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Role of electromagnetically induced transparency in resonant four-wave-mixing schemes
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The effect of electromagnetically induced transparency in resonant four-wave-mixing schemes is investi-
gated in an analysis that goes beyond perturbation theory in the coherent driving field. In addition we examine
the case where the two-photon pump field is sufficiently strong to necessitate a nonperturbative treatment. This
allows us to examine the cases where either one or both of the driving fields are strong. Phase matching is
included in a plane-wave propagation treatment that matches the situation most likely to be encountered in
actual experiments. The calculations are in part intended to model real experimental situations and thus
incorporate driving and pump-field linewidths via the phase-diffusion model and Doppler broadening. With a
strong pump-field laser, large enhancements in the efficiency of light generation occur at frequencies corre-
sponding to the Autler-Townes satellites induced by the strong driving field. In this situation gain and high
four-wave-mixing efficiency are simultaneously present, resulting in the production of a large intensity of
coherent radiation.

PACS numbds): 42.50.Gy, 42.50.Hz, 42.50.Md

[. INTRODUCTION laser field on a different transition and pumping with a weak
coherent field on the remaining two-photon transition. These
The observation of electromagnetically induced transparauthors keep the nonlinearities of the strong field responsible
ency (EIT) has clearly shown that an atomic medium can befor inducing EIT to all orders and show that the reduction of
nonabsorptive with respect to a laser field even though th&éhe absorption coefficient can increase the efficiency of four-
frequency of this field is within the linewidth of an atomic wave mixing substantially. In the present paper we continue
transition of this mediuni1]. The origin of this effect may the study of four-wave mixing and its enhancement by EIT,
be traced back to population trapping in a decoupled supe@nd retain the nonlinearities of the coherent pump field on
position of ground states, or alternatively viewed in terms oftheé two-photon transition to all orders. We show that the
destructively interfering absorption pathways due to the nonefficiency of four-wave mixing can be increased even more
linearities of the additional preparation laser field on a dif-drastically, in particular when in addition to strong driving
ferent connected transition. It has triggered the discovery ofield the two-photon pump field also becomes strong. Related
many related phenomena, in particular lasing without invereffects for the single-atom response have been reported by
sion[2]. Obviously quantum interference effects can occur inother workerd12], but they do not include, as we do, laser
an equivalent way for the stimulated emission process, howlinewidth effects or realistic phase matching in their analysis.
ever the involvement of a third or fourth level in the coherentWe also show that if realistic phase matching is included this
lasing process(coupled via additional preparation laser efficiency is described more generally by a ratio of the non-
fields can disturb the symmetry between stimulated emislinear and linear susceptibilitidg®|/|x(*)| valid for arbi-
sion and absorption. Stimulated absorption may therefore bgary detunings, which reduces to the parameter proposed
reduced more effectively than the competing stimulatecearlier in[8] (i.e., |x‘®]/Im[ x*)]) when the resonance con-
emission at a particular frequency, thus leading to laser addition is applied.
tion with less population in the upper level than in the Our calculations are aimed in part at modeling specific
ground state; see, e.¢3] and for the experimental realiza- experimental situations so that attention is given to the esti-
tion [4]. As a further application it was pointed out that pre- mation of the output of four-wave mixing under the influence
paring a medium with a laser field on one transition may nowof the various unavoidable coherence-degrading processes
only affect the absorption and emission processes on a diuch as phase fluctuations of the laser fiékhding to a
ferent connected transition but also the dispersive propertie§inite laser bandwidthand also in the presence of Doppler
In particular the index of refraction may be maximal at thatbroadening(due to the finite temperature of the gas or va-
frequency where the absorption is cancdlgf Other pecu- por). We concentrate on the case of resonant four-wave sum-
liar properties of media involving EIT include sub- difference mixing schemes. In these the three levels are
Poissonian statistics of radiation emitted by such systemeoupled in a schemgee Fig. 1 with the pump field exciting
[6]; for a more complete treatment of related phenomena wa two-photon transition between the ground and upper ex-
recommend various review articlgg]. cited level (separated by f2w,) and a strong field at fre-
The work presented here is concerned with the possibiliguencywy (which we will refer to as the driving fie)dcou-
of enhancing nonlinear optical processes using EIT as predling the two upper levels in the scheme with the possibility
dicted first by Harriset al. [8] and investigated experimen- of generating a field at the frequenay corresponding to
tally by Hakutaet al.[9,10] and Jairet al.[11]. Harriset al. ~ the allowed transition between the lower excited state and
considered the efficiency of four-wave mixing on one transi-the ground state. These schemes are realizable in practice in
tion of a three-level system while inducing EIT with a stronga number of atomic system@ hyperfine structure is ig-
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that this would imply. As a consequence the laser linewidths
will in general be nonnegligible, and will typically be larger
than the natural line widths. Hence incorporation of laser
linewidths into the treatment will become necessary. Al-

though ours is a steady-state treatment of the problem, and
b> . : j

hence only strictly applicable to CW laser experiments or to
-3 (LY experiments in which the pulse duration is substantially

larger than typical relaxation times, we believe the inclusion
of real featuregsuch as the laser bandwidltiill allow use-

ful comparison to some features of experiments involving
shorter pulses.

The paper is organized as follows. The outline of our
model in Sec. Il begins with the description of the dynamics
of our system and transformation into a convenient matrix
form. Then we investigate the susceptibility governing ab-
sorption, dispersion, and the nonlinear response. Results in
the limit of no laser bandwidth or Doppler effects are pre-
sented for these susceptibilities. In the situation where both
the driving Rabi frequenc{)y4 and the pump Rabi frequency
_ ) ), are large we observe interesting behavior in the suscep-

_FIG. 1. The three-level scheme under consideration: Four-wavgpijiiies  indicating at certain combinations of laser field
mixing is investigated on thé-c transition while a strong laser strengths there may be very large enhancements of the four-

field with Rabi frequency()4 on thea-b transition may lead to i - . )
induced transparency and a further coherent pump field with Rab\{vave mixing efficiency. In Sec. lll the treatment is devel

frequency(), on the a-c transition closes the loop and supplies ]?pet?] toflnclude the _ef'_fect of propagat(ljo_n asnd stse mat::hlgg
population in the upper level. or the rour-wave-mixing process, and In Sec. we exten

our model by the inclusion of laser phase fluctuations and
Doppler broadening. In Sec. V we present results under con-
nored. For instance the noble gas@sg., Kr and X¢forma  ditions matching experimentally feasible parametéiar
three-level systenibetween the g° ground state and ex- pulsed laser experimenisthe inclusion of phase fluctua-
cited states of the p4p° and 54p° configurations in Kr, tions, and Doppler broadening. Details of the derivation of
for example for which wy is in the near IRw, inthe UV,  the phase-matching factor and of estimations of experimen-
andw, in the VUV. It is this fact that makes these schemestally feasible parameters are given in Appendixes A and B,
interesting as candidates for investigation of the enhanceespectively.
ment of coherent VUV generation through the operation of
EIT.

The intensity generated in any coherent nonlinear fre- Il. THE MODEL
guency mixing process will scale quadratically with the
atomic number density. To optimize the generation efficiency In this section we present a model describing the behavior
it is therefore usually necessary to work with relatively highof a three-level system under the influence of two applied
density gases or vapors, contained either within a cell or in &ields (see Fig. 1 One of these fieldsthe “pump” field)
gas jet. In these situations, however, we cannot avoid theouples the ground stafe) to excited stat¢a) via the two-
effects of Doppler broadeningince the atoms will usually photon Rabi frequency),, the other field(the “driving”
be at room temperature or abov&his has several conse- field) Q4 couples statefa) and|b) via a single-photon pro-
guences. The first of these is that to adequately model thesess. We are primarily interested in the response of the sys-
experiments the effects of Doppler broadening must be intem at the frequencies around the dipole alloyep—|c)
cluded. Moreover, in experiment the strong coupling fieldstransition (,). This model is developed on the assumption
must be intense enough to induce Rabi frequencies that ethat the system has reached the steady éiate the applied
ceed the Doppler width@ypically around 1 GHgbefore any fields have no time dependence and have been switched on
coherence effectfi.e., EIT) become apparent. Recent work long enough for all initial transients to have vanishéd/e
[13] using focused lasers in near-two-photon Doppler-freederive the equations for the density matrix and relate the
conditions(using a ladder scheme in Rhas demonstrated matrix elements to the relevant susceptibilities. In this model
that CW lasers can produce large enough Rabi couplings teee can incorporate various coherence degrading processes
observe transparency effects. In general, however, pulsed Ié.9., spontaneous decay and collisjoasd also(most im-
sers with their far higher peak powers need to be used tportantly for many envisaged experimente effects of a
induce sufficiently large Rabi couplings. In fact, by usingfinite laser bandwidth within the framework of the Wiener-
pulsed lasers it becomes possible to avoid focusing of theevy phase-diffusion mod€l14]. An important feature of
beams altogether or to use weak focusing which eases thmur treatment is that we can treat the case of two strong fields
alignment problems in experiments and also permits the usg.e., bothQ)4 and(}, can be largebecause we use the sym-
of a plane-wave treatment for the phase matcHimdreat- bolic manipulation routine MATHEMATICA [15] to perform
ment in terms of focused Gaussian beams would demand faalculations that retain the effect of these couplings to all
more efforts due to the spatial variation in the susceptibilitiesorders in the evaluation of the susceptibilities.
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A. Dynamics and similarly for the complex conjugategys, pca, and
pcp)- This removes the time dependence including terms of
the forme™'(4p~24~ 2t pecause the difference of detunings

Here (); denotes the Rabi frequency of the near resoin the exponent cancels due to energy conservation. This
nance radiation,y; the spontaneous emission rates, andeads us to the equations of motion,

A; the detunings with corresponding to the various atomic

1. Equations of motion

levels. The corresponding Hamiltonian can be cast in the 4 1, 1, 1 1
form Epaazzlﬂd Pab™t E'Qp Pac™ E'deba_ E'Qppca
H:H0+V, (1) —(7p+7d)Paa, (8)
whereH, is the unperturbed Hamiltonian aMithe interac- P 1 1 1 1
tion Hamiltonian with S Pob= " Eiﬂgpab-f— EiQ,* Poct Eiﬂdpba— EiQIpcb
Ho=fw,|a){a| +hwy|b){b|+Aw|c){c|, 2
o=hoda)al +hoplb)(bl +hocc)cl, @ et Yo, ©
V=70 ,e" "2 a)(c|+ Qe “d|a)(b]
d 1 1 . 1.
+70Q,e 1 b)(c|+c.c. 3) SiPab=7510dpaa= 51 Qappp~—iAgpant 5107 pac

with the electric dipole Rabi frequenc{);; defined via 1

Q= ui;|E(w;;)| and |E(w;;)| being the electric field ~ 51 Qppept Aap, (10

strength at the transition frequenay; . For the moment we

take these fields to be monochromatic and assume all thre 1 1 1

fields are close to resonance, such that we can apply the-p,.=iQppaat 5iQppppt 51Qipap—i1Appac— 51 Qappe

rotating-wave approximatiofiL6]. We obtain for the interac- at 2 2 2

tion Hamiltonian in the interaction picture 1
_ _ —=iQp+ AL, (11

V' =10 et 40 a)(c|+ 70 4e" 2da)(b] 2P e
+hQ,e" A b){(c|+c.c., 4 d

1, . 1, ) 1.
) ) prczzlﬂlpaa'ﬂﬂlpbb_ Elﬂgpac_lAlpbc+ E'Qppba
whereA; corresponds to the detunings given by

1
Ap=wac—2wp, — 51+ A, 12

Ag= wap— 04, . .
where we have dropped the primes after the transformation
A= wpe— o . (5) and incoherent population relaxation terms have been added
phenomenologically; see Fig. 1. The coherence damping co-
We now insert expressio@) for V' into the Liouville equa-  efficients A;; due to spontaneous emission and collision
tion for the density matrix element evaluation, broadening are given by

J - Aap=—1{3 (vat v+ v5) + 75D
ﬁﬁpnm(t):_|2k Hnk(t) pkm(t) ab {Z(Yd Y '}’p) '}’ab}paba

Aac= _{% ('}’p_" Ya) + ')’ggl}Pac’
+i 2 paOHm(D +Apm  (6)
‘ Ape= _{% (y)+ YEgI}Pbc, (13
(see[16]). Here A, is a phenomenologically added decay col - ) . )
term that corresponds to all the incoherent processes such W&€re vij is the full width at half maximum Lorentzian
spontaneous decay, collisional broadening, etc. This leads fPllision width. In this paper we have ignored collisions, as

a set of nine coupled differential equations for IN anticjpated expe.rimen.ts, Doppler broadening and phase
Pass Pbbs Pecs Pabs Pacy Pber Pbas Peas and  pep- fluctuation broadening will dominate. The particular values

We furthermore assume our system to be closed, i.eWe have assumed for the spontaneous emission rates in the
Paat Pobt pec=1, and thus reduce the number of equationsfo_nlo""'ng plots are those _OI krypton, i.ey,=0.11x 10° r‘_”‘?
by one. By moving into an appropriate rotating frame, theS - 74=42.8<10° rad s™%, and % =225.7<10° rad s

remaining time dependences can be conveniently eliminatedl7]- This leads to Aati: —134.3x10° rad S 'pgy,
Ape=—112.85< 1P rad s 1p,c, andA .= —21.5< 1P rad

—iAqt -1
124t S "Pac-

o
Pab™ Pab€

Phec= pace*iﬁpt, 2. The Liouville superoperator M

, it The observables that we are most interested in determin-
Pbc=Pbc€ (7 ing for our system are the absorption at the generated field
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E(w,), given by Inix*], the dispersion Rg”], and the imaginary parts of the populations are zero and the relations
nonlinear susceptibility governing™', governing the pro- Re pij]=Rd p;] and Infp;;]=—Im[p;;] leaving us again
cess of four-wave mixing. Their precise definition and roleswith an 8<8 matrix. The final rate equation expressed in
will be pointed out in the following; they are governed by the matrix form is

matrix elements of the density operator, which are too com-

plicated to find through inspection. For convenience we ex- iR— MR+ C 14
press the equations of motion in terms of the real and imagi- gt ' (14
nary parts of the matrix elements of the density operator,
turning the 8<8 matrix into a 16<16 one. However, the where
0
R€ paal 0
RE ppb] 0
Re papl 0
e R (15)
R pacl 1Q
IM[pac] 2°°°F
Re pp] 0
Im[pp] 1
C. . §Q|
and
1 * l *
Bty O 0 -35(Qq+03) 0 —3(Qt0p O 0
1 * 1 *
74 —Y 0 5(Qq+Qg) 0 0 0 —5(Q+0f)
1 1
0 0 Aap +Aq4 0 - EQ'* 0 - EQ"
1 1 1 1
2% g% TAa Aw A0 2% 0
M= 1 1 . (16)
0 0 0 - §Q| Aac +A, 0 EQ"
1 1
Q, 5Qp EQ' 0 -4, Age - EQ" 0
0 0 0 Eﬂp 0 EQE Abc +AI
1 1 .
§Q| QI Eﬂp 0 EQd 0 _AI Abc

Note that from our definition of the Rabi frequency there of fields evolving rapidly compared to the relaxation rates of
is no distinction betwee); and Q} ; however, there is a the system. However, a number of recent experiments,
physical distinction:); relates to excitation processes and[9] and our own work do use pulsed lasers which are not
QF to deexcitation. Although there is a slight loss in clarity necessarily long compared to the relaxation times. In these
caused by suppressing this distinctighe final expressions experiments the pulse duratigiypically a few nanosecongis
for pj; will contain terms of the form();(); rather than usually satisfies the condition, se>>1/04 , but the other
QiQT = |Qi|2), there is no change in the final outcome. conditions necessary for a time independent treatment to be

Implicit in this treatment is that the density matrix ele- valid are not satisfied[e.g., usually 7,,s¢~ 1/, or
ments are now time-independent paramettits steady-state 1/y (the natural width]. Nonetheless we can use this model
assumptioin Hence this treatment cannot deal with the casdo treat the case of CW and long pulse experiments and to
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make contact with some features of the short pulsed laser Simple Absorption
case through the inclusion of finite laser linewidth effects
(see Sec. V.

B. The susceptibilities

1. Relation between the density matrix element
and the susceptibility

The response of a medium to an electric field is governed
by its polarization

(P)=NTr{ up]

Terms linear in € Terms linear in ©Q; |y

Four-Wave Mixing

=N(mappbat LbaPabt KacPcat KcaPac __‘\ o
d
+ MbcPebt MebPbe)s (17)
QP

where N denotes the number density of atoms with dipole
momentu. Each of the three terms above relates to the con- A
tribution of the polarization close to a particular frequency:
the first to w,,, the second tow,., and the last, the

one we are interested in, tewp.~w,. So, we have —
P(w))=N(ppcpebt tebPbe) - The two terms here relate to Terms linear in QpQy Terms linear in
the two amplitudes in the complex exponential formulation |QP|ZQPE2d|ZQ’:i

of the fields. Thus, we arrive at the following relation be-
tween the real amplitude of the polarization and the density FiG. 2. Interfering processes which contribute to the suscepti-

matrix elementpy: bility on the transition of interedb-c. The two lower figures indi-
_ cate forward mixing to first and higher orders. We are interested in
P(@))=2Nupcpco: (18 additional nonlinear processes due to extra “loops” ondhe and

. . . a-c transitions.

The form ofp,. which we obtain from solving the equa-
Flon of motion Qf the density ”.‘a”'x eI_ement; in steady Stateodd terms in(); will be relevant to nonlinear absorption and
is rather complicated and not instructive at first glance. If we . . : ! :
L . ._dispersion. These can be ignored providédis small. The
expresspy. as a power expansion in the Rabi frequencies

(i.e., the fields in a perturbative approach, then each termeven-order terms relate to processes that couple the levels

. . . . |b) and|c) together without a directnonreturning transi-

corresponds to a definite physical process involving the ab: . ) !

; o : tion between the two. These will be discussed later in the
sorption and emission of photorisee Fig. 2 Although a context ofx™Y. So, Eq.(20) can be rewritten as
calculation involving only low-order processes would not be X =0, B
satisfactory in the limit of largé)’s, this figure does show ON

. . . €p
how the amplitudes of different order processes can interfere B(Qq,Qp, 7 ,A)Q =
to cause cancellation of the absorption. Mbc
Turning to the linear contribution of the susceptibility we

recall from solving Maxwell's equations in a linear medium Now there is a simple relation between the coupling dipole
field and the Rabi frequendyQ);; = u;;|E;l:

x*w)E;. (22

Piin(@) = eox (@) (Eq4,Ep)E|, (19 N .
€p -
wherex”(w;)(Eq,E,) denotes the susceptibility linear in the B(Qq,Qp,7j,4)Q = M XM—XXA(M . (23
field E, but up to all orders in the other field andE, with be  [The
This th ield
X" (@) E 1= (2N pe! €0) poc tin- (20) 'S fhen yieles
2
Considering Eq(20) we notice that the terms gfy,. which A_ _ 2Npipe A
are linear in the fieldo,, i.e., linear inQ), contribute to the X el B(€q,Qp, % ,40) (24)
linear susceptibility. If we expang,. in powers of(}; we
obtain or
pr:A(Qd :Qp:')’ij !Ai) A 6N’7TC3A B(Qy.0 A (25)
X = ) ,')’“ 1R/
+B(04,Qp, .. )Q+C( )| Q24 . (21) op PR

It is worth pointing out that due to our simplification whereA., is the Einstein A coefficient associated with the
Q;=QF the termB in the above refers to both absorption transitionb-c. y* andB are of course complex quantities

and emission of a photon a4, and indeed gives the overall (the real part giving dispersion and the imaginary part giving
effect atw, be it absorption or emission. The higher-order absorption.
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2. Nonlinear susceptibility tribute to the coherent effect of electromagnetically induced

For the evaluation of” we have considered terms linear transparency. This means we also need to include, e.g.,
in the generated fielf, . Assuming the conventional form of Y®)(—w,w,,0,,— 04,04, —0g) and  x(- o), 0,,
the lowest-order nonlinear susceptibiligf®), we need re- o, ,—wy, w4, — 04,04, —wg) and terms to all orders in
strict ourselves to terms linear iB2E4 or 0,08 (since Q4 and{),, and if we want to includé€, to all orders, we
Q,*E3). This would give usx®(—w|,0,,0,,~wqg).  need include all even-order terms@y of the expansion in
However, these are not the only terms corresponding to thE&g. (21). This gives rise to a quantity that it the conven-
physical processes we are interested in. We would like taional third-order susceptibility® but a term that is pro-
incorporate terms of all orders in the driving fieftl; (and  portional to the sum of the susceptibilities multiplied by their
the pump(2p), and in fact all these higher-order terms con-fields, i.e.,

A(Qq, Q5,7 A)+C(-- )2+ o x P (— w05, 0p,— 09 EZEg+ X (), 0p,0p,— 04,04, — 0g) EFES
+X(7)(—w| ,wp,wp,—wd,wd,—wd,wd,—wd)ESEg+X(5)(—w| ,wp,—wp,wp,

—wp,—wd)EgEd-l-- s (26)

which is here referred to as the field coupling strength. Thed; and under what combinations of coupling strengths

field generated ato; with Rabi frequency(); can still be and Qg4 the single-atom response may show enhanced
considered small compared to the Rabi frequenfigsand ™ and at the same time vanishing ¥ (or even gaii It

Qp, so that our main interest is in the tesfnin Eq. (21). s useful in the monochromatic limit to calculate the single-
This term A cannot strictly be associated with any single- gtom response as a pointer to any interesting parameter re-
order susceptibility of the right-hand side of above B26)  gimes that might be investigated in more detail in subsequent
asA includes all nonlinearities if)q and (. The lowest  tneoretical work in which laser linewidths, Doppler broaden-

; i 3 . : : :
order term ofA is ObVIOUSW)_(( N~ w0 ,wp,—wg) SOthat  jng and phase matching are included and also as a guide to
we define, in agreement with the convention in the “teratureinteresting experiments.

the susceptibility responsible for four-wave mixing as In Fig. 3 we show the results for quantities

A Im[ x*], R x”], and|x™™| as functions of the detuning
XV = Koo (27 A, in the case of typical atomic parametétaking those of
d**p the Kr scheme enumerated in Appendiy ®ith a small

pump fieldQ2,~0 and a modest Rabi frequency of the driv-

N P 1 s
functions of ()4 and(),. The constank can be estimated N9 ﬂelld Qg _h2.5><h109 r;‘_d? 'Jh's was cho?:/n tol belten
by substitutingP(e) = eox*(— o ,wp,wp,—wd)EdE,zj into  fimes larger than the radiative decay teyy.. We clearly
Eq. (18). This yields reprqdch the well-known resul{8] already repqrted for
this limit, i.e., that at zera\; we have low absorption, zero
dispersion, and a still resonantly enhandgd™|. This is
(28) evidence that we would expect an enhancement in the field
generated atw, (compared to the weak field limitin a
scheme operated with these parameters. The valued dh
these plots are the single-atom val@eailtiplied by a factor
of 10?% and for a many-atom system we multiply these by
the number densitily, to obtain the total linear susceptibil-
ity. |[x™™| is displayed in arbitrary units; however, the scal-
ing factor is identical for all the results presented in this
paper, so the magnitude can be compared under different
conditions. The widths of the Autler-Townes split peaks in
the absorption curviFig. 3@)] are determined by the radia-
The results shown in this section were obtained using th&ve widths of the atom.
model presented so far and so include neither the laser line- It is interesting to look at the behavior of one of these
width effects nor Doppler broadeniridealt with in Sec. Iy.  absorption peakocated nean\| = +(14/2) as a function of
Furthermore no propagation effe¢fthase matchingare in- (1, as it is increased to larger values and at the same time
cluded(see Sec. I). They are useful as a guide to the real when a stronger driving field is used, i.84=2.5x 10" rad
optical properties of a medium by giving the susceptibility s~ 1. This is shown in Fig. 4. AS$), is increased the absorp-
(and hence the absorption, dispersion, and nonlinear rdion peak decreases and eventually crosses below zero at a
sponsg of a single-atom in a perfectly monochromatic field. value of(),~2x 1% rad s to show gain(positive values
In particular they can be used to reveal at which detuningsather than absorptive loss&f=Q4/2 . This is, we believe,

Here we need still emphasize that and ™ remain

= i 2 Mailtic
Gofl MabMbe i ﬁ(wic_ wp)

which cannot be calculated precisely due to the lack of em
pirical data for the atomic dipole matrix elemenpis , where
the sum over means the inclusion of all leveisf the atom.
The variabley™" is therefore evaluated in arbitrafiput of
course always the samanits throughout the paper.

C. Results for susceptibilities with no Doppler and laser
linewidths
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_5_ 2 i FIG. 4. The linear absorption [ny”] as a function of the de-
E 14 tuning A, around a single Rabi sideband and the pump field Rabi
=

0 ] frequency(}, for )4=160 GHz= 100y,
* 1 ' I ' 1 4 1

A/ 4pe range 0.X(,/04<0.25 the absorption maxima develop
regions with gain at their centers bounded by regions of
FIG. 3. The variables Iix"], Rex"], and[x""| in the pa-  higher absorptioti.e., the behavior presented already in Fig.
rameter range of a Kr atom with a small pump fielt,~0  4) In this regime there are in effect four absorption peaks,
and a modest Rabi frequency of the driving fidlh=16 GHz  the outer pair separated by a region of actual gain and the
=10vyyc. T_hese results_are similgr to_the previous res[t_ﬁﬁswhich inner pair by a region of very low absorptigentered on
were restricted to the linear regime in the pump Rabi frequency. A,=0). For largerQ,, the four peak structure and gain re-
gions are broadened and merge to form a single broad central
due to Raman pumping of population into the dressed statgain region spanning the frequency rantjé),/2. The re-
associated withb) (while the absorption becomes close to fractive index features Rg”] show a parallel behavior,
zero. evolving through the characteristic double dispersion struc-
In these conditions the population in statb, ture of the usual transparency range to develop additional
pou(A1,€2p), has reached significant valuest A|=Q4/2 it peaks in the parameter range €.Q,/3<0.25 to become
reaches a value of 0.1 for(,=2X 10°rad s 1); see Fig. a broad single dispersion profile type structure at larger val-
5. We furthermore note that the separation of the two rootsies of (),. In both cases the eventual broadening of the
asymptotically approaches the value(@f. The splitting of  structures for largél, can be interpreted as power broaden-
the absorption peak into a doublet is clearly visible and caring of the spectral features. The nonlinear susceptibility also
be understood as a second Autler-Townes splitting of thelevelops the four peaked structure in the same parameter
Autler-Townes satellites already “dressed” Yy, , with a  range and it too shows “saturation” at high@r, . It should
large gain region in the center. At the center frequency obe noted that althoughy™| does decline dramatically it
these split features the absorption becomes very(towan-  remains above zero & =0 (except neaf),/Q4=1, where
ishes and this coupled to the population fin) leads to the interference effects seem probabéssen for largeq,,. De-
appearance of gain. This can be interpreted as gain withoutructive interference is evident, however, beginning at the
inversion in the sense that we are in the regime where in theenters of the Autler-Townes satellites and resulting in zeros
bare atom basigy,<pc. (Fig. 5. The equivalent graphs for in |x™™| at A~ %25y, for Q,=Qyq.
[x™|, which are not presented here, show saturation and a Although the behavior becomes more complicated when
broadening of the peak, rather similar to the behavior oftwo strong fields are present, the features are interpretable in
Im[ x*] but with no negative region. We now consider theterms of the dressing of a three-level system by two strong
dependence on the detunidg of the susceptibilities in the fields. Other work on similar systems which examined spon-
situation where both driving fields are large. These are distaneous emission and absorption of strongly driven three-
played in Fig. 6 as a function of the rati@,/Q4 for level system$18] considers similar behavior. In our case the
Qq4/7vp.=100. We see a complex behavior displaying a num-second strong field(l) splits the Autler-Townes satellites
ber of features: at low values 6I,~0 the behavior shows (due to{)y) eventually driving them to a position such that
the usual induced transparency &t =0 with absorption the system can have a large response evefA,at0 thus
peaks separated by exactly;. As (), is increased into the severely modifying the systems response at these values. We
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@ susceptibility is close to zero even for small values of the
nonlinear susceptibility. The presence of gain on the
|b)-|c) transition in the single-atom response implies laser
type growth of the field ato, . We will discuss the possible
implications of this in Sec. V.

10% Imfx™]

o 1 2 3 4 5 Ill. FOUR-WAVE MIXING WITH EIT:
INCLUSION OF PHASE MATCHING

®) A. Efficiency of four-wave mixing
To calculate the intensity generated in a nonlinear wave-

mixing scheme we must, in addition to the computation of
02 the single-atom responsdgiven here by the susceptibili-
01 ties), calculate the effects of propagation through an ex-
oo tended medium composed of many atoms interacting with
U L AL the fields. Therefore the next task is to solve Maxwell's
2/ toe equations in a nonlinear, homogeneous, dielectric material in
order to include the effects of propagation and phase match-
ing on the nonlinear optical conversion efficiency. To do this
we make the following assumptions.
0.8 (i) The slowly varying envelope approximation. This
06 means expressing the field as the product of two compo-
0.4 nents, one of which oscillates at the optical frequency, and
02 the other whose time variations occur on a much slower time
00 +——— scale:E(r,z,t) = A(r,z,t)e (“"%d + ¢ c] and is valid for
0 ! ® aine ¢ ® our laser fields. The atomic polarization is then proportional
to the field strengttA(r,z,t).

FIG. 5. The absorption Ifie®] (a) and excited state population (ii) xnu s independent of time. This is not always a sat-
of level b (b) and ground-state population of level(c). The pa-  isfactory approximation in resonant nonlinear interactions in
rameters employed a®@ 4= 100y, andA,=0. the case of time-dependent pulses since there may be signifi-

cant changes occurring in the excited state populations dur-

note that the authors ¢1.8] have developed a dressed-stateing the pulse, but we are constrained to making this time-

interpretation for the emission and absorption spectrum of afidependent approximation in order to make our calculations

arbitrary bichromatically driven three-level system in thetractable.

limit of at least one intense driving field. Although their pa- (i) The group velocity is weakly dependent an i.e.,

per has not considered the nonlinear response, their approaiit phase-matching condition is constant over the linewidth.

is of value in understanding the behavior we observe. In (iv) The nonlinear interactions are solely due to the elec-

particular, they attribute the existence of gain regions to thdric dipole interaction, i.e., we can ignore the magnetic po-

interplay between ordinary stimulated emission, absorptioni@rizationM.

and spontaneous decay processes with the Raman transitions\We then obtain

induced among the atomic levels by the strong driving fields.

As opposed to ReﬁlS], we considgr the spectrum not on the VfA-(r,z,t) +2ik: iA.(r’Z,t):47Tw_2PNLe—iAka!

transitions on which the system is strongly driven, and the ! Yoz" 1

guantum dressed states need involve the photon number of (29)

all three fields. Any photon of one field can be exchanged by , , ) , )

a combination of the other two fields which leads to addi-WhereA; is the field amplitude at;, V, is the gradient

tional degeneracies of the bare states and thus to a moFQﬁr"?‘tor in cylindrical polar coordinates perpendiculaz to

complex picture than that of three dressed states for each s&t IS the nonlinear polarization ab;, and Ak; is the

of photon numbers which are separated by an equal amouMfave-vector mismatctAk;=k;—kf for the nonlinear pro-

of energy. cess coupling fields te; (see[19]). The above is in Gauss-
The discussion of the implication of the behavior of sus-ian units. ThePN" for our system is given by

ceptibilities on the efficiency of four-wave mixing is deferred

to the end of the next section in which phase matching will PNL(go,) = } FWA2p* (30)

be included. For large values 61, there appears to be a V=X peid -

“saturation” of the susceptibilities, with broadening of dis-

tinct spectral features, hen¢g™| is greatly reduced from After inserting Eq.(30) into (29) we make further assump-

the values encountered {, were small. This does not, tions.

however, necessarily mean that the four-wave-mixing effi- (i) The driving fields will be treated as constant in ampli-

ciency is small since, as will be seen in the next section, itude over distance and the nonlinear contributions to

phase matching is included the conversion efficiency deAy and A, are insignificant. Here we are ignoring any

pends uporx™™|/|x*|, which can become large if the linear changes irA; andA, due to the four-wave-mixing process.

0.3

Population of |b>

©

1.0

Population of |c>
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FIG. 6. The absorption Ifx"] (a), the dispersion Reg”] (b), and the nonlinear susceptibility™| (c) in the parameter range of a Kr
atom as a function of the detuning and the ratid},/Q for 4=100y,.. These results extend the linear parameter regime in the pump

Rabi frequency of Ref8].

(ii) Plane-wave geometry, i.e., a honfocused geometry. where

(iii ) Uniform number density in the mixing medium. This
ensures that™ is independent of.

This leads to

Ak|:k|+kd_2kp. (32)

Equation(29) describes the rate of change Af due to
the nonlinear four-wave-mixing process, ignoring the ab-
sorption and dispersion ab,. This needs to be included

2

LA FWA2p a-iAkz
aZAl | n(w|))\| X ApAde , (31)
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because we are close to resonance. If we do include thesan be solved to givd,. The boundary condition chosen

terms, Eq.31) (now in S.I. unit$ becomes here isA;(z=0)=0. This can be related to the intensity by
J C Ol Ewa2p a-inkz_ @
J— R 1Z__ A
Z A= o X AAGe 2CIm[)( 1A, |-:2—n|E-|2:2—nA-2 34
J Z J Z, ]
+i DR YAIA (33
2c X I -

where Z, is the impedance of free space. This calculation
This is a simple first-order linear differential equation which has been done to yieldee Appendix A

. 3wl N [1+e @Oz e (o/2)mix lzcog { Ak+ (w,/20)RE x*1}2)] .
(0= gz, X T 1Al A (w?l4c?)Im[ A2+ {Ak+ (w;/2c)Re AT} (39
|
It must be noted here that the contribution to the disperwhere
sion from thew, transition is treated separately from the EWI2l A 14l 12
other contributions due to its rapid variation close to reso- | — XAl A (39)
nancek, in Eq. (32) is the wave vector ab, due to all the ° (wfl4c?)| xA2+ Ak?+ (w/2c) AKRE AT’

other transitions apart from the, transition. _ _ _
It is interesting to note how this compares with the r&io WIFth o phz%se. m|sr;1atch Ak=0) and replacing
discussed if8]. Now if we ignore all phase mismatch due to Ix™"] |Ap| |Agl* with [A|* as discussed above we have

the other transitions, i.eAk=0, and take the terms that |A|2

affeqt the amplitude of, rather than itsz dependence we lo* i ay =R'20202. (40)
obtain Ix? P
|xFW|2 A2 In order to point out the relation betwed®’ and the
()% a7 * a7~ =R'? (36)  generated electric field at, we need to investigate the os-
X X954 cillatory term more closely. We define this term fas
rather than f=1+e (@/0imx"z
X A2 ) ~2e~ (I Tecog [A K+ (wi/20)RE x*T}2)
| (w)) AZ" SETNETIEA (37
[Imx1% [Imx 1% Q ]| (41)

which was proposed ifig]. The parameteR proposed by ~Making the coordinate transformation

Harris was derived by making more restrictive assumptions,

i.e., that the phase mismatch dueltk was zeraby addition 7' =ﬂlm[XA]z, (42)
of a suitable quantity of buffer gasnd that the dispersive 2c

influence on the generated intensity due t¢ y¥§ was also

negligible (by limiting the calculation to exact resonance _ (Re x"]+ (2c/w)AK) (43)
R’ thus represents a useful figure of merit that can param- Im[ x*]

etrize the four-wave-mixing efficiency for arbitrary detun-

ings. In the following we will consider this parameter to This simplifies to

investigate four-wave mixing under the influence of electro- , ,

magnetically induced transparency. f=1+e % —2e % cogC7). (44)

B. Propagation over finite lengths C. Four-wave mixing in the limit of no laser linewidth

. . . i or Doppler broadening
As discussed above, the intensity generated via four-wave

mixing as a function of the phase mismattk is given by From thg di;cussion in Sec. Il A we saw that the single-
Eq. (34). We can separate thedependence from Eq¢34);  atom contrllbunogm;[o generating a fieldag can be approxi-
this is conveniently expressed in terms of an amplitude mulmated byR’ =[x""|/|x"| (or as has been used in the litera-

tiplied by an oscillatory factor: ture, R=|x"|/Im[x"]). In Fig. 7 we have displayeR and
R’ for the same parameters as Fig. Ji.e.,
locl [1+ e (@1 /0 mix*1z Q4= 10ypc~7x10rad s~1,Q,~0). Concerning x| the

R units remain arbitrary due to the lack of knowledge of the
—2e” (@2OIMX oo {Ak+ (w/2c)RE x*1}2)],  (38)  matrix element on the two-photon pump transitidout of
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FIG. 7. The effectivity of four-wave mixing, as measured Ry
(@ andR’ (b) as a function of the laser field detuning on tre
transition for the same parameters as Fidi.8., Q4= 10y,.~16
GHz, Q,~0).

course is held constant throughout this pap&ince the
R x"] is identically zero atA;=0, the values ofR and
R’ will be equal at this position. The form &’ is similar
to reported experimental results.g., seq10]) whereasR,
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FIG. 8. Contour representation of the effectivity of four-wave
mixing, as measured bR’ as a function ofA, and the ratio
Q,/1Q4 with 4= 100y, in arbitrary units on a logarithmic scale.

A;=0 reaching a peak d2,/Q14~0.4. Here it seems that
|x"| has vanished, and tt®' becomes very large. This oc-
curs again when the ratio reaches 3.4. There is, however,

a difficulty in interpretingR’ when there is gain present
(Im[x"1<0) in the system, i.e., whef ;>0.25 the field at

w; would be expected to depend on the source term
ppe but to grow exponentially and not to depend on phase
matching. It would seem reasonable that sipggis in our
treatment(up to orders linear if)|) given by A+B in Eq.
(22), both |x”| and|x""| contribute to the generated field.
When gain is present the situation is therefore changed as the
four-wave mixing will still be parameterized by’ (the ef-
ficiency depends ofR’|?) but there will also be an exponen-
tial growth of the field withz due to the presence of this gain

because it does not include contributions to the phase matchsee Ed.(34)]. A situation in which both four-wave mixing

ing of Re x*], is not strictly valid forA;+0.
If we assume thaR’'(A;=0)=R(A,=0) determines the

and gain are operating simultaneously is clearly unugaal
situation in which stimulated emission competes with four-

amplitude of the field generated @t we can use this quan- wave mixing at separate frequencies is, however, discussed
tity to investigate how the generation efficiency at resonancén the literaturef20]), but this appears to be the case in this

is related toQ)4 and (2, within a regime where only)4 is
strong. We have investigate®R(A,=0) versus Q4 and
Q, with 1<Q4<30 THz, <Q,<10 MHz. We find that

regime. This point will be returned to in the next section.
We also present results that explore the spatidepen-
dence of the intensity of the field at,. This output field as

the value is essentially constant over the entire range onagell as depending orR’(Qde)2 also depends on the

Q>1v, and since generated intensi is proportional to
(RQde)2 we have a linear increase &f in the two Rabi
frequencies.

phase-matching factdrintroduced in Eqs(41) and(44). In
Fig. 9 we findf vs z' for different values ofC. C as de-
fined in Eq.(43) is essentially the ratio of total phase mis-

If we allow the two driving fields to be strong such that match to absorption: small values indicate that the coherence

Q,~04>> vy, (see susceptibilities plotted in Fig),&hen
we obtain results for the generation efficierRy shown in
Fig. 8. In this plot the value dR’ in arbitrary units is shown
as a function of the ratioQ),/Qy over the range
Aj=*100yy,. for a value of Q4=100y,.. When Q, is
small the single narrow peak structure centeredat0 (as
in Fig. 7) is seen. This corresponds to a small 4% and
large | x"™| at A;=0 while the zero value of Rg"] gives
optimal phase matching. At larger values(f the nonlinear
susceptibility |x7Y| decreases, however so does[jf]
(even becoming negatiyehence the ratidR’ increases at

length is much larger than the absorption length and large
values show that the opposite is true. In the former case we
would expect little dephasing of the propagation field over
the length over which the intensity grows, while in the latter
we would anticipate seeing the effects of much dephasing
(i.e., interference This is indeed seen in the results. We can
see that aftee’ >4 there is very littlez dependence on the
intensity, and that for very smal, the intensity is approxi-
mately a sinusoidal function of, proportional toR’. The
intensity as a function of the distanzewill be displayed
later when laser linewidth effects are incorporated.
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Markoff stochastic processes; this gives rise to a Lorentzian

1.4 line shape in the power spectrum. However it is at variance
12 with the essentially Gaussian profile encountered for most
o lasers. Since a Lorentzian profile has significantly larger val-
1.0 ues at large detunings from the center frequency than a
0.8+ Gaussian of the same width, it is worth bearing in mind that
= 0.64 we will probably be overestimating the effects of laser
o linewidths at large detunings. Similar treatments are reported
04 in the literaturd 22], but these are not then incorporated into
0.2 treatments that include realistic phase matching or the possi-
0.0/ e — bility of two. ;trong fields. ' ' o
o 1 2 3 4 5 6 7 8 9 10 The addition of the stochastic term into the Hamiltonian
z of the lasers affects the equations of motion of the density
®) matrix elementgsee[23]) by the addition of a decay term in
4.0- the off-diagonal elements only. If we go back to Et3) and
3.5.] add the laser bandwidths we obtain
3.0 1
2.5 Aap=— 5( Yat+ Y1+ ¥Yp)Pab— YiwabPab s
- 2.0-_
1.5 1
1.0 Age=— E( Yot Yd)Pac™ YiwacPac:
0.5
0.0+ B WL R L S N T 1 T 1 Ap.=— l — 45
0 1 2 3 4 5 6 7 8 9 10 bc 2 Y1Poc™ YiwbcPbe - (45

Zl

From the literaturdsee[24, 25) we find the following ex-

FIG. 9. The effect of phase mismatch as indicated by the funcpressions fory,;; :

tion f for C=1 (a) andC=20 (b).

Yiwab™= Yiwd » (46)
IV. TREATMENT INCLUDING REALISTIC LINEWIDTHS
. . L L . Yiwac= Yiwptt Yiwp2 T Viwp1p2s (47)
An experimental investigation of four-wave mixing inevi-
tably involves lasers with a nonvanishing linewid#ven in 1
CW experiments In a gas cell setup Doppler broadening Yiwbe=75 (ViwabT Yiwac T Yiwabad); (48)

will also be important. We will now consider these problems,

respectively, neglecting the effect of collision broadeningwhich is true when the coherengg, is driven predomi-
which is small compared to the other broadening mechanantly by the two-photon pumpwith negligible contribu-
nisms for the range of parameters in which we are presentlyons from the fields atsy and w,).
interested. It is easy to see the origin ¢#6) wherey,,q is the line-
width of the strong driving field. The form of;.c in (47)
A. Influence of the laser linewidths is due to the fact that thga)—|c) transition is of two-

So far we have assumed purely monochromatic radiatiorﬁhomn nature. Here,,,, refers to the linewidth of the laser

This means that the largest incoherent decay in the system ansition to the virtual half-way stateyp, to the laser up
due to spontaneous emission. A typical value for this woulqt0 th? two-photqn resonance, and thg,pp, i due tq the
be about 10 MHz. Now the experimental realization of Iargep055|ble correlation of the two lasers phase fluctuations,
Rabi frequencies requires the use of pulsed lasers, with typi-
cal bandwidths of up to 1 GHz. In order to appreciate how
laser bandwidths c_ould effect coherent processes it is useful if pland p2 are uncorrelatedy,,p; =0,
to adopt the following model. The fluctuating nature of laser
light can be though'g of as a monochrpmatic source with a p1 and p2 are anticorrelatedyypip2= — 2 Viwp -
degree of phase diffusion and amplitude diffusiGmg., (49)
[21]). Since the coherence between two levels depends on
the relative phases of the different order processes, we would We can see that if the lasers were truly anticorrelated the
expect the coherence to be strongly affected by this diffucontribution of the linewidth of the pump laser can be elimi-
sion. This is not the case for the populations as here theated. Normallypl andp2 will be due to the same laser, so
amplitude fluctuations are superimposed on a large constanjyac=4vp. The extray,apac term in Eq.(48) is due to a
value and are hence much less important. similar possible correlation, however the two lasers respon-
The effects of phase diffusion can be simply added to ousible for y, andyy will almost always be uncorrelated so
model if we use the Wiener-Levy modEl4]. In this, fre-  this term will be set to be equal to zero. So, to summarize,
guency fluctuations are regarded as zero-mean Gaussi#ime most common schemes will have

if pland p2 are the same lasey|ypip2=2Yiwp »
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1 whereErf[] refers to the error function.
Agp=— E('}’d"' Y1+ Yo+ 2%wd) Pab

C. Four-wave mixing with realistic linewidths:

1 Results and discussion
Aac:_§(7p+7d+87lwp)PaCi . . . . . .
In this section we discuss the main results, including the

influence of the various broadening mechanisms. Since the
(50) process of electromagnetically induced transparency has
been proposed as a way to enhance the nonlinear mixing in a
resonant four-wave-mixing scheme for the efficient genera-
tion of coherent VUV radiation, we will look at a typical
_ ) ) VUV scheme(sum-difference frequency mixing in krypton
_ Another broadening mechanism we need to include at fifog 27). In fact, the frequency of the two-photon transition
nite temperatures is the Doppler spread in Fhe fr(_equenme@,roviding the coupling,) is in this case in the UV, and to
seen by the atom@ven for a monochromatic fieldThis we  achjeve efficient two-photon excitatiomeeded to operate
deal with numerically by performing an appropriately this schemppulsed lasers are in practice the only option. We
weighted sum of the results of the calculation of susceptibili-gre of course constrained to using our steady-state model. We
ties over all the possible Doppler induced detunings. Let Ugyjl| pe particularly concerned with the effects of laser line-
takgv as positive when travglmg in the same direction as thewidth, Doppler broadening, and phase matching on the fre-
driving laser beams, the axis. As the atoms have thermal gyency up conversion. A discussion of the feasible parameter
velocities we only consider velocities in the direction of the5jyes in a realistic experiment is given in Appendix B. Here
laser beam(all second-order Doppler effects are ignored \ye yse the values of these parameters to calculate the likely
The frequency seen by an atom with velocityis given  pehayior of the system including our generalized treatment
(whenv<c) by of the single-atom susceptibilitigsith strong driving fields
and laser linewidthsalong with Doppler broadening and

1
Ape=— 5(% + Yiwdt 4Yiwp) Poc -

B. Incorporation of Doppler broadening

©(0)=(1= By, (51 phase matching.
where@=v/c. If this is substituted into the definition of the _Unfortunately because of the short wavelengtiugfand
detunings given if7], then we obtain f[he necessity to generate it via frequenc_y doubling even us-
ing a pulsed laser, the two-photon Rabi frequenfy) in
Ay(v)=Ap+2Bw,, this scheme will be relatively small, typically 60 KHz, as
a maximum in an unfocused geometsge Appendix A and
Ag(v)=A4+ By, therefore not greater than the Doppler width, so the condition
of two strong fields cannot be reached in this particular
A(v)=A+ Bo,. (52) scheme(except by tight focusing However, for alternative
schemes in alkali-metal vapofs.g., Li in which the two-
The normalized 1D Doppler velocity distribution is photon wavelength is in the visible or near IR range much
L larger (), values can be reached and the two strong fields
dN(vX)=NO(M/2wka)ie‘(M’2ka)”fdvx, (53  case accessed. Our calculations are performed using the Kr

atomic parameters, but these are representative to those en-
where Ny is the number densityM the massk, Boltz-  countered in other atomic systereg., L), and hence are
mann’s constant, and@l the absolute temperature. The prob- Still a useful guide as to what may be achieved experimen-
lem is now treated numerically. In order to obtain a plot oftally.
some functionf(Qy,Q,,7j,A{(v)) against some variable

a including Doppler broadening the procedure chosen here 1. Effects of laser linewidths on the behavior
is described as followsi) Determinef at a(large) number with a strong driving field
of points within the velocity spread for some valueaof(ii) The addition of the laser linewidths in the off-diagonal

multiply each value off by the appropriate weighting for density matrix elements will increase the magnitude of the
each velocity point(iii) the sum of these contributions is the incoherent decays substantially relative to the radiative de-
Doppler averaged value df at that particulaa. cays. The strong driving field has a linewidth of 500 MHz,
The appropriate weighting factor for a givenis the in-  and the pump field a frequency doublel, & 212.55 nm
tegral of Eq. (40) between v+dv and v—dv where  width of 2.5 GHz. The typical radiative decays are of the
2Ndv is the total velocity spread included. If we express thegrder of 10 MHz. Here we are interested in how the

distribution in terms of the root-mean-square velocity,s,  linewidths effect the magnitude of the absorption, dispersion,
1, and nonlinear susceptibility. Shown in Fig. 10 are the absorp-
dN(v,) =N/ V270 ,mee ™ 2°%Vmsdy, , (54)  tion, dispersion, and|x™| for the regime in which
Yiwd=500 MHZz, ¥,wa=0, ¥w=2.5 GHz. Assuming sponta-
then the integral betweer,; anduv,, is given by neous decay rates of krypton, we then obtain

Yap=3.28x10° rad s 1=5.21x10® Hz, y,.=3.31x10%

1 / rad s 1=5.27x10° Hz, and y,,=6.29x10° rad s?

2Vx!Urms), =1.00x10'"° Hz. Qg is set to ten timesy,. which is the
(55 largest of the incoherent decays due to the large bandwidth

—Erf

1
vazlvrms

1
AN(UX1,UX2): ENOErf
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FIG. 10. The absorption Ifix*] (a), the dispersion Ra”] (b),
and the nonlinear susceptibility™| (c) under the influence of
broadening mechanism withy;,,4=500 MHz, y,,=2.5 GHz;
Ypoppler=0.7¥ac @s in krypton at room temperature and
QdZZOyaC.

of the pump lasefand because this is a two-photon transi-
tion) and(}, is small in these plots. Importantly the destruc-
tive interference effects on the absorption cannot survive the
inclusion of such large laser linewidths. We see, however,
that the general form of the curves remains similar to those
in Fig. 3. The low absorption and vanishing dispersion at
resonance remain even with the inclusion of laser linewidths.
This, however, is at the cost of increasing the driving Rabi
frequency by two orders of magnitude so the resonant en-
hancement in the susceptibility is very reduced. Furthermore,
the actual magnitudes of all the susceptibilities are substan- (b) 004000
tially altered compared with those of Fig. 3.

We now use the results of Sec. Il to translate these al-
tered susceptibilitiesincluding laser linewidthsinto gener- ; ;
ated field intensities. These results are shown in Fig. 1131 f0r (8 A4=0and(b) A,=0 and in both cases the distanceThe
where a calculation involving the full phase-matching factor,P2[aMeters used ayg,q =500 MHZ, yi,,,= 2.5 GHz, 0= 10" rad

- —1 -
in addition to laser and Doppler linewidths, has been per> £,=6 10 rad s, and a pressure qf = 1 mbar has been

formed. In the plots shown there is no absolute intensityassumed'

scale(due to uncertainties in the magnitude |af*']), but  11(b) haswy tunable andw,, fixed and in two-photon reso-
the relative magnitude between plots is preserved to enableance. In Fig. 1(a) a strong growth in intensity is only en-
comparisons to be made. In these plfts = 102 rads™*  countered for laser detunings close to resonakce0, and
and Q,=6X 1Cfrad s (comparable to the conditions in elsewhere the growth in the field intensity shows a damped
Fig. 10. The intensity is plotted as a function of laser detun-oscillatory behavior. In this case the growth saturates on
ing and of path length for a gas density of 1 mbar. Tworesonance after a path length of 2 mm. Figuré}lindicates
alternative detuning scenarios are considered. Figufe) 11 a different situation in which the driving field is operated far

has wy remaining fixed and resonant amg, tuned. Figure from resonance: in this case more efficient four-wave mixing

I (arb. units)

0
& ae

FIG. 11. The observable intensityas a function of the detuning
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the phase matching is perfect. Therefore it is necessary to
calculate the intensity using Eq34) which accounts not
only for phase matching over a finite length, but also for the
gain. Notice in this equation that the light intensity generated
due to the gain grows exponentially with distance, therefore
the relative importance of four-wave mixing and amplifica-
tion through the medium is crucial. The four-wave mixing
dominates at first, but as propagation distance increases the
amplification effect becomes increasingly important. In ef-
fect the coherent light from four-wave mixing acts as a seed
in the subsequent amplification. We plot resultsddl mbar
gas density and a path length of 10 mm: under these condi-
tions the generated intensity departs significantly from the
form predicted byR' in Fig. 12. It should be noted that for a
200  -100 0 | much shorter path lengtte.g., 1 mm R’ would be a good
guide to the dependence in the generated intensity.

The most significant features in Fig. (BB are the three

FIG. 12. Contour representation of the effectivity of four-wave P€aKs atA=0 and A=*20y,.. The central peak which
mixing, as measured bR’ as a function of the laser field detuning PErsists to higher values i, /(1 arises from the near van-
A, and the ratid2, /Qq for ,,¢=500 MHz, y,,,= 2.5 GHz, high ishing of.absorptlon at zero detunln_g that eyolves into a
Q,, andQ4=20y, in arbitrary units on a logarithmic scale. broad gain feature at higher pump fieltiee Fig. 6. The

feature here is due to both FWM and gain. The two satellite

appears to be possible. The peak intensity saturates mopgatures are more localized b,/ andA, space and cor-

; espond to the strong gain features, associated with the
slowly and is reached only after lengths greater than 40 m _ .
It is also an order of magnitude larger than in Fig(dll Autler-Townes peaks whefd,/€}q = 0.1, already seen in

Although interesting, this behavior is unlikely to be useful in Figs. 4 and 6. These are very pronounced features arising

a real scheme since the three level and other assumptions a{}reedom!nantly from the gain present' at th|s'frequ.enc.:y,. and
violated in situations with such large detunings. our ability to accurately calculate their magnitude is limited

due to the uncertainty in the absolute magnitudgd¥, and
. . because a smafl, is an inherent assumption of our model.
2. The effect of laser linewidths on the behavior In order to evaluate the high intensity at the sidebands we
with two strong fields have plotted in Fig. 1®) this value as a function of the

We now turn to the case where both laser fields are strongqump Rabi frequency, .

Although not readily achievable in unfocused experiments
relevant to VUV generation at present, this regime should be
accessible for atomic schemes, such as Li, in which all the
relevant wavelengths are in the visible or near IR range. In  Of the assumptions that we have made in modeling our
Fig. 12 the ratidR’ is plotted including laser linewidths. This system, the steady-state assumption is probably the most lim-
is analogous to the case displayed in Fig. 8 for which theting. The requirement of intense laser fields often restricts us
laser to the use of pulsed lase(® most cases with typical pulse
linewidths were omitted. Most importantly we see that thelengths of a few nanoseconddhis means that in order for
form of the plot ofR’ versusA, and(),/( is still related to  the steady-state approximation to be valid we would require
that displayed in Fig. 8. At the very lowest values@f a  our frequenciesincoherent decays and Rabi frequenties
single broad peak in the ratio is seen as a function of lasese considerably larger than the 250 MHz bandwidth of
detuning. This evolves into a three peaked structure for modthe laser. This figure is in fact close to the one we would
est(),’s, which is explicable in terms of the dressing of the expect for the radiative decays and the Rabi frequency of the
Autler-Townes satellites, by the pump fiell}, , already seen  pump transition in many VUV experiments so this will limit

in Figs. 4 and 6. For highe);’s the three peaks split apart the utility of the approach in modeling pulsed experiments.
and grow, especially that at zero detuning. This correspond&nother outcome of requiring time independence for the ma-
to the appearance of negative valuigain in Im[x"]. The trix M is that we cannot have more than one coherent cou-
vanishing ofR" at ,/Q4=1.0, due to destructive interfer- pling between any two levels. This removes any opportunity
ence in|x™|, is also still present. A subsequent riseRh  for including an electric quadrupole or magnetic dipole tran-
for Q,/Q4>1.0 mirrors that in Fig. 8. sition betweerja) and|c) .

These results clearly show strong evidence that the dress- The assumption of a plane-wave geometry is in general
ing of the atom by the strong fields still leads to extensiveacceptable in pulsed experiments siridein the likely ex-
modifications to the nonlinear optical properties even wherperiments this will be close to the actual situation since un-
the laser linewidth is large. However, we cannot ignore thdocused or weakly focused beams are likely to be used, and
fact that for conditions with finit€), there is gain present in (ii) some qualitative features found in this limit would be
this systenisee Fig. 4. This gain also survives the inclusion expected to survive even if a tight focusing geometry is used.
of finite laser bandwidth. Since gain is pres&itdoes not A treatment of focused Gaussian beams in a tight focusing
give a reliable guide to the total intensity generated, even ifimit, although more realistic for a CW experiment in which

AI / Yac

V. DISCUSSION
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FIG. 13. The observable intensityas a function of the detuning
A, and the ratid),/Q4 (a) and two cross sections on a logarithmic
scale(with basis 10 at A;=0.5Q, [b(i)] and A;=0 [b(ii)] (at the
distancez=1 cm and pressurgp=1 mbar, laser linewidths
Yiwa=500 MHz, y,,,= 2.5 GHz, and4=20y,).

dence of the susceptibilities, which would require calculation
of the local single-atom response at each point in the focal
volume. Moreover recent experiments have indicated the po-
tential difficulties that will arise due to spatial modification
of the laser beam arising from the intensity dependence of
Re[x"] [13].

We have not included any competing processes such as
photoionization and multiphoton ionization which can be im-
portant under certain circumstances. Although the atomic
schemes were chosen such that direct single photon ioniza-
tion out of excited state) and|b) is not possible from
the field atwgy, single photon ionization from stata) due to
the field at w, can occur. Moreover the large value of
Q4 makes multiphoton ionization rates appreciable. These
are not included in our calculation even though they could
have two effects. The first of these is the direct effect on the
atomic response caused by depletion of populatitre
three-level system is no longer clogeahd any additional
accompanying lifetime broadening. Second, when the photo-
electron density becomes significant the phase matching due
to contributions from these electrons will need to be in-
cluded.

An important feature of our work is that in the results
presented we are trying to use experimentally realistic pa-
rameters. We use real atomic transition strengths and wave-
lengths together with realistic laser bandwidths and Rabi fre-
quencies for pulsed laser systems operating at these
wavelengths enabling us to use the theory to provide realistic
predictions for, e.g.x* and hence the absorption length and
the achievable degree of dispersion. We also take advantage
of algebraic computations to invert the fully dimensional ma-
trix governing the dynamics of the density operator which
allows us to stay away from the more restrictive assumptions
in many of the models in the literature. These include assum-
ing the populations of the excited states to be zero and only
treating(},, to first order. By keepingly and(}, to all or-
ders we can investigate a larger range of parameters and are
not restricted td14>(),. This allows us to look at situations
whereQ 3~

We are also exploring a regime in which “gain” due to
the negative value of Ily”] at w, is present simultaneously
with a source of field aty, due to|x™"|. This is an unusual
situation and has several interesting consequences. As was
explained above, the relative importance of the two pro-
cesses depends on the path length. The growth of the field
due to gain depends exponentially on the path length, while
that due to FWM depends in detail on the phase matching.
Over short distances the build up of the field due to stimu-
lated emission will be small and here we would expect ra-
diation generated by four-wave mixing to dominate. The two
processes will, however, be coupled, with the four-wave
mixing, in effect, acting as a seed for the amplification by
stimulated emission. This then means that, providing the
competition from amplified spontaneous emission is small,
we have a radiation source with coherence and other proper-
ties controlled by those of the input fields, as in a normal
parametric process, but with very significant additional am-

focusing is needed to achieve viable Rabi couplings, wouldglification due to the gain. We believe that this situation,
in practice be more difficult to carry out. This is because ofunique for strong field resonant FWM, could lead to a poten-
the additional complexity introduced by the intensity depen-tially exploitable VUV light source.
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VI. CONCLUSIONS )
o o A,=e*'j Qe '2kzeldz+ce™!, (A3)
We have explored the efficiency of four-wave mixing un-
der the inﬂuencg of elect.romagneti.c_ally induced trr;ms.par\-NhereI — [Pdzso0, in our case,
ency on two nonlinearly driven transitions. We have derived
a variableR’ governing this efficiency differing for nonvan- |=Pz (A4)
ishing detunings\, from previously known results and find
it drastically enhanced when both Rabi frequendigsand
Q4 are large and comparable. We have estimated a realistic
range of parameters using data of various noble gases and _ , » B
estimated the extent under which the effect of enhanced four- =Qe P 1(P—iAk)e" 125+ ce™ P2
wave mixing is reduced due to the influence of Doppler — e Pz a(P-iAk)Z_ i -Pz
broadening, laser phase fluctuations, and phase mismatching. Qe (e DI(P=iAl)]+ce ™ (AS)
A resonant enhancement in four-wave mixing is still observ-The boundary condition of\(z=0)=0 can now be ap-
able under the realistic conditions considered here. plied:
When both fields are strong we see, in addition to four-

wave mixing, that strong gain can occur at certain frequen- 0=c (A6)
cies. This arises due to Raman pumping of population int
the upper levels; the vanishing absorption then leads to
gain without inversion. In the presence of seed light from the Q _
accompanying four-wave-mixing process we predict that am- A :(P_Tk)[efmz— e "7 (A7)
plification will occur in this situation.

AlzefPZQJ‘ e(PfiAk|)zdz+Cesz

(Leadlng to
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2n
I=>|A]? (A9)
APPENDIX A Zo
The purpose of this appendix is to show that Bf) can  (see[29)).
be derived in a straightforward manner from E8@), which B X i Akg— P Ak
can also be written in the form I 2_n|Q|2[1+e (PHP")z_ g-iAkzg=P"z_ g +idkzg=P7)
Z, |P|*+AK*+iAk(P—P*)
J .
AT PA=Qe 1Ak, (A1) (AL0)
now, from our definition ofP andQ,
where o
P—P*=—i_Rex"],
w .
P= s {ImIx"]-iRd x"]} )
2_ 2 1A
) [P2=alx"?
Q=i Zc FW(—w|,2wp,—wd)A’23Ag (A2)

w
P+pP* :E'm[XA]’
for = w,. We would like to emphasize that these suscepti-
bilities include the number density as in Eq.(25). Thisis a 9w?

w
linear first-order differential equation with nonzero RHS that |Q|2:@|XFW|2|Ap|4|Ad|Z' (A11)
can be solved easily, for example following the method de-
scribed in[28]. The solution is given by thus

2n [1+ ef(w/c)lm[XA]z_ ef(wIZC)Im[XA]Z(e{*iAk*(wIZC)Re[XA]}z_F c.c)]
(0?14c?)| XA+ Ak?+ (w/c) AKRE x*] '

(Al12)

2n[1+e (@omx"z_ e (w/20)mx"zcoq{ Ak+ (w/2c)RE x*]}2)]
7 (0%/4c?)Im[ Y 12+ {Ak+ (w/2)cRe Y 1}2

(A13)
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which leads us finally to Eq.35). :
|E(w--)|=( ) (B6)
APPENDIX B ! NCepTA

We devote this appendix to the estimation of the mainwhich leads to
variables in our model. These afg;, (), and the detun- 1 1
ings, which we will treat in this order. As the transition be- 1 3mecd) 2 2E \z
tween|a) and|b) is an E1 allowed transition, we can use 0g=|5AapX 3

. X . ) 2 hwy Nceg7A
the simple relation given in Ed5):

(B7)

The laser system used in our experiments delivers 50 mJ in a

hQg= pap|E(wg)]. B 4ns pulse with a beam diameter of approximately 5 mm.
The dipole moment matrix elemept,, can be rewritten in This gives rise to an unfocused electric field strength of
terms of the Einsteii\ coefficient: | Eunfocuseh~21.9% 1PVm (BY)
unfocuse: . .
3
@ab For th transition, theg,=1, Asp=49x10° s?
A= ale-rlb)2 B2 or the wg;, transition, theg,=1, A,y s~ ! (see
a7 3 regh ce m Kale-rlb)] (B2 [17]), and w,=95x 10'® rad s 1. This gives us
(see[30)). It is of course important to consider the degenera- Qamax~1.6xX10PX|Ey4|~3.5x10% rad s1. (B9)

cies. In the case of two nondegenerate levels, the dipole mo-
ment refers to the line strength. If the calculation of the RabiObviously this is only an estimation, but it tells us that
frequencies is performed including degeneracy then they wilf2q4’s of the order of a few THz should be reachable.
depend on a thregsymbol(see[16]). This means that when The estimation of), is less exact due to the lack of any
we consider a degenerate two level system there is no singRxperimental data on the transition strength of the two-
Rabi frequency. The statéa) and|c) in Kr areJ=0, and  photon transition. For a two photon transition we have

the |b) state isJ=1. If linearly polarized light is used the

allowed transitions within they; degenerate sublevels are ﬁﬂ_:l (dlqu)(dq2E;)|E 2 (B10)
limited to one, leading to population trapping in the U 2q,alfstates 1 P
|b>mj:il states due to the spontaneous decays. This will be 17 Eq Eh“’ij

a small factor effecting the population and can be ignored.
The available data on the Kr transitions is in the form of(see[16]). Looking at the energy level structure of Kr we can
Einstein A coefficientgor lifetimes. Since the spontaneous see the additional levels all lie above tf& state in Fig. 1.
decay occurs in all polarizations, this refers to the decayrhis implies that most of the two-photon coupling strength
from |a)J:0,mj:0 to any of the|b)J:1mj:0:1 states. What comes from the leveb). So, if the only level we sum over
we are specifically interested in is the transition rate betweei$ |b) then we can simplify(A7) to

|a>mj:0 and|b>mj:0. The branching ratios of the so-called

. 1
J.| coupled syst'em can be' approxmated by tha}t of a Russel- = Mbciab
Saunders coupling. This gives theratio to be twice that of - 2
: i ) ) hQ,~ |Ep|°. (B11)
the s's so a factor of a half is phenomenologically intro- 1
duced: fi| wpc— Ewac
1
1 3me,c)2 Here again the;;’s refer to the line strengths rather than the
Qd:(EAabXW X|E(wy)] (B3)  dipole moments. The calculation @f,, is done as in the
d treatment forQ)4, i.e., with the factor of. For u,. we also
given we know A,, it only remains to estimate the have aJ=1—J=0 transition. The experimental data are
[E(wy)). given in terms of absorption oscillator strengths;
The relationship between intensity and the modulus of thdco=0-15550.011.  Again this is absorption from
electric field for plane polarized, collimated light is C)a=0m=0—|D)s=1m -0-1 @nd we want the transition
strength betweeric>3:0'mj:0—>|b)kl,mjzo. The transfer
1 L
| = 5”060|E(wij)|2 (B4) from f., to Ay is given by
g €wf
S@g[%]) and between the energy of the pulse and the inten- Abc:g_b 2meqmc (B12
£ This leads to
= (B5) e~ 6.98x 107 Cm, (B13)
where E designates the energy of the pulse in Joulethe tap~1.21x1073° Cm, (B14)

pulse duration in seconds, a#dthe cross-sectional area in
square meters. Then finally and thus to
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If we tune the driving laser while keeping the pump field on
resonance, then we have,=0, andAy=A,. Because the
The pump laser field is provided by an excimer pumpedeffect we are interested in is electromagnetically induced
dye laser that produces a 20 ns pulse of 212 nm radiatiotransparency, the most advantageous case is for the driving
with an energy of 0.5 mJ. The beam diameter is also approxifield to be on resonance at all times. So for the results pre-
mately 5 mm giving rise to an unfocused electric field sented in this paper we have
strength of E,| =9.79x 10°. So, all together we get an order
of magnitude estimate of),yax~6X% 10* rad s ! for the

0,~5.95x 10 §|E,|2. (B15)

unfocused case. Aq4=0, (B17)
Obviously there is no experimental constraint on the de-
tunings(but the theory will break down iA/Q)>1) but there Ap=4y, (B18)

is a choice to be made on the detuning scheme. From energy

conservation we have

Ap:Ad+A|. (816)

and most of the line shapes will be given as a function of
A
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