re®0, 1 (1982).

[12] L. Diosi, Phys. Lett112A, 188(1985.

[13] M. R. Gallis and G. N. Fleming, Phys. Rev.4%, 38(1990.

[14] M. R. Gallis, Phys. Rev. A5, 47 (1992.

[15] M. R. Gallis, Phys. Rev. A8, 1028(1993; L. Diosi, Euro-
phys. Lett.30, 63 (1995.

[16] R. Alicki and K. Lendi,Quantum Dynamical Semigroups and
Applications(Springer-Verlag, Berlin, 198Y.

[17] Squeezed Lightedited by O. Hirota(Elsevier, Amsterdam,
1992.



