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The theoretical basis for electromagnetically-induced focusing~EIF!, which is caused by spatial variations in
the coupling laser strength in an electromagnetically-induced transparency~EIT! experiment, is studied in
detail. Using a numerical model it is shown that radial changes in both absorption and refractive index are
important in predicting the probe beam’s propagation conditions. Detailed calculations of the focusing and
defocusing during EIF under various conditions are presented and compared with appropriate experiments.
Diffractionlike patterns are predicted for, and observed on, a probe beam after propagation through a smaller
EIT aperture.

PACS number~s!: 42.50.Gy, 42.25.Bs, 42.50.Hz, 42.60.Jf

I. INTRODUCTION

Recently it was demonstrated that within an electro-
magnetically-induced transparency~EIT! experiment @1,2#
the Gaussian transverse intensity profile of the coupling laser
beam led to focusing and defocusing observed on the weak
probe laser beam@3#. This electromagnetically-induced fo-
cusing~EIF! was attributed to the spatially varying refractive
index profile in the vapor cell caused by the range of cou-
pling laser intensities at different transverse points within the
beam. In this paper we present the results of detailed calcu-
lations for the propagation of the probe beam within such an
experiment, including the change in both refractive index
and absorption, and show that the focusing and defocusing
induced on the probe laser are due to a combination of ab-
sorption and refractive index effects. This radically alters the
expected variation in probe beam sizes after the EIT region
from that of the previous prediction which involved only the
refractive index contribution@3#.

The properties of EIF are important to evaluate because
they concern the design of any experiment in the field of
atomic coherence. Not only will EIT experiments cause this
form of cross focusing, but also experiments in inversionless
lasing@4,5#, where a strong coupling laser is used to prepare
the atomic conditions, will experience similar effects, which
cavity design will have to accommodate. Furthermore, ac-
cess to ultrahigh refractive index without absorption@6,7#
will give rise to lensing on the probe beams in a similar
manner. Overall, the majority of the theories in these areas
has, so far, dealt with plane-wave approximations, and the
effects of spatial variations are now important to evaluate in
light of several experiments being conducted worldwide.

II. THEORY

In order to calculate the propagation of a probe beam
within an EIF system, we proceed in two parts. The first part
is to calculate the atomic conditions as they change radially

within the cell. This is accomplished by a standard density-
matrix analysis for a three-level cascade atom, which in-
cludes the effect of Doppler broadening by numerical inte-
gration. The equations for the slowly varying density matrix
components are@8,9#

ṙ115 iV12~ r̃212 r̃12!1G21r221G31r33, ~1a!

ṙ225 iV12~ r̃122 r̃21!1 iV23~ r̃322 r̃23!2G21r221G32r33,
~1b!

ṙ335 iV23~ r̃232 r̃32!2G32r332G31r33, ~1c!

r8 1252 i ~D12 ig12!r̃121 iV12~r222r11!2 iV23r̃13,
~1d!

r8 2352 i ~D22 ig23!r̃231 iV23~r332r22!1 iV12r̃13,
~1e!

r8 1352 i ~D11D22 ig13!r̃131 iV12r̃232 iV23r̃12, ~1f!

with the subscripts referring to the three levels numbered
from the lowest to the highest energy state. The detunings are
defined as

D15v12v122k1Vz , ~2a!

D25v22v232k2Vz , ~2b!

with v1 andv2 denoting the frequencies of the applied opti-
cal fields,Vz the atomic velocity along the cell length,k1 and
k2 the wave numbers of the applied optical fields, andv12
andv23 the energy separation of the appropriate levels. The
Rabi frequencies are

V125
m12E1

2\
, ~3a!

V235
m23E2

2\
, ~3b!

with E1,2 the electric-field strength of the applied radiation
andm12,23 the transition matrix elements for the transitions.
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The population decay rates~Gi j ! were set toG12540 MHz,
G2351.6 MHz, andG3152.6 MHz, and the coherence decay
rates~gi j ! according to

g125
1
2G21, ~4a!

g235
1
2 ~G211G311G32!, ~4b!

g135
1
2 ~G311G32!. ~4c!

The wavelengths and energy-level decay rates were chosen
to reflect the experiments conducted with counterpropagating
coupling and probe beams on the 5S1/2-5P3/2-5D5/2 energy-
level scheme in rubidium@10#. The equations are solved by
invoking steady-state conditions~appropriate because of the
employment of single-frequency continuous-wave lasers in
the experiment! and thus setting all the time derivatives to
zero. Equations~1a!–~1f! can then be split into nine real
simultaneous equations, using the properties of the density
matrix, and solved, using normal linear algebra routines.

Figure 1 displays three sets of results for~a! the absorp-
tion ~from the imaginary part ofr12! and~b! the phase delay
~or change in refractive index, from the real part ofr12!
against the tuning of the probe laser. The three curves in each
graph are taken for different radial points on the coupling
laser profile. Curve~1! has a coupling laser Rabi frequency

~V23! of zero and hence represents the conditions in the va-
por outside of the coupling laser. Curve~2! is for the waist of
the coupling laser withV235162 MHz, and curve~3! is for
the center of the Gaussian profile withV235440 MHz. From
these curves the radical changes in spatial conditions within
the cell can be deduced. For example, with the probe tuning
at line center, the middle of the probe beam will have low
absorption, but the wings, if they extend outside the coupling
laser profile, will have absorption. Conversely, at a probe
detuning~D1! of 0.25 GHz, the situation is actually reversed,
with higher absorption on the axis.

To show the radial conditions clearly, Fig. 2 displays
curves of~a! probe absorption and~b! phase delay calculated
as the coupling laser Rabi frequency changes with a Gauss-
ian distribution of waist sizev0. The individual curves cor-
respond to different probe tunings relative to line center, as
noted in the caption, but, in summary, curve~1! is for line
center and the rest follow a progression in increasing detun-
ing. Taking the absorption conditions first, we can see that
there is a relatively wide transparency window for the probe
to propagate through at line center, but this progressively
narrows and becomes less pronounced as the probe tuning
changes. We can expect this to clip the edges of a probe
beam of similar width to the pump. As the detuning increases
past the peak Rabi frequency of the coupling laser, the situ-
ation reverses, as noted above, and the absorption actually
becomes greater on the axis, favoring the propagation of the
outer edges of the probe beam. The refractive index also
changes over this same detuning range. Initially, on zero de-
tuning, the refractive index has no radial variation~as noted
in @3#!, but in curve~2! there is already a strong variation.

FIG. 1. The absorption~a! ~from the imaginary part of the off-
diagonal density matrix elementr̃12! and the phase delay~b! ~or
refractive index change, from the real part ofr̃12! against probe
detuning ~D2! for coupling laser Rabi frequencies~V23! of ~1! 0
MHz, ~2! 162 MHz, and~3! 440 MHz. The counterpropagating
beams have 780 and 776 nm probe and coupling laser wavelengths,
respectively; the gas temperature is 320 K; the coupling laser is
assumed resonant~D250!.

FIG. 2. The absorption~a! and phase delay~b! against radial
position with respect to the center of the coupling laser Gaussian
profile. Curves~1! to ~5! in both plots and curve~6! in ~a! corre-
spond to probe detunings of 0, 0.05, 0.1, 0.15, 0.2, and 0.25 GHz,
respectively. The radial position is scaled in units of the coupling
laser waist sizec. The peak coupling laser Rabi frequency is 440
MHz; other parameters are as in Fig. 1.
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While 21,r /v0,1, the curvature displayed gives less phase
delay on the axis and hence imposes a diverging curvature on
the probe wave front. In later curves this is reversed and a
converging curvature is imposed. However, the behavior of a
probe beam in the cases described by curves~2! and~3! will
be strongly dependent on the relative initial coupling and
probe waist sizes due to the change in curvature with radial
position. Therefore, distinct non-Gaussian probe output
beams are to be expected.

In order to calculate the combined effects of these unusual
radial variations in refractive index and absorption on the
propagation of a probe beam through a cell prepared in this
way by a coupling laser, a matrix solution of the Maxwell
equation was followed as detailed by McDuff@11#. The treat-
ment proceeds in only one transverse dimension, but it is
valid for circularly symmetric conditions and is sufficient to
give a good insight into the EIF phenomenon. The method
proceeds by resolving the spatial information of the input
beam and the medium’s susceptibility to a linear combina-
tion of Hermite-Gaussian modes, using the properties of
these to recast the wave equation into a matrix form ame-
nable to numerical solution. Therefore the complex electric-
field amplitude is expressed as

E~x,z!5 (
k50

`

f k~z!ck~x!, ~5!

where

ck5CkHkSA2xr 0 D expF2S xr 0D
2G ~6!

is the Gaussian-Hermite mode of orderk. Furthermore,Hk is
the Hermite polynomial of orderk; Ck is defined as

Ck5@Apr 02
~ i21/2!i ! #1/2 ~7!

to ensure orthonormality of the modes; andr 0 is a scaling
constant. This constant is chosen to match the Gaussian-
Hermite mode sizes to roughly the beam waist of the profile
being decomposed to ensure swift convergence of the modes
to form the beam profile. The propagation of the mode
weights, f k(z) is then given by

d fk
dz

52EI f k , ~8!

and if the propagation matrixEI is independent ofz

f k~z!5exp~2EI z! f k~z50!. ~9!

The propagation matrixEI takes into account spreading of the
beam due to diffraction and the variation in absorption and
refractive index experienced by the input beam. The defini-
tion is involved, and thus not worth repeating here, but is
stated below Eq.~17! in Ref. @11#.

In the implementation of this analysis it was assumed that
the coupling laser beam is uniform throughout the cell. This
assumption is realistic if the coupling beam is sufficiently
collimated so as not to spread appreciably because of diffrac-
tion during propagation through the cell, and the probe beam
is sufficiently weak so that the propagation of the coupling

beam is unaffected by the interaction medium. These as-
sumptions could be removed by numerically integrating
along the beam paths within the cell if necessary, but that
complication is not required here to gain an understanding of
the nature of electromagnetically induced focusing. In the
implementation, the matrix exponential function was com-
puted via a~4,4! diagonal Pade´ approximation@12# and de-
composition up to the 40th order of Hermite-Gaussian modes
was used~although this was extended up to the 60th mode if
the coupling and probe beams were of widely different sizes,
e.g., in Fig. 8!. Since all the experimental observations of the
beam size changes were made some distance back from the
cell end, because of the counterpropagating arrangement the
calculation was extended for propagation of a set distance
through a homogeneous medium after the cell end. This was
done by propagating each of the Hermite-Gaussian modes
excited at the cell end for the chosen distance through air
@13# and then recombining them with the appropriate
weights, f k(z) ~as calculated above!, at the observation
plane.

The result for the beam waist at the 1/e point after the
probe beam has been propagated through a 10-cm vapor cell,
and then 50 cm following that in air, is shown in Fig. 3,
along with the corresponding intensity of the transmitted
light. ~This was calculated by numerical integration of the
output beam profile.! The input beam waist sizes were 1 mm
for the probe and 2 mm for the coupling laser. These rela-
tively large beam sizes were chosen to avoid significant dif-
fraction in these propagation distances and to allow the EIF
behavior to be unambiguously observed. As can be seen, the
behavior is predominantly one of defocusing in the highly

FIG. 3. The calculated transmitted probe irradiance~a! and
waist size at the 1/e point ~b! for the probe electric-field amplitude
after propagation through a 10 cm rubidium cell and 50 cm in air
thereafter. The horizontal line in plot~b! is the undisturbed waist
size for propagation over this distance. The initial probe beam waist
size is 1 mm, the coupling laser waist size is 2 mm, and the peak
Rabi frequency is 440 MHz; other parameters are as in Fig. 1.
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absorbing wings of the line and focusing within the EIT win-
dow. The overall behavior is rather different from that pre-
dicted by the simple method used in Ref.@3#, and this is due
to the effect of the spatially varying absorption conditions in
the cell.

To illustrate the various contributions, the propagation
was calculated via the model, ignoring first the refractive
index information@Fig. 4~a!# and second, the absorption in-
formation @Fig. 4~b!# to separate the effects of the two con-
tributions. The refractive-index-only calculation is very simi-
lar to the prediction of Ref.@3# and shows equal regions of
focusing and defocusing around the zero detuning point. The
absorption contribution is notably different, however, and is
symmetric on either side of the zero detuning point. The
focusing behavior near the central point is due to good EIT
being experienced at the high-intensity regions of the cou-
pling laser beam and poor EIT being experienced by the
probe in the wings. This leads to clipping of the beam and a
smaller transmitted spot. The defocusing in the wings is due
to the opposite absorption variation. At a probe detuning
similar to the peak coupling laser Rabi frequency induced in
the atoms, the center of the probe beam experiences high
absorption because the Autler-Townes component has been
shifted to be on resonance with the probe. The edge of the
probe beam, on the other hand, has less absorption because
the Autler-Townes splitting is less and the probe detuning
puts it in the wings of the absorption feature. These condi-
tions can be seen in Figs. 1 and 2.

How these two contributions combine to give the result-
ing output depends on the propagation conditions after the
cell. If the probe beam profile is interrogated at the end of the
cell, it follows the absorption conditions very closely. The
wave fronts have had a phase modulation impressed on them
by the refractive index changes, but only after propagation

over a distance will this translate into a focused or defocused
beam. Thus the results of Fig. 3~b! consist of a mixture of the
two contributions, as the refractive index contributions have
led to an effect on roughly the same magnitude as the ab-
sorption contributions over the 50-cm propagation distance.
Therefore, there will be different regimes for the observation
of electromagnetically induced focusing: the near field,
where the absorption effect will dominate; the far field,
where the refractive index effect will dominate; and an inter-
mediate regime, where both are important.

With this understanding in place, the parameters for the
modeling were then chosen to reflect the experimental con-
ditions more closely. The probe waist size was reduced to 55
mm, with the focus taken at the cell center, and the coupling
laser waist size was reduced to 110mm. With these relatively
small waists, which give confocal parameters for the beams
less than the overall propagation distance, diffraction effects
will be important at the camera plane. In the experiments
described in this paper, as opposed to those in Ref.@3#, the
cell length was 2 cm and the charge-coupled device~CCD!
was placed approximately 20 cm after the cell end, so these
parameters were used. The variation in probe full width at
half maximum~FWHM! ~as measured in the experiments!
then predicted is shown in Fig. 5 and is very different to that
of Fig. 3~b!, where the probe does not experience a tight
focus. Under these conditions, focusing within the cell from
EIF will tighten the probe waist and lead to a larger spot size
observed on the camera plane; similarly, defocusing will lead
to the opposite effect. To display the different contributions
from the absorption and refractive index variations, Fig. 6
repeats the calculations, ignoring the refractive index infor-
mation ~a! and then the absorption information~b!. The re-
sults show that the overall variation is different from either
of these and that the inclusion of the spatially varying ab-
sorption into the calculations is important.

It is interesting to see that there is a certain finite change
in probe size at zero detuning and that this is entirely due to
the absorption variation. In the earlier work@3#, when ab-

FIG. 4. The calculated probe waist size for the propagation con-
ditions of Fig. 3 but ignoring the refractive index information~a!
and the absorption information~b! within the vapor cell, leading to
a separation of the effects of both contributions. The reference line
and parameters are as in Fig. 3.

FIG. 5. The calculated probe FWHM after propagation through
a 2 cm rubidium cell and 20 cm in air thereafter. The horizontal line
denotes the waist size under diffraction-limited propagation condi-
tions. The undistributed probe beam waist size is 55mm, with the
focus located in the cell center. The coupling laser beam size is 110
mm, and the peak Rabi frequency is 220 MHz; other parameters are
as in Fig. 1.
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sorption information was not taken into account, free-space
propagation was predicted for the line center. With the ap-
preciation of the radial change in absorption, this will now
not be the case unless the probe is restricted to a small pro-
portion of the coupling laser profile, where there is essen-
tially no change in spatial conditions.

While there are many parameters in these calculations,
one that is interesting to explore is the probe focal position.
Figure 7 shows the predicted spot size variations for~a! the
probe focused at the input to the cell and~b! the probe fo-
cused at the output end of the cell. They differ radically from
the situation with the focus at the center of the cell~Fig. 5!
and are almost mirror images of each other. Experimental
confirmation of this change in conditions is given in the fol-
lowing section.

Finally we look briefly at the situation in which the probe
waist size is initially greater than the coupling laser size,
conditions opposite to those discussed above and in most
EIT experiments because of the requirement for good trans-
mission of the probe beam. This situation is interesting, as
the probe laser effectively ‘‘sees’’ a soft-edged pinhole in the
vapor at the line center, with low absorption on-axis and high
absorption off-axis. Figure 8 shows a result for the probe
beam profile at~a! the exit of the cell and~b! after 20 cm in
air thereafter, with an initial probe size of 500mm, five times
the coupling laser size. Distinct diffractionlike rings can be
seen on the beam profile, mirroring those seen for propaga-
tion through a traditional pinhole. The radius of these will
change as the transparency window changes size with probe
detuning, experimental observation of these diffractionlike
effects is given below.

III. EXPERIMENTAL APPARATUS

The experiments conducted on the effects of electromag-
netically induced focusing were carried out by using a 2-cm

cell of rubidium vapor~Opthos Instruments!. The cell was
typically heated to around 60 °C to give an appreciable
amount~>60%! of absorption of the focused probe beam.
The laser radiation was supplied by two single-frequency cw
Ti:sapphire lasers. The source of the probe field was a scan-
ning Microlase MBR-110 laser tuned to the 5S1/2-5P3/2 tran-
sition at 780 nm, and the coupling field was supplied by a
modified Schwartz Electro-Optic Titan cw laser tuned to the
5P3/2-5D5/2 transition at 776 nm. The laser beams were
counterpropagated through the cell in order to reduce the
two-photon Doppler width and so reduce the Rabi frequency
at which EIT becomes apparent@14,15#. The probe laser
power was attenuated to,300mW in order to minimize the
effect of self-focusing, which could distort the results. After
traveling through the cell, a portion of the probe beam was
sampled by a pellicle beam splitter and directed onto a CCD
array at a distance of 20 cm from the cell end. The total
intensity of the incident light was found by integration of the
pixel values, and the FWHM of the probe beam was mea-
sured to show the effects of EIF. A schematic of the experi-
mental setup is shown in Fig. 9.

The coupling laser provided up to 500 mW of power and
was focused into the cell by a 40-cm lens to give a waist size
of 150 mm. The confocal parameter was therefore almost
nine times the cell length, giving a roughly constant axial
intensity. The probe beam was focused to a 55mm waist,
giving a confocal parameter of 2.4 cm, roughly similar to the
cell length.

IV. EXPERIMENTAL RESULTS

The variation in probe waist size due to EIF was found to
be a good fit to the theoretical model in the two boundary
conditions of focusing the probe beam at the front@Fig.

FIG. 6. The calculated probe FWHM for the propagation con-
ditions of Fig. 5 but ignoring the refractive index information~a!
and the absorption information~b! within the vapor cell. The refer-
ence line and parameters are as in Fig. 6.

FIG. 7. The calculated probe FWHM for the propagation con-
ditions of Fig. 5 but with the undisturbed probe focus located at the
input window of the cell~a! and at the output window of the cell
~b!.
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10~a!# and back@Fig. 10~b!# of the cell. In Fig. 10~a! the
beam experiences a wide frequency region of defocusing be-
fore the EIT peak and then quickly focuses, defocuses, and
then refocuses over the EIT region itself. In Fig. 10~b! the
opposite occurs, with the wide defocused region now cen-

tered over the absorption after the EIT peak. These behaviors
should be compared to the corresponding theoretical predic-
tions displayed in Fig. 7.

The behavior of the probe beam when focused in the cen-
ter of the cell was found to vary between different experi-
mental traces. In general the experimentally measured beam
waists, as shown in Fig. 11, followed the behavior predicted
by theory, with two defocusing regions both within the EIT
peak. The strong focusing at the transmission peak was al-
ways observed; this is a very abrupt feature, which typically
occurs over a probe tuning range of 25–50 MHz at these
coupling laser powers. The relative height of the two peaks
was found to vary between traces, and the peak edges were
sometimes blurred by defocusing at the transparency edges.
This is perhaps not surprising, as a 1-cm change in the focal
position in either direction leads to a radical change in the
conditions within the cell. Furthermore, changes in tempera-
ture and beam overlap are also capable of causing radical
changes in the probe behavior observed.

The generally good fit to the theoretical treatment outlined
in the preceding section for the three different focal positions
within the cell shows that both the refractive and absorptive
contributions must be used to correctly predict the EIF be-
havior. Ignoring either of these contributions leads to far dif-
ferent behavior, which cannot be matched to the experimen-
tal results taken in what is effectively the intermediate region

FIG. 8. The calculated probe radial intensity profile at the end of
the 2-cm cell~a! and after a further 20-cm propagation in air~b!.
The solid line is for a probe detuning of 100 MHz, and the dashed
line for a probe detuning of 150 MHz. The radial position is scaled
in units of the coupling laser waist sizec. The input probe laser
waist size is 500mm, the coupling laser beam size is 100mm, and
the peak Rabi frequency is 440 MHz; other parameters are as in
Fig. 1.

FIG. 9. A schematic of the experimental setup, showing the
arrangement of the laser beams, vapor cell, and CCD camera.

FIG. 10. The experimental variation of probe FWHM and inten-
sity when the probe is focused~a! at the input window of the cell
and ~b! at the output window of the cell. The probe is focused on
the 55-mm waist; the coupling laser is focused on the 150-mm
waist.
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between absorptive and refractive domination.
A novel effect of EIF is seen dramatically when the probe

beam waist size is much larger than the coupling laser waist.
In this experiment the probe beam was left unfocused and
had a waist size of approximately 2 mm. Figure 12 shows the
probe beam after propagation through the cell at a tuning
close to the transparency peak. Clear diffractionlike rings can
now be seen on the probe laser intensity profile. These rings
can be seen to contract as the probe is scanned through reso-
nance. The change in the ring structure is shown in Fig. 13
for different probe frequency detunings within the EIT re-
gion. This behavior follows the circular symmetry of the
coupling laser beam intensity profile and can be changed by
inserting a cylindrical lens into the pump beam, hence pro-
ducing a slitlike focus in the cell. As expected, the probe now
diffracts into a series of linear fringes once it has been trans-
mitted through the transparency slit, as shown in Fig. 14.

V. CONCLUSIONS

In summary, we have shown the importance of the spa-
tially varying absorption conditions during EIT in altering
the probe beam propagation conditions. Regions of focusing
and defocusing are caused by these conditions and combine
with the spatially varying refractive index conditions to lead
to a complex overall variation in the probe beam spot size.
Results were presented for the expected spot size variations
as the probe laser tunes under various parameters, showing
the importance of the relative beam sizes in changing the
output characteristics. Also, under moderate focusing condi-
tions, the position of probe beam focus within the cell was
shown to be important in determining the observed variation
in probe laser beam size after the cell, both theoretically and
experimentally. Furthermore, the theory correctly predicted
the emergence of diffractionlike rings on the probe spot

FIG. 11. The experimental variation of probe FWHM and inten-
sity when the probe is focused in the center of the cell. The probe is
focused to 55mm waist; the coupling laser is focused on the
150-mm waist.

FIG. 12. A three-dimensional plot of the probe beam as it ap-
pears on the CCD camera after being transmitted through a much
smaller circular transparency. The probe beam has a 2-mm waist;
the coupling laser has a 150-mm waist.

FIG. 13. The variation with frequency of the ring pattern ob-
served in Fig. 12.

FIG. 14. A three-dimensional plot of the probe beam as it ap-
pears on the CCD camera after being transmitted through a slitlike
transparency imposed on the vapor by a cylindrical lens. The probe
beam has a 2-mm waist.
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when a large probe laser beam is used to illuminate an EIT
region created by a smaller coupling laser beam. Experi-
ments were carried out in this regime, in which the coupling
laser imprints a transparency aperture in the medium, using
either a circular or a cylindrical lens. The probe was seen to
treat this light-induced aperture in much the same way as it
would a solid aperture, with ring and slit diffractionlike pat-

terns evident in the probe beam profile at the camera surface.
These results show the importance of taking the spatially

varying conditions of an experiment into account when de-
signing experiments in the EIT, inversionless lasing, and
phaseonium areas of study. For example, cavity design for
inversionless lasers will be affected by considerations of EIF
and beam shaping by absorption.
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