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Coherent splitting of single photons by an ideal beam splitter
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It is shown that an ideal beam splitter has a small probability of splitting a single photon into a pair of
secondary photons, conserving energy in the process. These nonlinear effects are a fundamental consequence
of the quantization of the field and are analogous to other nonlinear effects in QED, such as the scattering of
one photon by anothefS1050-294®6)00706-§

PACS numbgs): 42.50.Ct, 42.50.Ar, 03.65.Bz, 12.20.Fv

It is commonly assumed that a single photon incidentplays no role in the effects of interest here and can be ig-
upon an ideal beam splitter must either be transmitted onored. Treating the interaction between the field and the
reflected[1]. It is shown here, however, that an ideal beamelectrons as a small perturbation gives the interaction Hamil-
splitter has a small probability of splitting a single photon tonian
into a pair of secondary photons, conserving energy in the )
process. These nonlinear effects are a fundamental conse- H =S —iA- h Vo aq A2 @
guence of the quantization of the electromagnetic field and i mc i ' 2me '
are analogous to other nonlinear effects in QED, such as the
scattering of one photon by another. They are due to théowest-order perturbation theory can be used if the beam
presence of thé\2 term in the Hamiltonian and are not de- splitter is sufficiently thin that most of the photons are sim-
pendent on any nonlinear properties of the material comprisply transmitted. In that case the total rdfg at which the
ing the beam splitter, unlike the situation in parametrictwo-photon splitting occurs is given by the usual second-
down-conversior2—4]. order perturbation theory

The origin of these effects can be most easily understood , ,
by considering the case of a metallic beam splitter, which - _2m DI (n[H"[m){m[H"|0)
will be analyzed in detail, after which some comments will - 2 % y<5, &6, | Eo—Em+tinh
be made with regard to the analogous situation in dielectrics. 3
The valence electrons in a simple metal can be approximated . . .
as free particles provided that their momenta are not tod/here[m and|n) represent the intermediate and final states.
large[5]. The low-frequency limit in which the photon mo- _ Diagram | of Fig. 2 corresponds to the absorption of an
menta are much smaller than the Fermi momentum of thdlcident photon with wave vectqr, by thej-A term inH’,

electrons(and the photon wavelengths are much larger thaiffter which a pair of photons with wave vectgrsandp, are
the thickness of the beam splittewill therefore be consid- emitted via theA- term. The other five diagrams correspond

ered. Scattering and other sources of dissipation will be igl© eduivalent processes leading to the same final state. Since

nored, in which case a metallic beam splitter can be modelely€ Want to consider th? I”.T?'t in Wh'Ch. th? properties of the

as a large number of free electrons confined to a potentid]'€dium do not play a significant role, it will be assumed that

well. AE=E,—E,, is dominated by the energies of the photons
The beam splitter is assumed to have plane surfaces cofatner than that of the electrons; this is an excellent approxi-

responding t@= *a and to have infinite extent in theand mation for a metallic beam sphtt_er, for example,_ Where_ the

y directions as illustrated in Fig. 1. Periodic boundary con-"€C0il énergy due to the absorption of a photon is relatively

ditions with period 2. will be applied in thex andy direc- small. In that case

tions for the electrons and in tixe y, andz directions for the

photons. For simplicity, the initial photons will be assumed r4

2
8(En—Eo),

to be incident on the beam splitter in tlxez plane at an p1
angle of 45°, with their polarizatiog, in the plane of inci- :
dence as shown in the figure. !
The Hamiltonian in the Coulomb gauge is given by \QK

Yl P +a
1 h q 2 + o 1 el P R é‘ X

H= 5 2 [ TVi_EA) +q® +% appet 5 | h |
() E

as can be derived from the standard Lagrand@in Here
indexi labels the electrons in the beam splittaEE creates

photons of wave vectop and polarizatiore, andA is the FIG. 1. Splitting of an incident photon by a thin metallic beam
guantized vector potential operator. The scalar potedbial splitter.
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whereas it need not be conserved in thelirection. The

o P1 P o initial state|0) can be written in the forn7]

| I 10)= 1T Wilpo, ), ®)

K<Kg
b o where
1 1
/rb /_'
oo P~ P~ TR " oxiky ﬁ{(n—l/Z)arz
K+ =Cpe" e"yeco§ ——|,
{f v T a
v, =c eikxxeikyysir{E ©6)

Po_ P P, Po - a
a o

V Vi represent the solutions with even and odd parity.ifleren

is a positive integer and, is a normalization constant. An-

tisymmetrization of the wave function has no effect on the
Ti results and can be ignored.
ime —» Because of the boundary conditions, it is necessary to

N ) . . separate the gradient operator into two components parallel
FIG. 2. Simplified diagrams for six processes leading to theand perpendicular to the direction:

same final state. The absorption of a photon is represented by a
dashed line while emission is represented by a solid line. Ahe
term is responsible for the two-photon events while jth& term
produces the single-photon events.

V=V,+V,. @)

First consider only the contribution of operat¥, to dia-
gram |, in which the incident photon is absorbed via jth&
AE=fhiwo=—AE, @ term. Thez dependence o0V, can induce transitions from a
V. state to a higher-energy state of the opposite parity, as
where the subscripts | and Il refer to the first two diagrams ofequired for an allowed dipole transition. This can only oc-
F|g 2. The minus Sign in Eq(4) is essential to prevent cur, however, if the higher-energy state is UnOCCUpied as il-
cancellation between diagrams | and II, since it will be foundlustrated by the upward arrow in Fig. 3.
that their matrix elements are equal in magnitude but oppo- The intermediate states in this case have the form
site in sign. Similar comments apply to the other pairs of
time-reversed diagrams in Fig. 2.

The boundary conditions &= *a quantize thez com-
ponent of the electron momenta, so that the distribution of
occupied electron staten the limit of low temperature  \herek, andk, are the initial and intermediate momenta of
consists of a series of parallel, circular disks inside the Fermyp gjectron, respectively. The final state is then
surface in momentum space as illustrated in Fig. 3. The in-
finite extent of the beam splitter in the andy directions

imy=v, [T ¥,0), ®)
K#kq

ensures that momentum is conserved in those directions, [n)= H W\ p1,€1;P2,€2), 9
K<kg
R where the polarizations, and e, of photons 1 and 2 need

not lie in the plane of incidence. The final electronic state

must be the same as the initial state in order to maintain

, al &VZ coherence; the probability of such events is greatly enhanced
' i by the fact that all of the electrons in the beam splitter can
N\ then contribute coherently to the same final state.
. C-re .
: ' It is then necessary to expand the momentum dependence
' ! Py of the A® term to first order in evaluating the matrix elements

) from the intermediate to final state:

e*i(plz+p22)zz 1_i(plz+ pzz)z+... . (10)

) } The constant term in this expansion cannot contribute to the
matrix element between two different states, so that the
FIG. 3. Transitions from occupied to unoccupied energy leveldowest-order contribution is proportional §or,=p;,+ Po,.
in momentum space as produced by the two components of th&he product of the matrix elements can then be shown to be
gradient operator. proportional to
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FIG. 4. Spherical coordinate system used to sum over the final

photon states.

(n[H"|m){m[H"[n)= (€ €) fL (K1x+ Pox—Kax)
X fL(Kyy+ Poy—Kay) fL(Kix T Pix
—kax)
Ny

X fL(Kyy+ Pry—Kay) m
2

X €02(P121T P22 (11

wheref, is a strongly peaked functiofsinc function in the
limit of large L. Most of the contribution comes fro@n=0,
whereén=n,—n; andn,; andn, are the values af for the
initial and intermediate states. Larger valuesdof will be
neglected, which limits the initial states to those near th
circumference of the disks in momentum space. The produ
of the matrix elements for diagram Il can be shown to be th

tioned above.
Now consider the contribution to diagram | from the op-
eratorV, . This is limited to those states withpy of an edge

of a disk in momentum space, since the recoll from the abs,p i, 5 immediately emits a photon of the same fre-
sorption of a photon must carry the system from an occuple\g

to an unoccupied state as illustrated by the horizontal arro
in Fig. 3. The matrix element from the initial state to the final

state is now proportional to the initial electron momentum

k., perpendicular to the axis. This reverses sign for dia-
gram I, since the recoil momentum will then be effective
only on the other side of the disk whekg, has the opposite
sign. This sign reversal also cancels the change in sigvEof

in Eq. (4), so that diagrams | and Il once again interfere
constructively. The product of the matrix elements is similar

to that from theV, term, except thaky,(p,+p,,) IS re-
placed byep,pox-
The total two-photon transition raté, can be found by
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displacement\ p, of p; from py. Including the contributions
from all six diagrams gives the total probabilify, of a
two-photon event:

27/2a,3

P2:_2_23 i} (kF)\c)A(kFa)ZCI- (12

Herec, is a dimensionless integral defined by

p;Sing’

(1—pscos’)

V2 T 27
c.=2f dApi de’f do’
q.6 J0 0 0

o w?
(€1-€2)€0 | P12t P2+ ) pm)

X

Po

71_2
g P2y
) 2

while kg is the electron wave vector at the Fermi surface,
is the Compton wavelength of the electron, ani the fine
structure constant. All of the photon wave vectors in @)
are normalized to the magnitude jof.

The integral in Eq(13) can be evaluated numerically us-
ing the Monte Carlo technique, which gives an approximate
value ofc,=23.4. This is also a convenient way to include
experimental factors such as the limited solid angle sub-

(€1-€0) €y ( Poz— P1+

+
P2

2
~ A A '
(€2 €0)€1- ( Poz— P2+ g Pu

+

P1 ' 13

Sended by a pair of detectors. A silver beam splitter

g(i(F=1.19><1010/m) with a thickness of 10 nm give®,

same as those of diagram | except for a minus sign, as men-

3x10 .
The ratel’; at which photons polarized perpendicular to
the plane of incidence are simply reflected by the beam split-
ter in the usual way can also be calculated using the same
assumptions. In that case tA& term annihilates an incident
uency into another direction. The results of that calculation
re in reasonable agreement with the experimentally ob-
served reflectivity of thin metallic films. The rati® of the
number of photons that are split to the number that are sim-
ply reflected is given by

r.
Iy

A\ ?
o Cis

(14)

27/2a
2

where\ is the wavelength of the incident photons. It can be
seen thatR is independent of the properties of the beam

integrating Eq.(3) over all possible final states of the two splitter, including its thickness, for the conditions considered
secondary photons, which can be most easily accomplisheuere.R=0.96x10 '3 at a typical laser wavelength of 351
using a spherical coordinate system centered aboutm.

p;=p,+p- as illustrated in Fig. 4. The independent variables Although the probability of splitting a photon is relatively
are then the angleg’ and ¢', the length ofp,, and the small, coincidence measurements at low incident intensities
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1.00- states had well-defined parity; this can be avoided only if
1 ' : parity is destroyed by an asymmetry of the crystal lattice. In
addition, the factor of AE can be enhanced if one or more
of the virtual states is near a resonance. Thus the usual non-
linear properties of such a material are dependent upon its
asymmetries and energy levels, unlike the situation consid-
o 6@_5 . . ered here. It should be noted that second and third harmonic
B . : generation at the surfaces of nonlinear materials have been
] - S extensively investigate[B].
. . . Although the effects described here and parametric down-
o o . conversion correspond to the opposite limits of free vice
et et . bound electrons, there is an obvious similarity between the
: two and they both produce correlated pairs of photons. The
main point of this paper is that nonlinear effects of this kind
are unavoidable when the field is quantized and that they
1 . need not rely on any inherently nonlinear properties of the
T AREARRSY ARARRSY ARARRLS T T material, as illustrated by Eq14).
' ' ' E/ﬁw. ' ’ The nonclassical nature of the photon splitting is evident
0 from the fact that the corresponding classical model of free
. ) ._electrons in a metal would only lead to Ohm’s 188\, which
FIG. 5. Spectrum of the secondary phc_)tons in arbitrary units;g strictly linear and cannot pr%duce any subharmonics. The
Elfi is the energy of the photons normalized to that of the """ essential difference between classical theories and the guan-
dent photon. tum theory can be better understood by considering a classi-
cal theory involving a nonlinedanharmonig potentialU (x)
of the form

uni’rs&?
g

o

N

[\
1

Probability (arb
N
(]

(]
[
(]

can minimize the accidental rate from fluorescence and other

effects. Counting rates on the order of one event per hour

should be achievable in experiments of this kind. This esti- U(X)=CoX?+Cax3+ -+, (15
mate is based on Monte Carlo calculations corresponding to

an incident laser intensity of 2 mW with solid angles, detec-

tion efficiencies, and other experimental conditions typical Ofvvherecz andc, are arbitrary coefficients. The origin of such
those commonly used in two-photon correlation experimentsy nonlinearity is not relevant here, but could involve the
The dark counting rategnoisg of commercially available coulomb interaction between the electrons associated with
detectors are sufficiently low that there should be no d'ff"cooperative phenomena such as plasmons, for example. Re-
culty in observing such an effect qsing coincid_ence ti_me Wi”'gardless of their origin, the nonlinear terms become negligi-
dows on the order of 100 ps, which are readily achievable.p|y small in the limit of small displacements about the equi-
The predicted spectrum of the secondary photons i§iprium point, which will be the case if the external driving
shown in Fig. 5 and is also independent of the properties ofie|q js sufficiently weak. In contrast, E¢L4) shows that the
the beam splitter. Two peaks corresponding to stationaryg|ative magnitude of the nonlinear quantum effects depends
(saddlg points occur at photon energiesBffiwy/ [4(1=1/  gnly on the wavelength of the incident light and not its in-
v2)]. _ _ . tensity. It is interesting to note that a similar dependence on
Although momentum is not conserved in thelirection,  the incident wavelength instead of the classically expected
energy conservation still restricts the final momentum to thgnensity also occurs in the photoelectric effect, which led to
specular direction for the case of single photons reflected igjystein’s work on the nature of the photon. The fact that
the usual way(I'y. That does not occur, however, in the poplinear effects must vanish in the limit of low intensities in
two-photon cas€l’,), where the additional degrees of free- ihe classical theory but not in the quantum theory is a re-

dom in the final momenta allow the secondary photons to benarkable difference between the two theories, as has been
emitted into all directions. Thus there is no phase-matchingjiscyssed previousijL0].

condition analogous to that of parametric down-conversion. |+ is also interesting to note that na? term explicitly
The free-electron model used here is not suitable for dizppears in the Hamiltonian in a relativistic treatment of
electric materials, where thg-A)” term can no longer be  GEpD TheA? term can be shown to arise in the nonrelativ-
neglected and tends to cancel thé term; this reflects the jgtjc |imit of QED as a result of second-order processes cor-
fact that the electrons in a dielectric are bound and have fesponding to the creation and annihilation of virtual
more limited response to an external electric field. In theg|ectron-positron pairs. That is also the case for other non-
limit of bound electrons, one is led instead to the convenyinear effects in QED, such as the scattering of one photon by
tional theory{ 2] of parametric down-conversion in nonlinear another{11], and all of these nonlinear effects are a funda-

crystals, which is based on third-order perturbation theory,ental consequence of the quantization of the field.
involving three alloweddipole transitions between bound

states. Since there are then three atomic states involved, at The author is grateful to Jonathan Dowling, R. Vyas, and
least one of the transitions would have to be a “forbidden” S. Singh for their comments. This work was supported by the
transition between two states of the same parity if all of theOffice of Naval Research.
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