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Recent measurements on CO2-laser-assisted electron-atom collisions have shown large inconsistencies with
the Kroll-Watson formula for small-angle scattering. We have carried out a detailed study to compare the
predictions of Kroll-Watson theory~for both single and multimode fields! with those of conventional pertur-
bation theory for stimulated free-free transitions. It is found that forE0/2v2!1, where perturbation theory is
valid, there are large differences with the Kroll-Watson theory. Comparisons of experimental variations with
respect to scattering angle and electron energy show much better agreement with perturbation theory than with
Kroll-Watson theory. A study of the angular variations in perturbation theory shows that use of the ‘‘outgoing’’
wave final state gives much better agreement with experiment than does the ‘‘ingoing’’ wave final state, which
is different from the choice made in early bremsstrahlung theory.@S1050-2947~96!07405-7#

PACS number~s!: 34.80.Qb, 03.65.Nk

I. INTRODUCTION

The free-free absorption and emission of radiation in
electron-atom~and ion! collisions has been studied for 60
years as an important process in understanding stellar atmo-
spheres and laboratory discharges and plasmas. With the
availability of lasers it has become possible to make detailed
differential cross beam studies of these cross sections, not
only for single photon exchanges, but also as a multiphoton
process. The major experimental effort in this work has been
carried out by Weingartshofer, Wallbank, and co-workers
over the past 20 years using a CO2 laser and the scattering of
low-energy electrons (;10 eV! by inert gas atoms~mainly
He and Ar!. The first measurement@1# taken at the large
scattering angle of 153° and laser intensity of about 109

W/cm2, clearly showed six peaks corresponding to the ab-
sorption and emission of up to three photons. Subsequent
work @2–4# at ;160° at; 108 W/cm2 revealed detectable
peaks corresponding to the absorption and emission of up to
11 photons. Without presenting a detailed comparison of
these results with the Kroll-Watson~KW! @5# formula, it was
inferred that they were in qualitative agreement with it.

More recent measurements by Wallbank and Holmes
@4,6,7# at small-angle scattering (;10°), however, revealed
very serious disagreements with the Kroll-Watson formula.
It was suggested that the effect of the polarization of the
atom by the laser field, an effect not included in the KW
formula, might account for these large discrepancies. Several
authors @8–10# have made estimates of the effect of this
additional atomic polarization and found that it would make
much too small of a correction to the KW formula to account
for the huge differences with experiment, which were as high
as the order of 1015 for a five-photon process. A geometry
for the free-free process, in which the laser polarization vec-
tor is adjusted to be perpendicular to the electron momentum
change vector was also used by Wallbank and Holmes@7#.
For this orientation the argument of the Bessel function that
appears in the KW formula vanishes, and this would give a
vanishing KW cross section for all (nÞ 0! photon ex-
changes. However, the measurements show very substantial
cross sections, of the same order of magnitude as obtained

for other polarization directions. A useful review of all but
the most recent work in this field is given by Mason@11#.

These critical tests of the KW formula lead to the conclu-
sion that it fails to agree with measurements over a wide
range of conditions, and this has motivated the present study
of it. The main objective of the present work is to compare
KW theory in the weak-field limit with the earlier free-free
transition theory which is based on the conventional pertur-
bation theory~PT! treatment in powers of the intensity. In
the following sections we will review Kroll-Watson theory
in its single-mode and multimode forms, present a summary
of the standard perturbation treatment of stimulated free-free
transitions ~also called ‘‘laser-assisted collisions’’!, use a
model atom potential to evaluate free-free cross sections for
one- and two-photon processes, and make overall compari-
sons among the two theoretical treatments~KW and PT! and
the available experimental data. We will make these com-
parisons with respect to the variation of scattering angle,
incident-electron energy, and laser intensity, and try to draw
conclusions on the basis of the data available.

II. PRELIMINARY KINEMATICAL CONSIDERATIONS

If we consider a monoenergetic beam of electrons inci-
dent on a structureless target atom, only elastic scattering
may take place in whichk i → k f with the differential scat-
tering cross sectiondsel /dV, where (dsel/dV)dV repre-
sents the electron flux scattered intodV divided by the inci-
dent electron flux density. We exclude such refinements as
electron exchange or target atom excitations. When a laser
field is applied, the electrons may also gain or lose energy in
units of an integral number of photons while they undergo
scattering. However, the laser itself cannot contribute to the
scattering through any angleu since it can only impart
quiver motion to the electrons, but not change their overall
directions. Thus if a scattered electron collector is placed at a
scattering angleu with acceptance angledV and an energy
spectrometer that would only admit electrons with energy
Ei6nv, the electron flux it would record could be written as
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ds~n!

dV
5
kf~n!

ki
Pn

dsel

dV
, ~1!

wherePn is a probability that ann-photon transfer has taken
place during thek i→k f scattering. In generalPn depends on
all the parameters in the problem involving the electron,
field, and atom. The requirement of particle conservation
must apply to scattering by a potential that does not support
any bound states~which we shall assume!, and this is equiva-
lent to the conservation ofn-photon transfer probability, i.e.,

(
n52`

`

Pn51. ~2!

Generally the quantity that is measured in these experi-
ments is the ratio of energy-selected electron flux intodV
with the laser on to the purely elastically scattered electron
flux into dV with the laser off. Thus these measured ratios
would correspond to (kf(n)/ki) Pn above. It will be the task
of the dynamical theories we will consider in Secs. III and IV
to predict the transition probabilitiesPn as a function of all
the physical variables.

III. KROLL-WATSON THEORY

The formula that we refer to as the Kroll-Watson formula
@5# was also proposed in various forms by a number of other
investigators@12–14#, and has the form

dsKWSM
~n!

dV
5
kf~n!

ki
Jn
2~x!

dsel~Ei ,Q!

dV
. ~3!

Herex5(E0 /v
2)•Q, the single-mode~SM! laser field isE

5 E 0sinvt, Q is the momentum transferk i2k f(n), Ei is
incident electron energy, andu is the scattering angle. The
Kroll-Watson derivation replacesEi and Q by somewhat
shifted values, but it has been shown that to a very good
approximation these latter shifts are negligible in the low-
frequency or soft-photon limit.~We use atomic units unless
otherwise specified.! The CO2 laser frequency correspond-
ing to a photon energy of 0.117 eV or 0.00430 a.u. is ex-
pected to be small enough for this limit to apply.

The physical basis of the derivation of this formula arises
from anS-matrix expansion for the scattering using Volkov
basis states~free electron in the laser field!, of which the
first-order term is

Si f
~1!52 i E

2`

`

dte2 i ~Ei2Ef !tE dreiki•@r2r0~ t !#

3V~r !e2 ik f•@r2r0~ t !#, ~4!

where r0(t)5a0sinvt, a05E0 /v
2 is the classical ampli-

tude of oscillation, andV(r ) is the atomic potential, assumed
to be static. Making the Bessel function expansion

eix sinvt5 (
n52`

`

Jn~x!einvt, ~5!

carrying out the time integral in~4! and squaring to get the
energy-conservingd function, we see that to first order

ds~n!

dV
5
kf~n!

ki
Jn
2~x!

dsB1~Ei ,Q!

dV
, ~6!

wheredsB1/dV is the first Born approximation for elastic
scattering. Kroll and Watson, and others, have shown that
the entire Born series can be formally summed in the low-
frequency limit to give~3!, where the exact elastic scattering
cross section appears on the right-hand side.

The above result applies to the case of electron scattering
in a single-mode laser field. This was later generalized to an
extreme multimode or chaotic laser field@15,16#, where it
takes the form

dsKWMM
~n!

dV
5
kf~n!

ki
e2x2/2I n~x

2/2!
dsel~Ei ,Q!

dV
, ~7!

whereI n are the modified Bessel functions of the first kind
~approximately the ordinary Bessel functions of imaginary
argument!.

Note that both the single-mode and multimode~MM !
forms of the KW formula have the property that the laser-
on–laser-off ratio (dsKW

(n) /dV)/(dsel /dV) are completely
independent of the scattering atom, and only depend on laser
properties and kinematic variables. Also we identify the tran-
sition probabilitiesPn in ~1! arising here asJn

2(x) and

e2x2/2I n(x
2/2), and it is clear that the conservation condition

~2! ~often referred to as a sum rule! is satisfied by both of
these forms forPn in the v→0 limit. The details of the
simultaneous interaction of the electron with the scattering
potential and the laser field are factorized in this very clean
way in Kroll-Watson theory, and thus it is not necessary to
introduce any specific atomic model to evaluate these transi-
tion probabilities. All of the measurements are done in terms
of the laser-on–laser-off ratio of cross sections, which is
equivalent to@kf(n)/ki #Pn.

Kroll and Watson@5# state that their formula ‘‘provides a
simple and reasonable approximation to multiphoton energy
transfers when the frequency of the electromagnetic wave is
small or when the scattering potential is weak.’’ One as-
sumes that the ‘‘weakness of the scattering potential’’ means
weak compared with the strength of the applied field, as
would be understood by Eq.~4! being the first term in a
perturbation expansion inV(r ). The CO2 laser frequency is
0.00430 a.u. and the approximate weak electric field strength
used in most of the measurements is 531025 a.u. (I>108

W/cm2). If we take the scattering potential to have the ap-
proximate magnitude of 1 a.u., then it certainly may not be
considered as ‘‘weak’’ in this typical laser field, while the
frequency may probably be regarded as sufficiently low. The
question we seek to answer is whether the satisfying of only
one of the two conditions is enough to expect the Kroll-
Watson formula to be valid in the range of the current mea-
surements.

IV. FREE-FREE TRANSITIONS IN PERTURBATION
THEORY

Before the days of lasers the standard method for dealing
with free-free transitions was the same perturbative method
that applied to bound-bound~excitation! and bound-free
~ionization! radiative processes. These of course are fully
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discussed in the textbooks. The stimulated free-free process
is clearly related to that of spontaneous bremsstrahlung,
where an electron or other charged particle will emit photons
when it is scattered, the analogue of classical charged par-
ticles emitting radiation when accelerated.

We seek the probability for a transition from one free
state (k i) to another (k f) under the influence of a scattering
potentialV(r ) and an applied single-mode coherent field
E5E0 sinvt. We take as basis states the full scattering wave
functionsuk

(1) , where the1 represents the scattering bound-
ary condition of an incident plane wave and outgoing scat-
tered wave. We introduce the laser field att50, and seek a

perturbative solution to the time-dependent Schro¨dinger
equation for t.0, subject to the initial condition
c(r ,0)5uki

(1)(r …. We take the electron-field interaction to be

(1/v2)E•“V, which is recognized as the ‘‘acceleration’’
form of the dipole interaction, and physically equivalent to
the more common ‘‘length’’ formE–r . The ‘‘acceleration’’
form is much more convenient to use in evaluating free-free
matrix elements.

The twofold iteration of the integral equation form of the
time-dependent Schro¨dinger equation leads to the second-
order wave function

c~2!~r ,t !5uki
~1 !~r !e2 iEi t2(

k
uk

~1 !~r !e2 iEktH S E0

2v2DM kk i
~11 !E

0

t

dt8@ei ~vkki
1v!t82ei ~vkki

2v!t8#

1 i S E0

2v2D 2(
k8

M kk8
~11 !M k8ki

~11 !E
0

t

dt8Fei ~vkki
12v!t8

~vk8ki1v!
1
ei ~vkki

22v!t8

~vk8ki2v! G J , ~8!

where vkk85
1
2(k

22k82) and M kk8
(11)

5*dr uk8
(1)*

( ê•¹V)uk
(1) . This form retains only those terms correspond-

ing to energy conservation~transient terms dropped!. Each of
the terms corresponding to one- and two-photon absorption
and emission may be clearly identified. The transition ampli-
tude to the final free state is obtained from the projection
^uk f

(1)uc (2)&, which when squared and summed over final

states gives the transition probability. We have the following
expressions for one- and two-photon absorption and emis-
sion effective cross sections:

dsPT
~1!

dV
5

kf
~2p!2 S E0

2v2D 2uM kik f
~11 !u2 ,

dsPT
~2!

dV
5

kf
~2p!2 S E0

2v2D 4U(
k

M kik
~11 !M kk f

~11 !

~vkki
6v! U2, ~9!

where in the intermediate state energy denominator the1,
2 signs go with two-photon absorption and emission, re-
spectively. Any intermediate bound states would have to be
included in the intermediate state sum.

At this point we introduce a specific typical model atom
potential with which we may obtain numerical results. We
choose

V~r !52e22r S 11
1

r D2
ap

2
~12e2r !6/r 4, ~10!

which is a static field representation of a ground-state hydro-
gen atom, with polarizabilityap54.5 a.u. This potential sup-
ports only one bounds state, which makes a negligible con-
tribution to the sum in~9!. The continuum basis states are
expanded as

uk
~1 !~r !5 (

l 50

`

i l ~2l 11!eih l ~k!
v l ~r !

kr
Pl ~ k̂• r̂ !, ~11!

where the radial functions satisfy

F d2dr2 2
l ~ l 11!

r 2
22V1k2Gv l ~r !50, ~12!

with asymptotic form beyond the range ofV,

FIG. 1. Free-free transition laser-on–laser-off ratio for
u5160° and êiQ. Measurements@4# in Ar, at Ei511.4 eV
and,Ī51.33108 W/cm2, of average of absorption and emission of
n photons~open squares!. KW single mode~filled circles! and KW
multimode~open circles!.
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v l →kr@cosh l j l ~kr !2sinh l nl ~kr !#, ~13!

which will eventually go to the form sin (kr2 1
2l p1h l ).

After carrying out all angular integrals in~9! ~shown in the
Appendix!, we are left with expressions in terms of the radial
dipole matrix elements, in first order,

R~ l k,l 8k8!5E
0

`

drv l
dV

dr
v l 8, ~14!

and in second order

R~ l iki→l →l fkf !5E
0

`

dk
R~ l iki ,l k!R~ l k,l fkf !

~k22k0
2!

,

~15!

wherek0
252(Ei6v).

We solve~12! numerically with a Numerov procedure to
obtain v l ’s andh l ’s and carry out numerical integrals for
~14! and ~15!. The Cauchy principal value integral in~15!
causes no problem, as a relatively small part of the total
integral comes from the region of the pole. Sincev is so
small,kf andki are very close to one another and their cor-
respondingh l ’s are changed only slightly.

The perturbation theory cross sections obtained here are
based on a single-mode laser field. The generalization to a
multimode field has been obtained by Lambropoulos@17#,
and it results in an enhancement of the single-mode cross
section by a factor ofn!. This agrees with the enhancement
factor in KW theory in the zero-intensity limit.

V. COMPARISON OF CALCULATED RESULTS

In this section we will present a detailed comparison of
the results of the KW formulas with those of perturbation
theory, and we will include comparisons with experiment

FIG. 2. Intensity dependence of free-free transition laser-on–
laser-off ratio for one-photon absorption atEi510 eV, and~a!
u510° and~b! u5170°, polarization geometries G1~solid lines!
and G2~dashed lines!. KW single and multimode. PT results~G1
and G2 results coincide foru510°). The points foru510° are
from experiment@7# at Ī50.523108 W/cm2.

FIG. 3. Same for Fig. 2 but for two-photon absorption. The
reversal of the expected limiting magnitudes of KW in G1 and G2
in ~a! is the result of the fact thatê•Q5ki2kfcosu in G1 is acci-
dentally smaller thanê•Q in G2.
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where possible. We start out with a look at the large-angle
results, which have been studied most extensively experi-
mentally @1–4#, and which apparently give the best agree-
ment with the KW theory. The most recent and exhaustive
study by Wallbank and Holmes@4# on Ar was carried out at
u5160°,Ei511.4 eV, I>1.33108 W/cm2, and with laser
polarization vectorê adjusted to be parallel to the momen-
tum transfer vectorQ . This latter condition allows the mag-
nitude of the argument ofJn(x) to take its maximum value.
Under these conditions they observed signals for the absorp-
tion and emission of up to 11 photons. In Fig. 1 we compare
their measurements for the laser-on–laser-off ratio of
(ds (n)/dV)/(dsel /dV) for n>0 ~free-free absorption! with
the calculated KW values for these conditions. We note that
the agreement between the experimental points and the
Kroll-Watson multimode formula is quite reasonable, in both
shape and magnitude. It is remarkable that they are within an
order of magnitude of each other over such a large range of
photon numbers.

The recent experimental work@4,6,7# for small scattering
angles, in which large discrepancies with KW theory have
been found, has been carried out in two geometries for the
laser polarization vectorê: G1: ê parallel tok̂ i , the incident
electron direction, and G2:ê almost perpendicular toQ
5k i2k f(n), the momentum transfer.

The latter geometry causes the arguments of the Bessel
functions in both SM and MM forms of Kroll-Watson theory

to almost vanish, which would give very small predicted
cross sections. It is thus a very critical probe of KW theory.
The polarization vector is held fixed for all scattering angles
in G1, but it is changed for everyu in G2 to maintain the
condition ê•Q>0.

In Figs. 2 and 3 we show the intensity dependence of the
theoretical curves for one- and two-photon absorption. The
corresponding curves for emission are omitted for the sake of
clarity, and the only change expected would be a shift in the
KW results for G1 atu510° of the magnitudes indicated in
Figs. 4 and 5. The curves given are for small-angle~10°) and
large-angle~170°) scattering. The striking feature of these
curves is the large discrepancy in the low intensity limit
between the KW and PT results. At the small angle PT is
larger than KW by about 103 for n51 and by about 109 for
n52, in both geometries. At the large angle the PT and KW
are closer to one another in G1, but remain very far apart in
G2. The relative closeness of the KW and PT results in G1 at
the large scattering angles and lower intensities helps explain
why the earlier measurements were found to be consistent
with the KW formula. We note that the multimode version of
KW removes the rapid oscillation that appears in the single-
mode form, which arise from theJn

2(x) factor.
The experimental points given foru>10° are those of

Wallbank and Holmes@7# for average intensities in the first
microsecond of their laser pulse, i.e.,Ī50.523108 W/cm2

FIG. 4. Angular dependence of free-free tran-
sition laser-on–laser-off ratio for one-photon pro-
cesses atEi510 eV andI5106 W/cm2, polar-
ization geometries G1~solid lines! and G2
~dashed lines!. The KW results in single and mul-
timode coincide, and the differences in absorp-
tion and emission are indicated. The experimental
points @7# measured atĪ50.523108 W/cm2 are
for He ~open circles! and Ar~filled circles! in G1,
and for Ar ~filled squares! in G2, and they have
been fitted to the PT result atu510°.
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for one-photon and (I 2)1/250.573108 W/cm2 for two-
photon processes. We have also increased their measured
ratios by a factor of 3 to approximately compensate for the
fact that their electron beam is about 3 times wider than their
laser beam. The resulting absolute measured points are seen
to be reasonably consistent with our PT values, in the sense
that the exact result might be expected to be given correctly
by PT atI5106 W/cm2 (E0/2v2>0.14) from which it be-
gins to bend over to approach the measured values at the
experimentalĪ ’s. The measured ratios appear to be near their
maximum values since their values for the second microsec-
ond of the pulse are of about the same magnitude as for the
first microsecond, even thoughĪ for the second microsecond
has dropped to about 0.183108 W/cm2. On the other hand
there appears to be no plausible joining that would make
these measured values consistent with the KW curves. The
higher orders of perturbation theory that would bring in the
departures from the low-intensity limiting forms are prohibi-
tive to carry out.

In Figs. 4 and 5 we show the angular dependence of one-
and two-photon absorption and emission results in KW and
PT at I5106 W/cm2 in the two polarization geometries
along with measurements@7# in He and Ar taken at some-
what higher intensities. We normalize the data to the PT
results atu510°, which is consistent with our connection
between the measured absolute values and PT calculations in

Figs. 2 and 3. We note the general overall agreement of the
data with the PT results in both G1 and G2. The KW results
in G1 show large divergences between absorption and emis-
sion at small angles. These are the result of a zero in
ê•Q5ki2kf(n)cosu for kf(n).ki ~absorption! but not for
kf(n),ki ~emission!. The almost total disappearance of the
absorption component at small angles, as predicted by KW
theory ~single and multimode!, has not been observed by
Wallbank and Holmes~private communication! but rather
they see almost equal contributions, as expected in PT.

In Figs. 6 and 7 are shown the cross-section ratios as a
function of incident electron energy. At small scattering
angle the large asymmetry between absorption and emission
in the KW formula, which we saw in Figs. 4 and 5 for
Ei510 eV, is seen to be present over a sizable energy range.
The experimental points given in Figs. 6 and 7 were taken
@4# in He atu59°, and they correspond to an average of the
n-photon absorption and emission signals. It is easy to see
that the incident electron energy for which
ki2kf(n)cosu50 is given byEi5nv/@(1/cos2u)21#, which
for n51 and 2 andu510° isEi53.76 and 7.53 eV, respec-
tively. Again this extreme asymmetry in KW theory between
absorption and emission was not seen in the measurements.
On the other hand we see excellent agreement with the PT
results, which are practically symmetric with respect to ab-
sorption and emission.

FIG. 5. Same for Fig. 4 but for two-photon
processes. The theoretical curves shown are for
single mode, and are enhanced by a factor of 2 in
multimode.
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VI. RELATION TO BREMSSTRAHLUNG THEORY

In the course of obtaining our present results in perturba-
tion theory and relating this to conventional bremsstrahlung
theory, we have come across an enigmatic question concern-
ing the proper form to take for the final electron scattering
state. In carrying out the time-dependent perturbation theory
of Sec. IV we expanded in the complete set of eigenstates in
the potentialV(r ), which represented real scattering on that
potential, i.e., the setuk

(1)(r ), having the ‘‘outgoing’’ wave
form. In this way both the initial and final statesuki

(1)(r ) and

uk f
(1)(r ) are members of this complete set. This naturally led
to dipole matrix elements of the form

M kik f
~11 ![E druk f

~1 !* ~ ê•“V!uki
~1 ! , ~16!

in terms of which we have obtained all the PT results con-
tained above.

The enigma lies in the fact that in the early work on
bremsstrahlung@18#, it has been emphasized that the final
state should be taken to have ‘‘ingoing’’ wave form to give
the matrix elements,

M kik f
~12 !5E druk f

~2 !* ~ ê•¹V!uki
~1 ! , ~17!

a conclusion that was reached by general arguments involv-
ing time reversal.

The practical difference between the use of the two forms
~16! and~17!, as pointed out by Olsen@19#, is only in regard
to the differential cross sections for electron scattering, and
the results become identical when integrated overk̂ f . This
can be easily seen by referring to the expanded expression
for M kik f

(11) in ~A1!. In this form of the matrix element the

scattering phase shifts enter as exp@ i $h l (ki)2h l 61(kf)%#,
while in M kik f

(12) the h ’s are added rather than subtracted.

This has the effect of changing the angular distribution, but
not the total cross section, since one may verify that this
factor goes out because of the orthogonality of the Legendre
functions.

We show this effect in Figs. 8 and 9. We note that in G1
there is a crossing of the ‘‘outgoing’’ and ‘‘ingoing’’ PT
results, so as to be consistent with the total free-free cross
sections being identical with both forms of the final state.
This situation is not present in G2 since that geometry in-
volves a change of laser polarization with every change of
scattering angle. For one-photon transfer in Fig. 8 we see
that in G1 there is excellent agreement of the data with the
‘‘outgoing’’ form, while there is no sign of the sharp de-
crease at small angles predicted by the ‘‘ingoing’’ form. In
G2 we see excellent agreement over a very wide angular
range with the ‘‘outgoing’’ wave prediction. The fact that the

FIG. 6. Variation of free-free transition laser-on–laser-off ratio
with incident electron energy for one-photon processes in polariza-
tion geometry G1 foru510° andĪ5106 W/cm2. KW absorption
and emission as indicated. The experimental points@7# have been
measured for He atu59° andĪ50.523108 W/cm2, and have been
fitted to the PT curve atEi59.5 eV.

FIG. 7. Same for Fig. 6 but for two-photon processes in single
mode. The multimode results are enhanced by a factor of 2 for both
KW and PT.
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‘‘ingoing’’ wave curve is so far below in absolute value also
disagrees with the approximate absolute values of the data.
For the two-photon results in Fig. 9 we find very little dif-
ference between the two theoretical results, unlike in the one-
photon case, and there is certainly no preferred one insofar as
an agreement with the data is concerned.

Most experimental work on high-energy bremsstrahlung
involves the detection of the emitted photons as a function of
angle and polarization. We are unable to find any measure-
ments that are differential in the scattered charged particle,
which would be necessary for a test of ‘‘ingoing’’ versus
‘‘outgoing’’ wave final states. It appears that the first such
detailed studies are the presently considered electron-atom
stimulated free-free transitions, and that these measurements
strongly favor the ‘‘outgoing’’ wave final state.

The Low theorem@20# relates the ‘‘ingoing’’ wave dipole
matrix elementM kik f

(12) to elastic scattering amplitudes in the

v→0 limit, and has the nonrelativistic form

M kik f
~12 !;

1

v
ê•~k i2k f ! f ~Ē,Q!1 1

2 ê•~k i1k f !
] f ~Ei ,Q!

]Ei
,

~18!

whereĒ5 1
2(Ei1Ef). The sharp dip in Fig. 8~a! at u>6° in

the result for an ‘‘ingoing’’ final state appears to correspond
to ê•(k i2k f)50 for a one-photon absorption, which also
gave the zero at that angle in the KW result in Fig. 4. There
is also a large asymmetry between absorption and emission
in that angular region for the KW formula as there is using
M kik f

(12) in perturbation theory. The resemblance between the

‘‘ingoing’’ wave PT results in Fig. 8 and the KW results in
Fig. 4, in both polarization geometries, suggests that the KW
derivation is based on the use of an ‘‘ingoing’’ wave final
state. One could speculate on the basis of this that a ‘‘KW-
type’’ derivation that was based on an ‘‘outgoing’’ wave

FIG. 8. Angular dependence of free-free tran-
sition laser-on–laser-off ratio as evaluated in
PT using the ‘‘ingoing’’ and ‘‘outgoing’’ final
state for one-photon processes atEi510 eV
and Ī5106 W/cm2. These apply to both absorp-
tion and emission as indicated;~a! geometry G1
and ~b! geometry G2. The experimental points
are for measurements atĪ50.523108 W/cm2

and have been fitted to the ‘‘outgoing’’ final-state
results atu510°; He~open circles! and Ar~filled
circles! atEi510.5 eV, and Ar~filled squares! at
Ei510 eV .
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final state might result in better agreement with experiment
than is obtainable with the present KW formulas.

We might also expect that in the high electron energy
limit, where the Born approximation becomes exact and all
h l →0, the differences between using the ‘‘ingoing’’ and
‘‘outgoing’’ final states in perturbation theory will disappear.
This is the result of the fact that these differences arise from
the exp@ i $h l (ki)6h l 8(kf)%# factors in the partial wave ex-
pansion for the dipole matrix element~see the Appendix!.
The application of the Low theorem in that limit would also
imply a confluence of these two PT results with the KW
result.

We are unable to see how the use of an ‘‘ingoing’’ wave
final state could be consistent with our perturbation expan-
sion in Sec. IV. We believe it is essential to expand the
time-dependent wave function in a complete, orthonormal
set of stationary states, and that this could not be achieved by
mixing uk

(2) states in with our basis ofuk
(1) states. It seems

that to obtain a physically meaningful transition amplitude,
both the initial and final states should be part of the same

basis set used for the expansion of the exact wave function.
This is a point that deserves much further investigation.

VII. SUMMARY AND CONCLUSIONS

We have carried out a critical study on the validity of
Kroll-Watson theory in low-energy electron-atom free-free
transitions in the presence of CO2 laser radiation, which was
motivated by very large differences between its predictions
and laboratory measurements, particularly for small-angle
scattering. We have made detailed calculations of the ratio of
laser-on–laser-off signals for one- and two-photon transfer
differential in scattering angle, both in KW theory and per-
turbation theory~stimulated bremsstrahlung!, and compared
these with the available experimental data. This ratio is in-
dependent of target atom in KW theory but not in PT, so a
typical atomic potential was used for the latter calculations.

It is found that in all comparisons made, including the
variations with respect to scattering angle and incident elec-
tron energy~at fixed laser intensity! the agreement with ex-
periment is far better with PT than with KW. There are also

FIG. 9. Same for Fig. 8 but for two-photon
single-mode process. The multimode results are
enhanced by a factor of 2.
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large differences between KW and PT predictions in the low-
intensity limit, where PT is expected to be valid. The effects
of multimode structure in the laser pulse is compared with
single mode and its main effect in KW theory is to smooth
out the high-intensity oscillations arising from theJn

2(x) fac-
tor. In general we support the conclusions of Wallbank and
Holmes that KW theory is grossly inadequate to describe
small-angle free-free transitions stimulated by CO2 laser ra-
diation.

An interesting theoretical outcome of the perturbation
theory calculations is that the ‘‘outgoing’’ wave final state
was found to give much better agreement with the differen-
tial cross section measurements than is obtained using the
‘‘ingoing’’ wave final state. This is opposite to what is ex-
pected on the basis of bremsstrahlung theory, where the ‘‘in-
going’’ wave final state was felt to be the correct form. They
both give the same integrated cross section, which is the
quantity generally measured in the older bremsstrahlung ex-
periments. Thus the recent laser-assisted electron scattering

measurements appear to be the most detailed experimental
test of this theoretical question.
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APPENDIX

We present here the detailed partial-wave forms for the
PT first- and second-order matrix elements, which appear in
~9!:

M kik f
~11 !5 i

~4p!2

kikf
(
l 50

`

~2l 11!1/2eih l ~ki !H e2 ih l 21~kf !~2l 21!21/2C~ l 1l 21;000!R~ l ki ,l 21kf !

3(
m

Yl m~ k̂ i !Yl 21m* ~ k̂ f !C~ l 1l 21;m0m!2e2 ih l 11~kf !~2l 13!21/2C~ l 1l 11;000!R~ l ki ,l 11kf !

3(
m

Yl m~ k̂ i !Yl 11m* ~ k̂ f !C~ l 1l 11;m0m!J ~A1!

(
k

M kik
~11 !M kk f

~11 !

~vkki
6v!

52
64p

kikf
(
l 50

`

~2l 11!1/2eih l ~ki !$C~ l 1l 21;000!@e2 ih l 22~kf !~2l 23!21/2C~ l 211l 22;000!

3Al R~ l ki→l 21→l 22kf !2e2 ih l ~kf !~2l 11!21/2C~ l 211l ;000!

3Bl R~ l ki→l 21→l kf !#2C~ l 1l 11;000!@e2 ih l ~kf !~2l 11!21/2C~ l 111l ;000!

3Cl R~ l ki→l 11→l kf !2e2 ih l 12~kf !~2l 15!21/2C~ l 111l 12;000!

3D l R~ l ki→l 11→l 12kf !#%, ~A2!

where the radial factorsR andR are defined in~14! and
~15!, and the angular factors are

Al 5(
m

Yl m~ k̂ i !Yl 22m* ~ k̂ f !C~ l 1l 21;m0m!

3C~ l 211l 22;m0m!,

Bl 5(
m

Yl m~ k̂ i !Yl m* ~ k̂ f !C~ l 1l 21;m0m!

3C~ l 211l ;m0m!,

Cl 5(
m

Yl m~ k̂ i !Yl m* ~ k̂ f !C~ l 1l 11;m0m!

3C~ l 111l ;m0m!,

D l 5(
m

Yl m~ k̂ i !Yl 12m* ~ k̂ f !C~ l 1l 11;m0m!

3C~ l 111l 12;m0m!.

All spherical harmonics above are expressed in terms of
the polar axis taken alongê, the field polarization direction.
The above forms correspond to taking the ‘‘outgoing’’ wave
modification of the final state. The corresponding forms for
the ‘‘ingoing’’ wave modification would require the replace-
ment of alle2 ih l (kf ) by eih l (kf ).
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